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PREFACE. 

T HE Opinions of the Modems concerning the Author of the 
Elements of Geometry which go under Euclid’s Name, are 
very different and contrary to one another. Peter Ramus aferibes the 
Propofitions, as well as their Demonftrations, to Thcon ; others think 
the Propofitions to be Euclid’s, but that the Demonftrations are Theon’s; 
and others maintain that all the Propofitions and their Demonftrations 
are Euclid’s own. John Butco and Sir Henry SavUc arc the Authors 
of greateft Note who affert this laft, and the greater part of Geome- 
ters have ever fince been of this Opinion, as they thought it the moft 
probable. Sir Hmry Aavilc, after the feverai Aigum#>nts he brings to 
prove it, makes this Conclufion (Pag. I 3 . PracleA.) “ That excepting 
“ a very few Interpolations, Explications and Additions, Theon altered 
“ nothing in Euclid.” But, by often confidcring and comparing to- 
gether the Definitions and Demonftrations as they are in the Greek 
Editions we now have, I found that Thcon, or whoever was the Edi- 
tor of the prefect Greek Text, by adding fome things, fupprefling 
others, and mixing his own with Euclid's Demonftrations, had changed 
more things to the worfe than is commonly fuppofed, and thofe not 
of fmall moment, efpecially in the Fifth and Eleventh Books of the 
Elements, which this Editor has greatly vitiated, for inftance, by fub- 
ftituting a fliortcr, but infufficient Demonftration of the 18 lh Prop, 
of the 5 th Book, in place of the legitimate one which Euclid had gi- 
ven; and by taking out of this Book, befides other things, the good 
Definition which Eudoxus or Euclid had given of Compound Ratio, 
and giving an abfurd one in place of it in the Definition of the 
6 th Book, which neither Euclid, Archimedes, Apollonius, nor any 
Geometer before Theon’s Time, ever made ufe of, and of which 
there is not to be found the leaft appearance in any of their Writings. 

and 
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PREFACE. 

and as this Definition did much embarrafs Beginners, and is quite ufc- 
lefs, it is now thrown out of the Elements, and another which with- 
out doubt Euclid had given, is put in its proper place among the De- 
finitions of the j lh Book, by which the Doctrine of Compound Ratios 
is rendered plain and eafy. Bcfides, among the Definitions of the 11 th 
Book, there is this, which is the 10 th , viz. “ Equal and fimilar folid 
“ figures are thofe which are contained by fimilar planes of the fame 
“ number and magnitude.” Now this Propofition is a Theorem, not 
a Definition, becaufe the equality of figures of any kind mull be dc- 
monllrated, and not aflumed. and therefor, tho’ this were a true Pro- 
pofition, it ought ,c * ^ , * vc b^vn demonftrated. Rut thk Propo- 

fltion, which makes the 1 o lh Definition of the 1 1 ^ Book, is not true 
univerfally, except in the cafe in which each of the folid angles of the 
figures is contained by no more than three plane angles; for, in other 
_ odes, two folid figures may be contained by fimilar planes of the fame 
number and magnitude, and yet be unequal to one another; as fhall 
be made evident in the Notes fubjoined to thefe Elements. In the 
like manner, in the Dcmonftration of the 2 6 1,1 Prop, of the 11 th 
Book, it is taken for granted, that thofe folid angles are equal to one 
another which are contained by plane angles of the fame number and 
magnitude placed in the fame order; but neither is this univerfally true, 
except in the cafe in which the folid angles arc contained by no more 
than three plane angles; nor of this cafe is there any Demonftration 
in the Elements we now have, tho’ it be quite neccflary there fhould 
be one. Now upon the 1 o * Definition of this Book depend the 
2 j ,h and 2 8 lh Propofitions of it; and upon the 25 th and 26 th de- 
pend other eight, viz. the 27 th , 31®, 32^ 33 d , 34 th , 36* 37* 
and 4 o <h of, die fame Book, and the 1 2 * of the t2 dl Book de- 
pends upon the 8 th of the fame, and this 8 th , and the Corollary of 

Propofidon 
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Propofition I 7 th , and Prop. 1 8 ,h of the 1 2 ,h Book depend upon 
the 9 th Definition of the 1 1 th Book, which is not a right Definition, 
bccaufe there may be folids contained by the fame number of fimilar 
plane figures, which arc not fimilar unto one another, in the true 
fenfe of fimilarity received by all Geometers, and all thefe Propofi- 
tions have, for thefe rcafons, been infufficicntly demonflrated fince 
Thcon’s time hitherto. Befidcs, there are feveral other things, which 
have nothing of Euclid’s accuracy, and which plainly (hew that his 
Elements have been much corrupted by unlkilful Geometers, and tho’ 
thefe are not lb grofs as the others now mentioned, they ought by 
no m«anc to remain uncorrcfted. 

Upon thefe Accounts it appeared ncceffary, and I hope will prove 
acceptable to all Lovers of Accurate Rcafoning and of Mathematical 
Learning, to remove fuch blemiflics, and reftore the principal Books 
of the Elements to their original Accuracy, as far as I was able; efpe- 
dally fince thefe Elements are the Foundation of a Science by which 
the Inveftigation and Difcovery of ufeful Truths, at leaf! in Mathe- 
matical Learning, is promoted as far as the limited Powers of the 
Mind allow; and which likewife is of the greateft Ufe in the Arts 
both of Peace and War, to many of which Geometry is abfolutcly 
neccflary. This I have endeavoured to do by taking away the inac- 
curate and falfe Reafonings which unfkilful Editors have put into the 
Place of fomc of the genuine Demon firations of Euclid, who has ever 
been juftly celebrated as the moft accurate of Geometers, and by re- 
ftoring to him thofe Things which Theon or others have fupprefled, 
and which have thefe many Ages been buried in Oblivion. 
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ERRATA. 

Page 1 6. line I. for conude, read, coincide P. 297. 1 . I . after fide, add, oppofite to equal 
P. 5 1 . l.l. from the bottom, for ABC, read, angles 

ABD P. 333. line 16. for paraUeliogram, read, pa- 

P. 131.I. 17. for hat, read, that l — rallclogram 

■ P. 1 74. 1 . 14. for radone. proportione P. 237.1 s 

; s / P. 210- 1 . 1. fro— inetxmom, for fo‘, read, fo b P. 386. in the title of the Note, after H, add K. 
* ' p. ajS.l. 4. for AB, read CB P. 408. 1 . 7. for CG, read, EG 

P. 267 I.18. after GF, add, and join AH. P. 420. 1 . l . for thcfe, read, thofe 
P1I77. lift line, for paraileepipcd, read, paral- P. 423. 1 . 3. for 34. read, 33. 

Iclcpiped P. 429. 1 . 5. dele the comma after mph 



Digitized by Google 



THE 



9 



ELEMENTS 

O F 

EUCLID. 

BOOK I. 

DEFINITIONS. 

A L 

Point is that which hath no parts, or which hath no magnitude. 

II. 

A line is length without breadth. 

III. 

The extremities of a line arc points. 

IV. 

A llraight line is that which lies evenly between its extreme points, 

V. 

A fuperficies is that which hath only length and breadth. 

VI. 




The extremities of a fuperficies arc lines. 

VII. 

A plain fuperficies is that in which any two points being taken, the ftraight 
line between them lies wholly in that fuperficies. 

A “A plain 



Digitized by Google 




THE ELEMENTS 



Book L VIII. 

“ A plain angle is the inclination of two lines to one another in a plane, 
“ which meet together, but are not in the fame direction.” 

IX. 



A plain rectilineal angle is the inclination of two ftraight lines to one ano- 
ther, which meet together, but are not in the fame ftraight line. 




* N. B. When fevcral angles are at one point B, any of them is expref- 

* fed by three letters, of which the letter that is at the Vertex of the angle, 
1 that is at the point in which die ftraight lines that contain the angle meet 
‘ one anodicr, is put between the other two letters, and one of thefe two 
‘ is fomewherc upon one of thclc ftraight lines, and the other upon the 
‘ other line, thus the angle which is contained by the ftraight lines AB, CB 
‘ is named the angle ABC, or CBA ; that which is contained by AB, DB 
‘ is named the angle ABD, or DBA; and that which is contained by DB, 

* CB is called the angle DBC, or CBD. but if there be only one angle at a 
‘point, it may be exprefled by a letter placed at that point; as the angle 
‘ at E.’ 

X. 

When a ftraight line (landing on another ftraight line 
makes the adjacent angles equal to one another, 
each of tilde angles is called a right angle ; and 
the ftraight line which (lands cm the other is cal- 
led a perpendicular to it. 

XI. 

An obtufe angle is that which is greater than a right angle. 

An 
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Book I. 
^YV 



An acute angle is that which is Ids than a right angle. 

Kill. 

“ A tenn or boundary, is the extremity of any thing.” 

XIV. 

A figure is that which is inclofcd by one or more boundaries. 

XV. 

A circle is a plain figure contained by one line, which is called the circum- 
ference, and is fuch that all ftraight lines drawn from a certain point 
within the figure unto the circumference, are equal to one another. 




And this point is called the centre of the circle. 

XVII. 



A diameter of a circle is a ftraight line drawn thro’ the centre, and ter- 
minated both ways by the circumference. 

XVIII. 

A fcmicirdc is the figure contained by a diameter and the part of the 
circumference cut off by the diameter. $ 

A z “A feg- 
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Boot L XIX. 

“ A fegment of a circle is the figure contained by a ftraight line and 
“ the circumference it cuts off." 

XX. - 

Rc&iiincal figures are thofe which arc contained by ftraight lines, 

XXI. 

Trilateral figures, or triangles, by three ftraight lines. 

XXII. 

Quadrilateral, by four ftraight lines. 

XXIII. 

Multilateral figures, or Polygons, by more than four ftraight lines. 

XXIV. 

Of three fided figures, an equilateral triangle is that which has three 
equal fides, 

XXV. 

An ifolcelcs triangle, is that which has only two fides equal. 




XXVI. 

A lealene triangle, is that which has three unequal fides. 

XXVII. 

A right angled triangle, is that which has a right angle. 

XXVIII. 

An obtufe angled triangle, is that which has an obtufc angle. 




An 
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XXIX. Boot I. 
An acute angled triangle, is that which has three acute angles. 

XXX. 

Of four Tided figures, a fquare is that which has all its fides equal, 
and all its angles right angles. 



XXXI. 

An oblong is that which has all its angles right angles, but has not 
all its Tides equal. 

XXXII. 

A rhombus is that which has all its Tides equal, but its angles are not 
right angles. 




XXXIII. 

A rhomboeid is that which has its oppofite fides equal to one ano- 
ther, but all its fides arc not equal, nor its angles right angles. 

XXXIV. 

All other Tour Tided figures bcfidcs thefc, are called Trapeziums. 

XXXV. 

Parallel, or equidiftant, flraight lines, are fuch as are in the lame plane, 
and which being produced never To far both ways, do never meet. 



POSTU- 



Digitized by Google 






THE ELEMENTS 



« 

Boo* 1. 



POSTULATES. 



I. 

L ET it be granted that a ftraight line may be drawn from any 
one point to any other point. 

IL 

That a terminated flraight line may be produced to any length in a 
ftraight line. 

III. 

And that a circle may be deferibed from any centre, at any di fiance 
from that centre. 



AXIOMS. 



I. 

T HESE things which arc equal to the fame thing, are equal to 
one another. 

II. 

If equal things be added to equals, die wholes fhall be equal. 

III. 

If equals be taken from equals, the remainders fhall be equal. 

IV. 

If equals be added to unequals, the wholes fhall be unequal. 

V. 

If equals be taken from unequal*, die remainders fhall be unequal. 

VI. 

Things which are double of the fame, arc equal to one another. 

VII. 

Things which are halves of the fame, are equal to one another. 

Mag- 
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OF EUCLID. 7 

VIII. §<>•■ l. 

Magnitudes which coincide with one another, that k which exaftly fill 
the lame ip ace, are equal to one another. 

IX. 

The whole is greater than its part. 

X. 

Two ftraight lines cannot inclofe a (pace. 

XI. 

All right angles arc equal to one another. 

XII. 

“ If a ftraight line meets two ftraight lines, fo as to make the two interior 
“ angles on the fame fide of it taken together Ids than two right angles; 

“ thele ftraight lines being continually produced lhall at length meet 
“ upon that fide on which are the angles which are Ids than two right 
“ angles. See the notes on Prop, z 9. of Book I.” 

PRO- 
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PROPOSITION I. PROBLEM. 

T O defcribe an equilateral triangle upon a given finite 
ftraight line. 

Ixt AB be die given ftraight line, it is required to deferibe an equila- 
teral triangle upon AB. 

From the centre A, at the diftance AB 
». 3d roftu- deferibe 4 the circle BCD. and from the 
Ij!c ' centre B, at the diftance BA deferibe the 
circle ACE ; and from the point C in which 
die circles cut one another draw the ftraight 
b. ii roft. Ii nes b CA, CB to the points A, B. ABC 
lhall be an equilateral triangle. 

Bccaufe the point A is the centre of the circle BCD, AC lhall be e- 
c. jjthDcfi- q Ua l c to Aip an j bccaufe the point B is the centre of the circle ACE, 
BC ftiall be equal to BA. but it has been proved that CA is equal to 
AB ; therefor CA, CB are each of them equal to AB. but thefe things 
i. i ft Axiom, which are equal to the fame thing arc equal to one another d ; therefor 
CA is equal to CB. wherefor CA, AB, BC are equal to one another, 
and the triangle ABC is therefor equilateral, and it is delcribcd upon the 
given ftraight line AB. Whfclf was required to be done. 

PROP. II. PROB. 

T O draw' a ftraight line from a given point that lhall 
be equal to a given ftraight line. 

Let A be the given point, and BC die given ftraight line ; it is requi- 
red to draw from the point A a ftraight line equal to BC. 

From 
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From the point A to B draw a the ftraight line AB ; and upon it de- B 0 0 * 
feribe b the equilateral triangle DAB, and produce c the ftraight lines DA, ^Tpoft^ 
DB to E and F ; from the centre B, at the diftance BC deferibe d the b - '■ *•„ 
circle CGH, and from die centre D, 
at the diftance DG deferibe the circle 
GKL. AL Ihall be equal to BC. 

Bccaufc the point B is the centre of 
the circle CGH, BC is equal c to BG. 
and becaufe D is die centre of die circle 
GKL, DL is equal to DG, and DA, 

DB parts of them are equal ; therefor 
the remainder AL is equal to the re- 
mainder r BG. but it has been fliewn 

diat BC is equal to BG ; wherefor AL and BC are each of them equal 
to BG. and thefe things diat are equal to the fame thing are equal to 
one another; therefor the ftraight line AL is equal to BC. Wherefor 
from the given point A a ftraight line AL has been drawn equal to 
the given ftraight line BC. Which was to be done. 

PROP. III. PROB. 

T O cut off from the greater of two given ftraight lines 
a part equal to the leffer. 



C. 2. rOlt . 

d. 3. Pod. 




Let AB and C be the two given ftraight 
lines, whereof AB is the greater. It is re- 
quired to cut off from die greater AB a part 
equal to the Idler C. 

From the point A draw a the ftraight 
line AD equal to C; and from the centre 

B 
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Book !. and at the diftance AD ddcribe b the circle DEF. and becaiifc A 
i* the centre of the circle DEF, AE fhall 
be equal to AD. but the ftraight line C is 
likewife equal to AD. whence AE and C 
are each of them equal to AD. wherefor 
e. i. Ax. the ftraight line AE is equal 0 to C, and from 
AB the greater of two ftraight lines, a part 
AE has been curbff equal to the Idler C. 




PROP. IV. THEOREM. 

I F two triangles have two fides of the one equal to two 
Tides of the other, each to each ; and have likewife the 
angles contained by thefe Tides equal to one another: 
they Thall likewife have their bafes, or third fides, equal ; 
and the two triangles Thall be equal; and their other 
angles fhall be equal, each to each, viz. thofe to which 
che equal Tides are oppoTite. 



D 



Let ABC, DEF be two triangles which have the two fides AB, AC 
equal to die two fides DE, DF, each to each, viz. AB to DE, and AC 
to DF ; Mid the angle BAC equal tQ 
the angle EDF. the bafe BC fhall be 
equal to the bafeEF ; and the triangle 
ABC to the triangle DEF ; and the 
other angles fhall be equal, each to 
each, to which the equal fides arc op- 
pofite,viz. the angle ABC to the angle 
DEF, and die angle ACB to DFE. 

For if the triangle ABC be applied to DEF fo that the point A may 

be 
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be in D, and the ftraight line AB upon DE ; the point B fhall coin- B 0 0 * 1 
cide with the point E, becaulc AB is equal to DE. and AB coin- 
ciding with DE, AC (hall coincide with DF, becaufe the angle BAC 
is equal to the angle EDF. w herefor alfo the point C (hall coincide 
with the point F, becaulc the ftraight line AC is equal to DF. but 
the point B coincides with the point E; wherefor the bale BC fhall 
coincide with the bale EF. becaulc the point B coinciding with E, and 
C with F, if the bafe BC does not coincide with the bafe EF, two ftraight 
lines could inclofc a fpacc, which is impoflible’. Therefor the bafeBClhall »• to. A*, 
coincide with the bale EF, and be equal to it. Wherefor the whole tri- 
angle ABC fhall coincide with the whole triangle DEF, and be equal 
to it ; and the other angles of the one fhall coincide with the remaining 
angles of the other, and be equal to them, viz. the angle ABC to the 
angle DEF, and the angle ACB to DFE. Therefor if two triangles 
have two lides of the one equal to two lides of the other, each to each, 
and have likewife the angles contained by thefe lides equal to one ano- 
ther ; their bales fhall likewife be equal, and the triangles fhall be equal, 
and their other angles fhall be equal, each to each, to which the equal 
lides are oppofite. Which was to be demonftrated. 

PROP. V. THEOR. 

T HE angles at the bafe of an Ifofceles triangle are equal 
to one another; and if the equal lides be produced, 
the angles upon the other fide of the bafe lhall be equal. 

Let ABC be an Ilolccles triangle, whole fide AB is equal to AC, 
and let the ftraight lines AB, AC be produced to D and E. the angle 
ABC fhall be equal to the angle ACB, and the angle CBD to the angle 
BCE. 

B 2 In 
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Boo* I. j n BD take any point F, and from the greater AE cut off AG e- 
qual a to the leffcr AF, and join FC, GB. 

Bccaufc AF is equal to AG, and AB to AC; the two fides FA, AC 
arc equal to die two GA, AB, each to each; and they contain the angle 
FAG common to the two triangles AFC, AGB; 
l>. 4. i. therefor the bafe FC is equal b to the bale GB, 
and the triangle AFC to the triangle AGB; and 
the remaining angles of the one lhall be equal b 
to the remaining angles of the odicr, each to 
each, to which the equal fides are oppofite ; viz. 
the angle ACF to die angle ABG, and die 
angle AFC to the angle AGB. and becaulc 
the whole AF is equal to the w hole AG, of 
which the parts* " A B, AC arc equal ; the remainder BF (hall be 
c. 3. Ax. equal c to the remainder CG. and FC was proved to be equal to GB; 




* a* 



therefor the two fides BF, FC are equal to the tw o CG, GB, each to each ; 
and the angle BFC is equal to the angle CGB ; and die bafe BC is com- 
mon to the two triangles BFC, CGB; wherefor thelc triangles are equal’’, 
and their remaining angles, each to each, to w hich the equal fides arc 
oppoficc. therefor the angle FBC is equal to the angle GCB, and the 
angle BCF to the angle CBG. and fincc it has been demonllrated that 
the w hole angle ABG is equal to the wliolc' ACF, the parts of which, 
the angles CBG, BCF are alio equal ; the remaining angle ABC lhail 
be equal to the remaining angle ACB, which are the angles at the bale 
of the triangle ABC. and it has allb been proved that die angle FBC is 
equal to the angle GCB, w'hich are the angles upon the odicr fide of the 
bafe. Therefor the angles at die bafe, &c. Ck E. D. 

Corollary. Hence every equilateral triangle is allb equiangular. 



PROP. VI. 



*3 

B 0.0 K I. 

I F two angles of a triangle be equal to one another, like- 
wife the (ides which fubtend, or are oppofite to , the e- 
qual angles (hall be equal to one another. 

Let ABC be a triangle having the angle ABC equal to the angle 
ACB; the fide AB fhall likewill- be equal to the fide AC. 

For if AB be not equal to AC, one of them is greater than the o- 
ther. let AB be the greater, and from it cut a off DB equal to the leffer a _ 3 , 
AC, and join DC. therefor becaufe in the triangles 
DBC, ACB, DB is equal to AC, and BC com- 
mon to both, the two fides DB, BC (hall be c- 
qual to the tw'oAC, CB, each to each; and the 
angle DBC is equal to the angle ACB ; therefor 
the bafe DC is equal to the bafe AB, and the tri- 
angle DBC, equal to die triangle b ACB, the left to 
the greater; which is abfurd. Therefor AB is not 
unequal to AC, that is, it is equal to it. Wherefor if two angles, &c. 

Q.E. D. 

CoR. Hence every equiangular triangle is alfo equilateral. 

PROP. VII. THEOR. 

T HERE cannot be two triangles upon the fame bafe, 
and upon the fame fide of it, that have their fides 
which are terminated in one extremity of the bafe equal to 
one another, and likewife thofe which are terminated in 
the other extremity. 

If 
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THE ELEMENTS 

If it be poflible, let there be two triangles ACB, ADB upon the 
fame bale AB, and upon the fame fide of it, which have their fidcs CA, 
DA, that arc terminated in the extremity A of the bale, equal to one 
another, and likewife their Tides CB, DB that are 
terminated in B. 

Join CD ; then, in the calc in which the 
Vertex of each of the triangles is without the 
other triangle, becaule AC is equal to AD, 

•. j. i. the angle ACD (hall be equal a to the angle 
ADC. but the angle ACD is greater than 
the angle BCD, therefor the angle ADC is greater alfo than BCD; 
much more then is the angle BDC greater than the angle BCD. again, 
becaule CB is equal to DB, the angle BDC lhall be equal a to the angle 
BCD; but it has been deraonftrated to be greater than it; which is im- 
poflible. 

But if one of die Vertices, as D, be within the other triangle ACB ; 
• "" produce AC, AD to E, F. therefor bccaufc AC is 
eqvial to AD in the triangle ACD, the angles ECD, 

FDC upon the other fide of the bale CD lhall be 
equal a to one another ; but the angle ECD is 
greater than the angle BCD, wherefor die angle 
FDC is likewife greater than BCD ; much more 
then is the angle BDC greater dian the angle BCD. 
again bccaufc CB is equal to DB, the angle BDC lhall be equal a to 
the angle BCD; but BDC has been proved to be greater than the fame 
BCD, which is importable. The calc in which the Vertex of one 
triangle is upon a fide of the odier, needs no demonftration. 

Therefor there cannot be two triangles upon the lame bafe, and 
upon the fame fide of it, diat have dicir Tides which arc terminated in 

one 
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OF EUCLID. 15 

one of the extremities of the bafe equal to one another, and likewife B ° 0 * *• 

* 

thofc which arc terminated in the other extremity. E. D. 

PROP. VIII. THEOR. 

TF two triangles have two Tides of the one equal to two 
A Tides of the other, each to each, and have likewife 
their bafes equal ; the angle which is contained by the 
two fides of the one lhall be equal to the angle con- 
tained by the two fides equal to them, of the other. 

Let ABC, DEF be two triangles having the two Tides AB, AC c- 
qual to the two Tides DE, DF, each to each, viz. AB to DE, and AC to 
DF ; and allb the bafe BC equal 
to the bafe EF. The angle BAC 

lhall be equal to the angle EDF, \ N. \ jf'X 

For if the triangle ABC be \ 1 / 

applied to DEF fo that the point \ x. 1/ 

B be in E, and the ftraight line g £ — — ^ 

BC upon EF ; the point C lhall 

alio coincide with the point F, bccaufe BC is equal to EF. therefor 
BC coinciding with EF, BA and AC lhall coincide with ED and DF.. 
for if the bafe BC coincides with the bafe EF, but the fides BA, CA 
do not coincide with the Tides ED, FD, but have a different fi- 
xation, as EG, FG ; then upon the fame bafe EF and upon die fame 
fide of it diere can be two triangles which have their fides which are ter- 
minated in one extremity of the bafe equal to one another, and likew ife 
their Tides terminated in the other extremity, but this is impoflible \ »• 7- 1 . 
therefor if the bafe BC coincides with the bafe EF, the fides BA, AC 
cannot but coincide with the fides ED, DF ; wherefor likewife the angle 

BAC 
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Boor I. BAC fhall concidc with the angle EDF, and be equal b to it. there- 
b. 8. Ax. t\vo triangles, &c. E. D. 

PROP. IX. PROB. 

HTO bifledl a given re&ilineal angle, that is, to divide it 
A into two equal angles. 

Let BAC be the given rcfKlineal angle, it is required to biffcfl it. 

a. j. i. Take any point D in AB, and from AC cut 3 off AE equal to AD; 

b. ,.join DE, and upon it deicribe b an equilateral 

triangle DEF, then join AF. the ftraight line 
AF fhall biffeft die angle BAC. 

Bccaufc AD is equal to AE, and AF is 
common to the two triangles DAF, EAF ; the 
two fidcs DA, AF' arc equal to the two fides EA, 

AF, each to each ; and the bafe DF is equal to 

c. 8. i. the bafe EF ; therefor the angle DAF is equal c to the angle EAF. 

wherefor the given reftilincal angle BAC is biffefted by the ftraight 
line AF'. Which was to be done. 

PROP. X. THEOR. 

T O biftect a given finite ftraight line, that is, to divide 
it into two equal parts. 

Let AB be the given ftraight line; it is required to divide it into 
two equal parts. 

>. i. i. Dcfcribe 3 upon it an equilateral triangle ABC, and hi (left b the angle 
bl 9-1 ACB by the ftraight line CD. AB fhall be cut into two equal parts 
in the point D. 

Bccaufc 
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Becaufe AC is equal to CB, and CD common to the 
ACD, BCD; the two Tides AC, CD are equal 
to BC, CD, each to each ; and the angle ACD is 
equal to the angle BCD; therefor the bafe AD 
is equal to the bafe c DB, and the ftraight line 
AB is divided into two equal parts in the point 
D. Which was to be done. 

PROP. XI. PROB. 

T O draw a ftraight line at right angles to a given ftraight 
line, from a given point in the fame. 

Let AB be a given ftraight line, and C a point given in it ; it is 
required to draw a ftraight line from the point C at right angles to AB. 

Take any point D in AC, and make a CE equal to CD, and up- s . , 
on DE delcribe b the equilateral triangle 
DFE, and join FC. the ftraight line FC 
drawn from the given point C, fhall be at 
right angles to die given ftraight line AB. 

Becaufe DC is equal to CE, and FC 
common to the two triangles DCF, 
the two Tides DC, CF are equal to the two 
EC, CF, each to each ; and the bafe DF is equal to the bale EF ; 
therefor the angle DCF is equal c to die angle ECF ; and they are ad- e . 8. i. 
jaccnt angles, but when the adjacent angles which one ftraight line 
makes w ith another ftraight line are equal to one another, each of them 
is called a right d angle; therefor each of the angles DCF, ECF is a d. io.D t r. i. 
right angle, wherefor from the given point C in the given ftraight line 
AB, FC has been drawn at right angles to AB- Which was to be done. 

C Cor, 
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Con. By help of this Problem it may be demon ftratcd that two 
ftraight lines cannot have a common fcg- 
ment. 

Ifit be pofiible, let the two ftraight lines 
ABC, ABD have the fegment AB common 
to both of them, from the point B draw 

BE at right angles to AB ; and bccaufc ABC 

i. io.Dc/. i. is a ftraight line, the angle CBE is equal J 

to the angle EBA; in the fame manner, bccaufe ABD is a ftraight 
line, the angle DBE is equal to the angle EBA. wherefor the angle 
DBE is equal to the angle CBE, die lefs to the greater ; which is im- 
poffiblc. therefor two ftraight lines cannot have a common fegment. 



B 



PROP. XII. PR OB. 

T O draw a ftraight line perpendicular to a given 
ftraight line of an unlimited length, from a given 
point without it. 



Let AB be the given ftraight line, which may be produced to any 
length both ways, and let C be a point widiout it. It is required to 

from the point C. 

Take any point D upon the other fide 
of AB, and from tlx- centre C, at the dif- 

a. 3- Poll- tancc CD, defcribe a the circle EGF mcct- 

b. jo. x. mg AB in F, G; and bifkxft b FG in H, 

and join CE, CH, CG. the ftraight line CH drawn from the given 
point C, fhall be perpendicular to the given ftraight line AB. 

Bccaufc FII is equal to HG, and HC common to the two triangles 

FHC, 
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FHC, GHC, the wo fidcs FH, HC are equal to the two GH, HC, B 0 0 K L 
each to each ; and the bafe CF is equal c to the bafe CG ; therefor 
the angle CHF is equal d to the angle CHG ; and they arc adjacent d. 8 . 1. 
angles, but when a (hraight line (landing on a (Iraight line makes the 
adjacent angles equal to one another, each of them is a right angle, 
and the (Iraight line which (lands upon the other is called a perpen- 
dicular to it. therefor from the given point C a perpendicular CH has 
been drawn to the given (Iraight line AB. Which was to be done. 

PROP. XIII. THEOR. 

T HE angles which one ftraight line makes with ano- 
ther upon one fide of it, are either two right angles, 
or are together equal to two right angles. 

Let the (Iraight line AB make with CD, upon one fide of it, the 
angles CB A, ABD ; tliele fhall cither be two right angles, or fhall to- 
gether be equal to two right angles. 

For if the angle CBA be equal to ABD, each of them is a right 3 *! Dtf. 10. 




angle, but if not, from the point B draw BE at right angles b to CD. b. n. r. 
therefor the angles CBE, EBD arc two right angles 3 , and becaufe CBE 
is equal to the two angles CBA, ABE together; add the angle EBD to 
each of thefc equals, and the angles CBE, EBD lhall be equal c to '• »• a*- 

C 2 the 
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Book I. th e three angles CBA, ABE, EBD. again, becaufe the angle DBA 
is equal to the two angles DBE, EBA, add to thefe equals the angle 
ABC; and the angles DBA, ABC fhall 
be equal to the three angles DBE, EBA, 

ABC. but the angles CBE, EBD have 
been demonftrared to be equal to die lame 
three angles; and thole things that are c- 
d. i. a*, qual to the fame thing arc equal d to one 
another ; therefor the angles CBE, EBD 
are equal to the angles DBA, ABC. but CBE, EBD are two right 
angles; dierefor DBA, ABC arc together equal to two right angles. 
Whercfor when a ftraight line &c. Ch E. D; 

PROP. XIV. THEOR. 

I F at a point in a ftraight: line, two other ftraight: lines, 
upon the oppofite fides of it, make the adjacent angles 
together equal to two right angles, thefe two ftraight lines 
fhall be in one and the fame ftraight line. 

At the point B in the ftraight line AB, let die two ftraight lines, BC, 
BD upon the oppofite Hfides of AB, make the adjacent angles ABC, 
ABD equal together to two right angles. 

BD fhall be in die fame ftraight line with 
CB. 

For if BD be not in the fame ftraight 
line with CB, let BE be in the fame ftraight 
line with it. dierefor becaufc the ftraight 
line AB makes angles with the ftraight line 
CBE, upon one fide of it, thefe angles ABC, ABE fhall together be 

equal 
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equal * to two right angles, but the angles ABC, ABD are likewifc Bo ° * 
together equal to two right angles, therefor die angles CBA, ABE are 
equal to the angles CBA, ABD. take away the common angle ABC, 
and the remaining angle ABE fhall be equal b to the remaining angle b. 3. Ax. 
ABD, the lefler to the greater, which is impoftible. therefor BE is 
not in the fame ftraight line with BC. And in like manner, it fhall be 
demonftrated that no other can be but BD, which therefor is in the 
fame ftraight line with CB. Wherefor if at a point &c. E. D. 

PROP. XV. THEOR. 

I F two ftraight lines cut one another, the vertical, or 
oppojite, angles fhall be equal. 



Let the two ftraight lines AB, CD cut one another in the point 
E. the angle AEC (hall be equal to the angle DEB, and CEB to 
AED. 



• Bccaufc the ftraight line AE makes widi CD the angles CEA, 

AED, thefc angles fhall together be equal 

1 to two right angles, again, bccaufc the *. 13. 1. 

ftraight line DE makes with AB the angles 
AED, DEB; theft allb fhall together be 
equal 3 to two. right angles, and CEA, 

AED have been demonftrated to be equal 
to two right angles ; wherefor the angles 
CEA, AED arc equal to the angles AED, DEB. take away the com- 
mon angle AED, and the remaining angle CEA fhall be equal 1 * to b. 3. Ax. 
the remaining angle DEB. In the fame manner it fhall be demon- 
ftrated t^at the angles CEB, AED arc equal, therefor if two ftraight 
lines &c. 0 ^ E. D. 

Cor. 1. 
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Cor. i . From this it is manifeft that if two ftraight lines cut one 
another, the angles they make at the point where they ait, fhall toge- 
ther be equal to four right angles. 

Cor. 2 . And confequendy that all the angles made by any 
number of lines meeting in one point, are together equal to four 
right angles. 

PROP. XVI. THEOR. 

I F one fide of a triangle be produced, the exterior angle 
fhall be greater than either of the interior oppofite 
angles. 

Let ABC be a triangle, and let its fide BC be produced to D. die 
exterior angle ACD fhall be greater than either of die interior oppo- 
fitc angles CBA, BAC. 

a. io. t. BifTcft 3 AC in E, join BE and pro- 
duce ittoF, and make EF equal to BE; 
join allb FC, and produce AC to G. 

Becaufe AE is equal to EC, and BE 
to EF ; AE, EB are equal to CE, EF, 
each to each; and die angle AEB is e- 

b. i j. i. qual b to the angle CEF, bccaufe they 
arc oppofite vertical angles, therefor die 

c. 4- >■ bafe AB is equal c to the bale CF, and 

the triangle AEB to the triangle CEF, and the remaining angles to 
die remaining angles, each to each, to which the equal fides are oppo- 
fite. wherefor the angle BAE is equal to die angle ECF. but the 
angle ECD is greater than the angle ECF, therefor the angle ACD is 
greater dian BAE. in the fame manner, if the fide BC be bilferied, it 

fhall 
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(hall be demon ftrated that the angle BCG, that is 1 *, die angle ACD, Is 
greater than the angle ABC. therefor if one fide Sec. Q^E. D. 



Book I. 
i 15. 1. 



PROP. XVII. THEOR. 



A NY two angles of a triangle are together lefs than 
two right angles. 



Let ABC be any triangle; any two of its angles together {hall be 
lcls than two right angles. 

Produce BC to D; and bccaulc ACD is A 

the exterior angle of the triangle ABC, ACD 
Ihall be greater d than the interior and oppo- 
fftc angle ABC; to each of thefc add the 

angle ACB, and the angles ACD, ACB Ihall 

be greater than the angles ABC, ACB. but ® C D 

ACD, ACB are together equal b to two right angles; therefor the angles b. 
ABC, BCA are lefs than wo right angles, in like manner it Ihall be dc- 
monftrated that BAC, ACB, as alio CAB, ABC arc lefs than two right 
angles, therefor any wo angles &c. E. D. 




a. 16. 1. 



13. t. 



PROP. XVIII. THEOR. 



T HE greater fide of every triangle is oppofite to the 
greater angle. 



Let ABC be a triangle of which the fide 
AC is greater than die fide AB ; the angle 
ABC Ihall likewife be greater than the angle 
BCA. 

Becaule AC is greater than AB, make 1 



A 




i* 
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Boon I. AD equal to AB, and join BD. and becaufe ADB is the exterior angle 
of the triangle BDC, ADB Ihall be greater b 
dian the interior and oppofite angle DCB. 
c. j. i. but ADB is equal c to ABD, bccaule the 
fide AB is equal to the fide AD; therefor 
the angle ABD is likewife greater than the 
angle ACB ; and much more (hall the angle 
ABC be greater than ACB. therefor the 
greater fide &c. Q^E. D. 

PROP. XIX. THEOR. 

T HE greater angle of every triangle is fubtended by 
the greater fide, or has the greater fide oppofite to it. 




Let ABC be a triangle of which the angle ABC is greater than the 
angle BCA. the fide AC fhall likewife be greater than the fide AB. 

For if it be not greater, AC mull either be equal to AB, or lefs 
than it. but it is not equal, becaufe then the 
a. j. i. angle ABC would be equal 3 to the angle 
ACB; but it is not; therefor AC is not c- 
qual to AB. but neither is it left than it; 
becaufe then the angle ABC would be lcls 
b. 1 8 . i. b than the angle ACB; but it is not; there- 
for the fide AC is not lefs than AB. and it has been Ihewn that it 
is not equal to AB. therefor AC is greater than AB. wherefor the 
greater angle See. Cf E. D. 




PROP. XX. 
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PROP. XX. THEOR. 

A NY two Tides of a triangle are together greater than 
the third Tide. 

Let ABC be a triangle ; any tw o fides of it together fhall be greater 
than die third fide, viz. the fides BA, AC fhall be greater than the 



fide BC; and AB, BC greater than AC; and p 

BC, CA greater than AB. 

Produce BA to die point D, and make a I a. 3. j, 

AD equal to AC, and join DC. ^ x. I 

Becaufe DA is equal to AC, the angle B C 

ADC fhall be equal b to ACD. but the b. 5. 1. 



angle BCD is greater than the angle ACD; therefor the angle BCD is 
greater dian the angle ADC. and becaufe the angle BCD of the triangle 
DCB is greater than its angle BDC, and that the greater c fide is oppo- c. 19. t. 
fitc to the greater angle, the fide DB fhall be greater than die fide BC. 
but DB is equal to BA and AC ; therefor die fides BA, AC are greater 
than BC. in the fame manner it fhall be demonftrated that the fides 
AB, BC arc greater than CA ; and BC, CA greater than AB. therefor 
any two fides &c. E. D. 

PROP. XXI. THEOR. 

I F from the ends of the fide of a triangle there be drawn 
two ftraight lines to a point within the triangle, thefc 
fhall be lefs than the other two Tides of the triangle, but 
fhall contain a greater angle. 

Let the two ftraight lines BD, CD be drawn from B, C the ends of 

D the 
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B°°‘ *• the fide BC of the triangle ABC to the point D within it. BD and DC 
ftjaii ] c ff cr t [ ian the other two fides BA, AC of the triangle, but 
{halt contain an angle BDC greater than the angle BAC. 

Produce BD to E ; and becaufe two fides of a triangle are greater 
than the third fide, the two fides BA, AE of the triangle ABE (hall be 
greater than BE. to each of thefe add EC, and the fides BA, AC 
{hall be greater than BE, EC. again, be- 
caufe the two fides CE, ED of the triangle 
CED are greater than CD, add DB to each 
of thefe, and the fides CE, EB {hall be 
greater than CD, DB. but it has been 
{hew n that BA, AC, arc greater than BE, 

EC; much more then are BA, AC greater than BD, DC. 

Again becaufc die exterior angle of a triangle is greater than the 
interior and oppofitc angle, the exterior angle BDC of the triangle CDE 
{hall be greater than CED. by the fame reafon, the exterior angle 
CEB of the triangle ABE is greater than BAC. and it has been de- 
monftrated that the angle BDC is greater than the angle CEB; much 
more then is the angle BDC greater than the angle BAC. therefor 
if from die ends of &c. E. D. 

PROP. XXII. PROB. 

r T'' O make a triangle whofe fides fhall be equal to three 
A given ftraight lines •, but any two whatever of thefe 
a. 20. i mufl. be greater than the third’. 

Let A, B, C be the three given ftraight lines, of which any two 
whatever arc greater than the diird, viz. A and B greater than C ; A 
and C greater than B; and B and C than A. It is required to make 

a tri- 
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a triangle whofe (Ides fhall be equal to A, B, C, each to each. Bo °* 1 
Take a ftraight line DE terminated at the point D, but unlimited 
towards E, and make * DF equal to A, FG to B, and GH equal to *. 




C; and from the centre F, at the didance FD dderibc b the circle b. 3. Port. 
DKE. and from the centre G, at the diftance GH deferibe b ano- 
ther circle HLK, and join KF, KG. the triangle KFG fhall have 
its fides equal to the three ftraight lines A, B, C. 

Bccaufe the point F is the centre of the circle DKL, FD is equal c c . ij. Def. 
to FK; but FD is equal to the ftraight line A; therefor FK-is equal 
to A. again, bccaufc G is the centre of the circle LKH, GH is c- 
qual c to GK; but GH is equal to C, therefor alfo GK is equal to 
C. and FG is equal to B; therefor the three ftraight lines KF, FG, 

GK are equal to the three A, B, C. and therefor the triangle KFG 
has its three Tides KF, FG, GK equal to the three given ftraight 
lines A, B, C. Which was to be done. 

PROP. XXIII. PROB. 

A T a given point in a given ftraight line to make a 
rectilineal angle equal to a given rectilineal angle. 

D 2 Let 
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Let AB be the given ftraight line, and A the given point in it, 
and DCE the given rectilineal angle ; it is required to make an angle 
at the given point A in the given 
ftraight line AB that (hall be equal 
to the given rectilineal angle DCE. 

Take in CD, CE, any points D, 
a. as. t. E, and join DE; and make a the 
triangle AFG whofe (ides (hall be c- 
qual to the three ftraight lines CD, 

DE, EC, lb that CD be equal to 
AF, CE to AG, and DE to FG. and bccaufc DC, CE are c- 
qual to FA, AG, each to each, and the bale DE to the bale FG; 
b. 8. i. the angle DCE lhall be equal b to the angle FAG. therefor at the gi- 
ven point A in the given ftraight line AB, the angle FAG is made 
equal to the given rectilineal angle DCE. Which was to be done. 





PROP. XXIV. TIIEOR. 



I F two triangles have two fides of the one equal to two 
fides of the other, each to each, but the angle con- 
tained by the two fides of one of them greater than the 
angle contained by the two fides equal to them, of the 
other; the bafe of that which has the greater angle lhall 
be greater than the bafe of the other. 

Let ABC, DEF be two triangles which have the two fides AB, AC 
equal to the two DE, DF, each to each, viz. AB equal to DE, and 
AC to DF ; but the angle BAC greater than die angle EDF. the 
bafe BC (hall be greater than the bafe EF. 

Of the two fides DE, DF let DE be die fide which is not greater 

than 
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than the other, and at the point D in the flraight line DE make 3 the Bo 0 * ! - 
angle EDG equal to the angle BAC; and make DG equal b to AC a- 2 3 
or DF, and join EG, GF. 

Bccaufe AB is equal to DE, and AC to DG, the two Tides BA, 

AC arc equal to the two ED, DG, each to each, and the angle BAC 
is equal to the angle EDG ; there- ^ 
for the bafe BC is equal c to the 
bafe EG. and bccaufe DG is equal 
to DF, the angle DFG is equal ^ 
to the angle DGF ; but the angle 
DGF is greater than die angle 
EGF, and therefor the angle 

DFG is greater dian EGF ; and much more (hall the angle EFG 
be greater than the angle EGF. and bccaufe the angle EFG of the 
triangle EFG is greater than its angle EGF, and that the greater 0 fide e. 19. t. 
is oppefite to the greater angle ; the fide EG fhall be greater than the 
fide EF. but EG is equal to BC; and therefor alfo BC fhall be greater 
than EF. therefor if two triangles &c. E. D. 





c. 4. t. 



d. j. 1. 



PROP. XXV. THEOR. 

I F two triangles have two fidcs of one equal to two Tides 
of the other, each to each, but the bafe of one greater 
than the bafe of the other; likewife the angle contained 
by the Tides of that which has the greater bafe, hall be 
greater than the angle contained by the fide; equal to 
them, of the other. 



Let ABC, DEF be two triangles which have the two fidcs 
AB, AC equal to the two fidcs DE, DF, each to each, vie. AB 

equal 
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equal to DE, and AC to DF ; but the bale CB greater than 
the bafe EF. the angle BAC (hall likcwife be greater than the angle 



EDF. 

For if it be not greater, it mufl either be equal to it, or lefler. but 
the angle BAC is not equal to the 
angle EDF, becaulc then the bafe 
a- 4- »• BC would be equal 1 to EF. but 
it is not ; therefor die angle BAC 
is not equal to the angle EDF. but 
neither is it lcfTcr; bccaufe then the 
bafe BC would be Idler than the 
bale EF ; but it is not ; therefor the angle BAC is not Ids than the 
angle EDF. and it was (hewn that it is not equal to it; therefor the 
angle BAC is greater dian the angle EDF. wherefor if two triangles 
&c. Q^E. D. 




PROP. XXVI. THE OR. 



I F two triangles have two angles of one equal to two 
angles of the other, each to each, and one fide to one 
fide, viz. either the fides adjacent to the equal angles, or 
the fides oppofite to two of them in the two triangles; 
then fhall the other fides be equal, each to each, and 
alfo the third angle of the one to the third angle of 
the other. 



Let ABC, DEF be two triangles which have the angles ABC, 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, and BCA 
to EFD; alfo one fide equal to one fide; and lirfi, let tilde fides be 
equal which arc adjacent to die angles which arc equal in the two 

triangles, 
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triangles, viz. BC to EF. the other fides (hall be equal, each to each, B 

viz. AB to DE, and AC to DF ; 

and the third angle BAC to the k «. 

third angle EDF. ®kN. \. 

For if AB be not equal toDE, 1 \\ N. 

erne of them lhall be the greater. 1 'n 

Let AB be die greater of the two, ^ 

and make BG equal to DE, and ® ^ 

join GC. therefor becaulc BG is equal to DE, and BC to F.F, 
the two fides GB, BC are equal to the two DE, EF, each to each; 
and the angle GBC is equal to the angle DEF ; therefor the bale GC 
is equal a to the bafe DF, and the triangle GBC to the triangle DEF, 
and the other angles to the other angles, each to each, to which the 
equal fides are oppofitc; therefor the angle GCB is equal to the angle 
DFE ; but DFE is, by the hypothefis, equal to the angle BCA ; wherefor 
alio the angle BCG is equal to the angle BCA, the lefs to the greater, 
which is impoflible. therefor AB is not unequal to DE, that is, it is 
equal to it. and BC is equal to EF; therefor the two AB, BC arc 
equal to die two DE, EF, each to each; and the angle ABC is e- 
qual to the angle DEF, the bale therefor AC is equal 1 to the bafe 
DF, and the third angle BAC to the third angle EDF. 

Next, let the fides which arc op- 
pofitc to two of the equal angles A ^ 

in the two triangles be equal to one r\. j\ 

another, viz. AB to DE ; likewile 1 \\ 1 

in t his cafe, the other fides lhall be \ \\ 1 

equal, AC to DF, and BC to EF ; i \ \ \ X 

and allb the third angle BAC to ® H C E )? 

the diird EDF. 
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Boo* I. For if BC be not equal to EF, let BC be the greater of them, 
an( j ma ]- e J3FX equal to EF, and join AH. and becaufe BH is equal 
to EF, and AB to DE; the two AB, BH arc equal to the two DE, 
EF, each to each; and they con- 
tain equal angles; therefor the bafe 
AH is equal to the bale DF, and 
the triangle ABH to the triangle 
DEF, and die other angles fhall be 
equal, each to each, to which the 
equal fides are oppofitc. therefor 
the angle BHA is equal to the angle EFD. but EFD is equal to the 
angle BCA; dierefor alio the angle BHA is equal to the angle BCA, 
that is, the exterior angle BHA of the triangle AHC is equal to its 
b. 1 6 . i. interior and oppofitc angle BCA; which is impo{fiblc , \ wherefor BC 
is not unequal to EF, that is, it is equal to it ; and AB is equal to DE ; 
therefor the two AB, BC are equal to the two DE, EF, each to each ; 
and they contain equal angles; wherefor the bafe AC is equal to die 
bafe DF, and the third angle BAC to die third angle EDF. therefor 
if two triangles & c. Cf E. D. 

PROP. XXVII. THE OR. 

I F a ftraight line falling upon two other ftraight lines 
makes the alternate angles equal to one another, thefe 
two ftraight lines iliall be parallel. 



Let die ftraight line EF which falls upon the two ftraight lines 
AB, CD make the alternate angles AEF, EFD equal to one another; 
AB (hall be parallel to CD. 

For if it be not parallel, AB and CD being produced ihall meet 

either 
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cither towards BD or towards AC, 
towards BD in the point G ; therefor 
GEF is a triangle, and its exterior 
angle AEF fhall be greater a than the 
interior and oppofite angle EFG ; but it 
is alio equal to it, which is impolTiblc. 
therefor AB and CD being produced 
do not meet towards BD. in like manner it fhall be demonftrated that 
they do not meet towards AC. but thole ftraight lines which meet 
neither w ay tho’ produced never fo far are parallel b to one another. AB *>• 3 !• Def. 
therefor is parallel to CD. wherefor if a ftraight line &c. E. D. 




PROP. XXVIII. THE OR. 



I F a ftraight line which falls upon two other ftraight 
lines makes the exterior angle equal to the interior and 
oppofite upon the fame fide of the line ; or makes the 
interior angles upon the fame fide together equal to two 
right angles; the two ftraight lines fhall be parallel to one 
another. 



Let the ftraight line EF which falls upon the two ftraight lines 
AB, CD make the exterior angle EGB equal j, 
to the interior and oppofite angle GHD upon 
the lame fide ; or make the interior angles on A 
the fame fide BGH, GHD together equal to 
two right angles. AB fhall be parallel to CD. C 
Bccaufc the angle EGB is equal to the angle 
GHD, and the angle EGB equal 3 to the angle 
AGH, the angle AGH fhall be equal to the angle GHD ; and they 

E are 
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arc the alternate angles; therefor AB is parallel b to CD. again, be- 

b. 37. 1. caule the angles BGH, GHD are equal c to two right angles, and 

c. a? HypHb. t j iat ^QH, BGH arc alfo equal d to two right angles ; the angles 

AGH, BGH fhall be equal to the angles BGH, GHD. take away the 
common angle BGH, and the remaining angle AGH fhall be equal 
to the remaining angle GHD; and they are alternate angles; there- 
for AB is parallel to CD. wherefor if a ftraight line &c. E. D. 

PROP. XXIX. THEOR. 

TF a ftraight line falls upon two parallel ftraight lines, 
A it fhall make the alternate angles equal to one ano- 
ther ; and the exterior angle equal to the interior and 
oppofite upon the fame fide; and likewife it fhall make 
the two interior angles upon the fame fide together equal 
to two right angles. 

La the ftraight line EF fall upon the parallel ftraight lines 
AB, CD. the alternate angles AGH, GHD fhall be equal to one a- 
nother; and the exterior angle EGB equal to the interior and oppofite, 
upon the fame fide, GHD; and the two inte- 
rior angles BGH, GHD upon the fame fide 
fhall be together equal to two right angles. 

For if AGH be not equal to GHD, one 
of them mull be greater than the other; let 
AGH be the greater, and bccaufc the angle 
AGH is greater than the angle GI 1 D, add to 
each of them the angle BGH, and die angles AGH, BGH (hall 
be greater than the angles BGH, GHD. but the angles AGH, BGH 
.. ij. 1. arc equal a to two right angles; therefor the angles BGH, GHI> 

are 
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arc lefler than two right angles, but thefc ftraight lines which with Bo °* r 
another ftraight line falling upon them make the interior angles on the 
lame fide lefs than two right angles, lhall meet * together if continually • , 3 . Ax . 
produced; dierefor the ftraight lines AB, CD if produced far enough * p ^ 0 p '" 

lhall meet but they never meet, fincc they are parallel by the Hy- filion - 
pothefis. therefor the angle AGH is not unequal to the angle GHD, 
that is, it is equal to it. but the angle AGH is equal b to the angle b. is- t- 
EGB ; therefor likcwi(c EGB is equal to GHD. add to each of thde 
die angle BGH, and the angles EGB, BGH, lhall be equal to the 
angles BGH, GHD; but EGB, BGH are equal c to two right angles; c. 13. j. 
therefor alfo BGH, GHD are equal to two right angles, wherefor if 
a ftraight line &c. E. D. 

PROP. XXX. THEOR. 

T HESE ftraight lines which are parallel to the fame 
ftraight line, are parallel to one another. 

Let AB, CD be each of diem parallel to EF ; AB lhall be paral- 
lel to CD. 

Let the ftraight line GHK cut AB, EF, CD; and becaule GHK 
cuts the parallel lhaight lines AB, EF, die 
angle AGH is equal a to the angle GHF. 
again, bccaufe the ftraight line GK cuts the 
parallel ftraight lines EF, CD, the angle 
GHF is equal 1 to die angle GKD. and 
it was (hewn that the angle AGK is equal 
to the angle GHF; therefor allb AGK is 

equal to GKD. and they are alternate angles; therefor AB is parallel b b. 27. 1 
to CD. wherefor thefc ftraight lines 8cc. E. D. 

E 2 PROP. XXXI. 
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v^W-> PROP. XXXI. THEOR. 

T O draw a ftraight line thro’ a given point parallel 
to a given ftraight line. 

Let A be the given point, and BC the given ftraight line ; it is re- 
quired to draw a ftraight line thro’ the point 
A, parallel to die ftraight line BC. E A- , F 

In BC take any point D, and join AD; / 

and at the point A in the ftraight line AD 

». 23. i. make 3 the angle DAE equal to the angle B D C 

ADC ; and produce the ftraight line EA to F. 

Bccaufe therefor the ftraight line AD which meets the two ftraight 
lines BC, EF, makes the alternate angles EAD, ADC equal to one 
b. 27. 1. another, EF (hall be parallel b to BC. therefor the ftraight line EAF 
is drawn thro’ the given point A parallel to the given ftraight line 
BC. Which was to be done. 

PROP. XXXII. THEOR. 

I F a fide of any triangle be produced, the excerior angle 
(hall be equal to the two interior and oppofite angles ; 
and the three interior angles of every triangle are equal 
to two right angles. 

Let ABC be a triangle, and let one of its fidcs BC be produced 
to D. the exterior angle ACD Lht.ll be equal to the two interior and 
oppofite angles CAB, ABC ; and the three interior angles of the tri- 
angle, viz. ABC, BCA, CAB Ihail together be equal to two right 
angles. 

Thro’ 
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Thro’ the point C draw CE parallel * to die ftraight line AB. and 
bccaufe AB is parallel to CE, and AC 
meets them, the alternate angles BAC, 

ACE fhall be equal b to one another, 
again becaufe AB is parallel to CE, and 
BD falls upon them, the exterior angle 
ECD fhall be equal to the interior and ® CD 

oppofite angle ABC. but the angle ACE was {hewn to be equal to 
the angle BAC; therefor die whole exterior angle ACD is equal to 
the two interior and oppofite angles CAB, ABC. to thefc equals add 
the angle ACB, and the angles ACD, ACB fhall be equal to the three 
angles CBA, BAC, ACB. but the angles ACD, ACB arc equal c to 
two right angles; therefor alfo the angles CBA, BAC, ACB are equal 
to two right angles, wherefor if a fide of a triangle &c. Q^E. D. 

CoR. i. All the interior angles of any rectilineal figure, together 
with four right angles, are equal to twice as 
many right angles as the figure has fides. 

For any rectilineal figure ABCDE can be 
divided into as many triangles as die figure 
has fides, by drawing ftraight lines from a 
point F within die figure to each of its 
angles. And, by the prcceeding Propofition, 
all the angles of thefc triangles arc equal to twice as many right angles 
as there are triangles, that is, as there are fides of die figure, and the 
fame angles are equal to the angles of the figure, together with the 
angles at the point F which is the common Vertex of the triangles; 
that is®, together with four right angles. Therefor all the angles of 
the figure, together w ith four right angles, arc equal to twice as many 
right angles as die figure has fides. 

Cor. 2 . 
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Book I. Cor. 2. All the exterior angles of any rectilineal figure are toge- 
ther equal to four right angles. 

Bccaufe every interior angle ABC with 
b. 13. 1 . its adjacent exterior ABD is equal b to 
two right angles, therefor all the interior 
together with all the exterior angles of the 
figure, arc equal to twice as many right D 
angles as there are tides of the figure, that 
is, by the foregoing Corollary, diey arc equal to all the interior angle* 
of the figure, together with four right angles, therefor all the extcrioi 
angles are equal to four right angles. 

PROP. XXXIII. THEOR. 

T HE ftraight lines which join the extremities of two 
equal and parallel ftraight lines, towards the fame 
parts, arc alfo themfelves equal and parallel. 

Let AB, CD be equal and parallel ftraight lines, and joined to- 
wards the lame parts by the ftraight lines AC, ^ g 

BD; AC, BD lhall be equal and parallel. 

Join BC, and bccaufe AB is parallel to 
CD, and BC meets them ; the alternate angles 
a. 99. 1. ABC, BCD arc equal 1 ; and bccaufe AB is C D 

equal to CD, and BC common to die two triangles ABC, DCB, the 
two Tides AB, BC are equal to the two DC, CB; and the angle 
b. 4. 1. ABC is equal to the angle BCD; therefor the bafe AC is equal b to 
the bafe BD, and the triangle ABC to the triangle BCD, and the o- 
dicr angles to the odicr angles b , each to each, to which the equal fides 
arc oppofitc. therefor the angle ACB is equal to the angle CBD. and 

bccaufe 
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becaufe the ftraight line BC meets the two ftraight lines AC, BD and 
makes the alternate angles ACB, CBD equal to one another, AC is pa- 
rallel c to BD. and it was fhewn to be equal to it. therefor ftraight 
lines &c. E. D. 



Boos r. 
C/"WJ 

C. 37. I. 



PROP. XXXIV. THEOR. 



T HE oppofice fides and angles of parallelograms are 
equal to one another, and the diameter biflccte them, 
that is, divides them into two equal parts. 

N. B. A "Parallelogram is a four fide d figure whofe op- 
pofite fides are parallel, and the diameter is the firaight 
line joining two of its oppofite angles. 

Let ABCD be a parallelogram, whofe diameter is BC. the oppo 
fite fides and angles of it lhall be equal to one another; and the dia- 
meter BC lhall bifleft it. 

Becaufe AB is parallel to CD, and BC meets than, the alternate 
angles ABC, BCD fhall be equal 3 to one 
another, and becaufe AC is parallel to BD, 
and BC meets them, the alternate angles 
ACB, CBD arc equal 3 to one another, 
wherefor the two triangles ABC, CBD have 
two angles ABC, BCA in one, equal to 
two angles BCD, CBD in the other, each to each, and one fide BC 
common to. the two triangles, which is adjacent to their equal angles; 
therefor their other fides fhall be equal, each to each, and the third 
angle of the one to the third angle of the other 1 ’, viz. the fide AB to t>. a a. ». 
die fide CD, and AC to BD, and the angle BAC equal to the angle 
BDC. and becaufe tire angle ABC is equal to die angle BCD, and the 

angle 




a. 39. 1. 
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Boo* I. angle CBD to the angle ACB ; the whole angle ABD fhall be equal 
to w hole angle ACD. and the angle BAC has been lhcwn to be 
equal to the angle BDC ; therefor the op- 
pofitc Tides and angles of parallelograms are 
equal to one another, and befides, their dia- 
meter (hall bifleft them, for, becaule AB 
is equal to CD, and BC common ; the two 
AB, BC are equal to the two DC, CB, 

each to each; and the angle ABC is equal to the angle BCD; thcre- 
c. 4. i. f° r 4>c triangle ABC is equal c to the triangle BCD, and the diameter 
BC divides the parallelogram ACDB into two equal prts. Q^E. D- 

PROP. XXXV. THEOR. 

P arallelograms upon the fame bafe and between 
the fame parallels, are equal to one another. 



£« the id »nj Let the parallelograms ABCD, EBCF be upon the fame bafe BC 

l l£ " c and between the fame parallels AF, BC. the prallelogram ABCD 
fhall be equal to die parallelogram EBCF. 

If the fides AD, DF of the parallelograms ABCD, DBCF oppo- 
fitc to the bafe BC, be terminated in the feme 
point D ; it is plain that each of the parallelo- 
«. 34. 1. grams is double 3 of the triangle BDC; and 
are therefor equal to one another. 

But if die fides AD, EF oppofite to the bafe 
BC of the parallelograms ABCD, EBCF be 
not terminated in the fame point; dicn bccaufc ABCD is a parallelo- 
gram, AD is equal 1 to BC; by the fame rcalon, EF is equal to BC; 
b. t. Ax. wherefor AD is equal b to EF; and DE is common; therefor die 

whole 
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whole, or the remainder, AE is equal c to the whole, or the remainder B ® ' * * r - 
DF; AB alfo is equal to DC; and the two EA, AB are therefor e- c . a.orj.Ax. 




qual to the two FD, DC, each to each; and the exterior angle FDC 
is equal d to the interior EAB; therefor the bafe EB is equal to the a. J9 , I( - 
bafe FC, and the triangle EAB equal e to the triangle FDC. take the e. 4. i. 
triangle FDC from the trapezium ABCF, and from the fame trape- 
zium take the triangle EAB, the remainders (hall be equal f , that is, the f. 3 . a*. 
parallelogram ABCD fhall be equal to the parallelogram EBCF. 
therefor parallelograms upon the lame bafe &c. Cf E. D. 

PROP. XXXVI. THEOR. 

P arallelograms upon equal bafes and between the 
fame parallels, are equal to one another. 

Let ABCD, EFGH be parallelograms upon equal bafes BC, 

FG, and between the lame parallels 
AH, BG ; the parallelogram ABCD 
fhall be equal to EFGH. 

. Join BE, CH ; and becaulc BC is 
equal to FG, and FG to * EH, BC 
fhall be equal to EH ; and they are 

parallels, and joined towards the fame parts by the ftraight lines BE, 

CH. but ftraight lines which join equal and parallel ftraight lines to- 

F wards 
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wards the fame parts, arc themfelvcs equal and parallel 1 * ; therefor EB, 

b. CH are both equal and parallel and EBCH a parallelogram; and it 

c. jj. i. is equal c to ABCD, becaufe it is upon the fame bafe BC, and between 

the fame parallels BC, AD. by the like rcafon the parallelogram EFGH 
is equal to the lame EBCH. therefor allb the parallelogram ABCD 
is equal to EFGH. Wherefor parallelograms &c. E. D. 

PROP. XXXVII. THEOR. 

T Riangles upon the fame bafe, and between the fame 
parallels, are equal to one apothcr. 

Let the triangles ABC, DBC be upon the fame bale BC and be- 
tween the fame parallels AD, BC the 
triangle ABC fhall be equal to the tri- 
angle DBC. 

Produce AD both ways to the points 
«• Ji- »• E, F, and thro’ B draw * BE parallel 
to CA; and thro’ C draw CF parallel 
to BD. therefor each of the figures RBCA, DBCF is a parallelogram ; 
fe. 3S- 1. and EBCA is equal b to DBCF, becaufe they are upon the feme bafe 
BC, and between the fame parallels BC, EF; and of the parallelogram 
EBCA the triangle ABC is the half, bccaufe the diameter AB 
*•34- ' • bilfe&s c it; and the triangle DBC is the half of the parallelogram 
DBCF, bccaufe tlx: diameter DC biffc&s it. but the halves of equal 
<]. 7. Ax. things arc equal d ; therefor the triangle ABC is equal to the triangle 
DBC. Wherefor triangles &c. E. D. 

prop, xxxvm. 
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PROP. XXXVIII. THEOR. 

T Riangles upon equal bafes, and between the Came 
parallels, are equal to one another. 



43 

Book L 




Let the triangles ABC, DEF be upon equal bafes BC, EF, and 
between the fame parallels BF, AD. the triangle ABC Ihall be equal 
to the triangle DEF. 

Produce AD both ways to the points G, H, and thro’ B draw BG 
parallel 1 to CA, and thro’ F draw FH parallel to ED. then each of».j*.i; 
the figures GBCA, DEFHisapa- Q ^ J) JJ 

rallclogram ; and they are equal b to y 1 ^ ^ j b. 36. t. 

one another, becaufe they are upon 
equal bafes BC, EF and between 

the fame parallels BF, GH; and 

the triangle ABC is the half c of B C E F Ci 

the parallelogram GBCA, bccaufe the diameter AB biflc&s it; and of 
the parallelogram DEFH the triangle DEF is the half', becauie the 
diameter DF biflefts it. but the halves of equal things are equal d ; d. 7. Ax. 
therefor the triangle ABC is equal to the triangle DEF. Wherefor 
triangles &c. E. D. 

PROP. XXXIX. THEOR. 

T7QUAL triangles upon the fame bafe, and upon the 
■L-* lame fide of it, arc between the fame parallels. 

Let the equal triangles ABC, DBC be upon the fame bafe BC, 
and upon the fame fide of it; they Ihall be between the fame pa- 
rallels. 

F a Join 



Digitized by Google 



44 THE ELEMENTS 

Boo* 1 . Join AD; AD fhall be parallel to BC; for if it is not, thro’ the 
*. 3 1. 1. point A draw a AE parallel to BC, and join EC. 
k j the triangle ABC is equal b to the triangle EBC, 
becaule it is upon the lame bale BC, and be- 
tween the fame parallels BC, AE. but the tri- 
angle ABC is equal to the triangle BDC ; there- 
for alio the triangle BDC is equal to the tri- 
angle EBC, the greater to the lefs, which is impolfible. therefor AE 
is not parallel to BC. in the lame manner it fhall be demon! Ira ted 
that no o titer line but AD is parallel to BC ; AD is therefor parallel 
to it. Wherefor equal triangles upon &c. E. D. 




PROP. XL. THEOR. 



T7QUAL triangles upon equal bafes, and towards the 
* fame parts, are between the lame parallels. 



Let the equal triangles ABC, DEF be upon equal bales BC, EF, 
. and towards the fame parts; they fhall 
be between the lame parallels. 

Join AD, it fhall be parallel to BC. 

*. j 1. 1. for if it is not, thro' A draw 3 AG pa- 
rallel to BF, and join GF. die triangle 
b. 38. 1. ABC is equal b to the triangle GEF, 

becaule they arc upon equal bales BC, EF, and between the fame pa- 
rallels BF, AG. but the triangle ABC is equal to the triangle DEF ; 
therefor allb die triangle DEF fliali be equal to the triangle GEF, 
the greater to the lefs, which is impofliblc. therefor AG is not pa- 
rallel to BF. and in the fame manner it fhall be demonftrated that 

there 
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there is no other parallel to it but AD, AD is therefor parallel to B ° 0 * *• 
BF. Wherefor equal triangles &c. E. D. V./’W,/ 



PROP. XLI. THEOR. 

TF a parallelogram and triangle be upon the fame bafe, 
-*• and between the fame parallels; the parallelogram 
fhall be double of the triangle. 

Let the parallelogram ABCD and the triangle EBC be upon the 
feme bale BC, and between the feme parallels BC, AE; the parallelo- 
gram ABCD fhall be double of the triangle 
EBC. 

Join AC; then the triangle ABC is equal 3 to 
the triangle EBC, becaufe they are upon the feme 
bafe BC, and between the feme parallels BC, AE. 
but the parallelogram ABCD is double b of the 
triangle ABC, becaufe the diameter AC divides 
it into two equal parts ; wherefor ABCD fhall alfo be double of the 
triangle EBC. therefor if a parallelogram &c. Q^E. D. 

PROP. XLII. PROB. 

T O deferibe a parallelogram that lhall be equal to a 
given criangle, and have one of its angles equal to 
a given redilineal angle. 




Let ABC be the given triangle, and D die given redilineal angle. 

It is required to deferibe a parallelogram that fhall be equal to the gi- 
ven triangle ABC, and have one of its angles equal to D. 

Biffed 3 BC in E, join AE, and at the point E in the ftraight a . io. i 

line 
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Book L line EC make b the angle CEF equal to D; and thro’ A draw 
c AG parallel to EC, and thro’ C draw c CG parallel to EF. thcre- 
*• 3 1 - >• for FECG is a parallelogram, and bccaule 
BE is equal to EC, the triangle ABE Ihall 

d. 38. 1. be equal 4 to the triangle ABC, becaufc 

they are upon equal bales BE, EC and 
between the lame parallels BC, AG ; there- 
for the triangle ABC is double of the tri- 
angle AEC and the parallelogram FECG 

e. 41. 1. is likewile double c of the triangle AEC, becaufe it is upon the feme 

bale, and between the fame parallels, therefor the parallelogram FECG 
is equal to die triangle ABC, and it has one of its angles CEF equal 
to the given angle D. wherefor there has been deferibed a parallelo- 
gram FECG equal to a given triangle ABC, having one of its angles 
CEF equal to the given angle D. Which was to be done. 

PROP. XLIII. THEOR. 

T HE complements of the parallelograms which are a- 
bout the diameter of any parallelogram, are equal 
to one another. 




lxt ABCD be a parallelogram, whofc diameter is AC, and EH, 



EG die parallelograms about AC, that 
is, thro' which AC pajjes, and BK, KD 
die odicr parallelograms which make up 
the whole figure ABCD, which are 
therefor called the complements, the 
complement BK (hall be equal to the 
complement KD. 



A H 



D 
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Becaule ABCD is a parallelogram, and AC its diameter, the triangle Booit *• 
ABC is equal * to the triangle ADC. and becaufc EKHA is a parallels 
gram, whole diameter is AK, the triangle AEK is equal to the triangle 
AHK. by the lame rcafon, the triangle KGC is equal to die triangle KFC. 
therefor becaule the triangle AEK is equal to the triangle AHK, and 
the triangle KGC to KFC; the triangle AEK together with die tri- 
angle KGC £hali be equal to the triangle AHK together with the 
triangle KFC. but the whole triangle ABC is equal to the whole 
ADC; therefor the remaining complement BK is equal to the re- 
maining complement KD. Wherefor the complements See. E. D. 

f ■v. 1 

PROP. XL1V. PR OB. 

T O apply a parallelogram to a given ftraight line, 
which lhall be equal to a given triangle, and have 
one of its angles equal to a given redilineal angle. 



Let AB be the given ftraight line, and C the given triangle, and 
D the given rectilineal angle. It is required to apply to the ftraight 
line AB a parallelogram equal to the triangle C, and having an angle 
equal to D. 

Make a the parallelogram 
BEFG equal to the triangle 
C and having the angle EBG 
equal to the angle D, fo that 
BE be in the fame ftraight 
line with A B, and pro- 
duce FG to H; and thro’ 

A drtw b AH parallel to BG or EF, and join HB. then b-caufc b - 3<- *• 
the ftraight line HF falls upon the parallels AH, EF, the angles AHF, 

HFE 
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Boo* I. HFE arc together equal c to two right angles; wherefor the angles 

c . 29. 1. BHF, HFE are Idler than two right angles, but ftraight lines which 
with an other ftraight line make the interior angles upon the fame fide 

d. t2. Ax, lels than two right angles, do meet d if produced far enough, therefor 
HB, FE fhall meet, if produced; let them meet in K, and thro’ K 
draw KL parallel to EA or FH, and produce HA, GB to the points 
L, M. then HLKF is a parallelogram, whofe diameter is HK, and 
AG, ME are the parallelograms about HK; and LB, BF are the 
complements; therefor LB is 

e. 43. 1. equal e to BF. but BF is e- 
qual to the triangle C ; where- 
for LB is equal to the triangle 
C. and bccaufe the angle GCE 
f* 1 5 • * • is equal f to the angle ABM, 
and likewifc to the angle D; 
the angle ABM (hall be equal to the angle D. therefor the parallelo- 
gram LB is applied to the ftraight line AB equal to the triangle C, 
and having the angle ABM equal to the angle D. Which was to be 
done. 




PROP. XLV. PROB. 

\ 

npO deicribe a parallelogram equal to a given reCiili- 

. nea l and having an angle equal to a given 

rectilineal angle. 



Let ABCD be the given redilineal figure, and E the given redili- . 
ncal angle. It is required to deicribe a parallelogram equal to ABCD 
and having an angle equal to E. 

*• 4*. «• Jo* 11 DB, and deferibe a the parallelogram FH equal to the triangle 

ADB, 
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ADB, and having die angle HKF equal to the angle E ; and to die ® 0 0 * r - 
ftraight line GH apply b the parallelogram GM equal to the triangle b. 44 , 

DBC having the angle GHM equal to the angle E. and bccaufc die 
angle E is equal to each of the ^ 
angles FKH, GHM, the angle 
FKH (hall be equal to GHM; 
add to each of thefe the angle 
KHG, and the angles FKH, 

KHG (hall be equal to the 
angles KHG, GHM. but FKH, 

KHG are equal c to two right angles; therefor alfo KHG, GHM arc c . jp. i.' 
equal to two right angles, and becaufe at the point H in the ftraight 
line GH, the two ftraight lines KH, HM upon the oppofite (ides of 
it make the adjacent angles equal to two right angles, KH (hall be 
in the fame ftraight J line with HM. and bccaufe the ftraight line HG d - M 1 - 
meets the parallels KM, FG, the alternate angles MHG, HGF are c- 
qual c ; add to each of thcle die angle HGL; and the angles MHG, 

HGL (hall be equal to the angles HGF, HGL. but the angles MHG, 

HGL are equal c to two right angles; wherefor alio the angles HGF, 

HGL are equal to two right angles, and FG (hall be in the (ame 
ftraight line with GL. and bccaufe KF is parallel to HG, and HG to 
ML ; KF (hall be parallel c to ML. and KM, FL are parallels ; where- e. 3 o. i . 
for KFLM is a parallelogram, and becaufc the triangle ABD is equal 
to the parallelogram HF, and the triangle DBC to the parallelogram 
GM; the whole rectilineal figure ABCD (hall be equal to the whole 
parallelogram KFLM. therefor the parallelogram KFLM has been dc- 
feribed equal to die given rc<fti lineal figure ABCD, having the angle 
FKM equal to the given angle E. Which was to be done. 

Cor. From this it is manifeft how to apply a parallelogram to a 

G given 
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given ftraight line, having an angle equal to a given rectilineal angle, 



that fliall be equal to a given rectilineal figure, viz. by applying b to 
the given ftraight line, a parallelogram equal to the firft triangle ABD, 
having an angle equal to the given angle. 

PROP. XLVI. PROB. 

'JpD deferibe a fquare upon a given ftraight line. 

Let AB be the given ftraight line; it is required to deferibe a 
fquare upon AB. 

From the point A draw a AC at right angles to AB; and make 
c?3*! i! b AD equal to AB, and thro’ the point D draw DE parallel c to it, 
and thro’ B draw BE parallel to AD. therefor ADEB is a paralleled 
d- 34. t. gram; whence AB is equal J to DE, and AD to BE. but BA is c- 
qual to AD ; therefor the four ftraight lines BA, C\ 

AD, DE, EB are equal to one another, and 
the parallelogram ADEB is equilateral, likewife D [ ■ >— 1 " |E 

all its angles arc right angles; for becaufe the 
ftraight line AD meets the parallels AB, DE, 
e. 19. 1 . jhe angles BAD, ADE are equal e to two 

right angles; but BAD is a right angle, there- A' ■ 

for alfo ADE is a right angle, but die oppofite angles of parallelo- 
grams arc equal •*; therefor each of the oppofite angles ABE, BED 
is a right angle ; wherefor the figure ADEB is reCbngular. and it 
has been demonftrated that it is equilateral ; it is therefor a fquare, and 
it is deferibed upon the given ftraight line AB. Which was to be 
. done. 

Cor. Hence every parallelogram that has one right angle has all 
its angles right angles. 

PROP. XL VII. 
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PROP. XL VII. THEOR. 



F I any right angled triangle, the fquare which is de- 
fcribed upon the fide fubtending the right angle, is 
equal to the fquares defcribed upon the fides which con- 
tain the right angle. 



Let ABC be a right angled triangle having the right angle BAC; 
the fquare defcribed upon die fide BC, Ihall be equal to the fquares de- 
fcribed upotf%A, AC. 

On BC deferibe a the fquare BDEC, and on BA, AC the fquares *. *6. i. 
GB, HC; and thro’ A draw b AL parallel to BD or CE, and join AD, b. 31. i. 
FC. therefor bccaufc each of the 
angles BAC, BAG is a right angle c , 
the two flraight lines AC, AG up- 
on the oppofite fides of AB, make 
with it at the point A the adjacent 
angles equal to two right angles; 
therefor CA is in the fame (iraight 
line d with AG. by the fame rca- 
fon, AB and AH are in die fame 
ftraight line, and bccaufc the angle 
DBC is equal to the angle FBA, 
for each of them is a right angle, 
add to each of them the angle ABC, and the whole angle DBA Ihall be 
equal c to the whole FBC. and bccaufe the two fides AB, BD arc equal e. a. Ax. 
to the two FB, BC, each to each, and the angle DB A equal to the angle 
FBC; the bale AD Ihall be equal f to the bafe FC, and the triangle f. 4. 1. 
ABC to the triangle FBC. now the parallelogram BL is double « ofg. 41. t. 

G 2 the 




c. 30. Dtf. 



d. 14. 1. 
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Book I. ^ triangle ABD, bccaufe they are upon the fame bale BD, and be- 
• tween die fame parallels BD, AL ; and the (quare GB is double of the 

triangle FBC, becaulc thefc alfo are upon the fame bale FB, and be- 
tween the fame parallels FB, GC. 
but die doubles of equals are c- 
h, 6. ax. qual h to one another, therefor 
the parallelogram BL is equal to 
the fquarc GB. and in the fame 
manner, by joining A E, BK, it 
(hall be demonflrated that the pa- 
rallelogram CL is equal to the 
(quare HC. Therefor the whole 
fquare BDEC is equal to the two 
fquarcs GB, HC. and die (quare 
BDEC is deferibed upon die 
ftraight line BC, and the fquarcs GB, HC upon BA, AC. wherefor 
the fquare upon the fide BC is equal to the fquares upon the fides 
BA, AC. Therefor in any right angled triangle &c. E. D. 




PROP. XLVIII. THEOR. 

I F the fquare deferibed upon one of the fides of a tri- 
angle, be equal to the fquarcs deferibed upon the o- 
ther two fides of it; the angle contained by thefe two 
fides fhall be a right angle. 



If the fquarc deferibed upon BC one of the fides of the triangle 
ABC be equal to the fquares upon die odier fides BA, AC. the angle 
BAC fliall be a right angle. 

From the point A draw 4 AD at right angles to AC, and make AD 

equal 
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equal to BA, and join DC. therefor becaule DA is equal to AB, the fquare B n 0 ' I. 
of DA 11. all be equal to the fquare of AB ; to each of thefe add the fquare 
of AC, and die fquares of DA, AC (hall be equal 
to the fquares of BA, AC. but the fquare of DC 
is equal *’ to the fquares of DA, AC, becaule DAC 
is a right angle; and the Iquare of BC, by Hypo- 
thefis, is equal to the fquares of BA, AC ; therefor 
the fquare of DC is equal to the fquare of BC; 
and therefor allb the fide DC is equal to the fide 
BC. and becaule the fide DA is equal to AB, and AC common to 
the two triangles DAC, B AC, the two DA, AC arc equal to the wo 
BA, AC ; and the bale DC is equal to the bale BC ; therefor the angle 
DAC is equal c to the angle BAC. but DAC is a right angle, therefore. 8. i. 
allb BAC is a right angle. Therefor if the fquare See. E. D. 




THE 
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book n. 

DEFINITIONS. 



I. 

E VERY right angled parallelogram is laid to be contained by any 
two of the fought lines which contain one of the right angles. 

II. 

In every parallelogram, any of the parallelograms about die diame- 
ter, together with the two comple- 
ments, is called the Gnomon. ‘ Thus 
‘ the parallelogram HG together with 
* die complements AF, FC is the gno- 
‘ mon, which is more briefly exprefled 
‘ by the letters AGK, or EHC which 
* arc at the oppofitc angles of die parallelograms which make the 
‘ gnomon.’ 

PROP. I. 
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Book IX. 

PROP. I. THEOR. C/'VV-' 

I F there be two ftraight lines, one. of which is divided 
into any number of parts; the rectangle contained by 
the two ftraight lines, is equal to the rectangles contained 
by the undivided line, and the feveral parts of the divided 
line. 



Let A and BC be two ftraight lines; and let BC be divided into 
any parts in the points D, E; the rectangle contained by the ftraight 
lines A, BC Hiall be equal to the rectangle 
contained by A, BD ; to that contained by 
A, DE; and alto to that contained by A, 

EC. 

From the point B draw 3 BF at right 
angles to BC,*and make BG equal b to A; 
and thro’ G draw c GH parallel to BC; 
and thro’ D, E, C draw c DK, EL, CH parallel to BG. then the rec- 
tangle BH is equal to the rcftanglcs BK, DL, EH ; and BH is con- 
tained by A, BC, for it is contained by GB, BC, and GB is equal to 
A; and BK is contained by A, BD, for it is contained by GB, BD, of 
which GB is equal to A; and DL is contained by A, DE, bccaule 
DK, that is d BG, is equal to A; and in like manner the rectangle d, 34. 1. 
EH is contained by A, EC. therefor the reftangle contained by A, 

BC is equal to the feveral rcftangles contained by A, BD, and by A, 

DE, and allb by A, EC. Whercfor if there be two ftraight lines See. 

E. D. 

PROP. II. 
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Book IT, 

L/'V'XJ PROP. II. THEOR. 

I F a ftraight line be divided into any two parts, the 
redangles contained by the whole and each of the 
parts, is equal to the fquare of die whole line. 



Let the ftraight line AB he divided into any two parts in the 
point C; the reCtangle contained by AB, BC together with the rec- 
tangle * AB, AC fhall be equal to the fquare 
of AB. 

a. 46. 1. Upon AB deferibe a the fquare ADEB, and 

b. 3 1. t. thro’ C draw b CF parallel to AD or BE. then 

AE is equal to the rectangles AF, CE; and AE is 
the fquare of AB ; and AF is the reCtangle contain- 
ed by BA, AC; for it is contained by DA, AC of 
which AD is equal to AB ; and CE is contained by AB, BC, for BE 
is equal to AB. therefor the rcftanglc contained by AB, AC together 
with the rcCtanglc AB, BC, is equal to the fquare of AB. If therefor 
a ftraight line &c. E. D. 




PROP. III. THEOR. 

I F a ftraight line be divided into any two parts, the 
redangle contained by the whole and one of the parts, 
is equal to the redangle contained by the two parts, to- 
gether with the fquare of the forefaid part. 

Let the ftraight line AB be divided into any two parts in the. point C ; 

* N. B. To avoid repelling ihe word Can- I ed by two ftraight l.nes AB, AC is foroetlmes 
taintd too frequently, the rectangle contain- I fimply called the reftinglc AB, AC. 

the 
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the reftangle AB, BC (hall be equal to the rcftanglc AC, CB to- Boon II. 
gether with the fquarc of BC. 

Upon BC deferibe 3 the fquarc CDEB, and produce ED to F, and a. 4 6. j. 



thro’ A draw b AF parallel to CD or BE. then q 
the reftangle AE is equal to the rectangles AD, 

CE ; and AE is the reftangle contained by AB, 

BC, for it is contained by AB, BE, of which 
BE is equal to BC; and AD is contained by 
AC, CB, for CD is equal to CB; and DB is 
the fquare of BC. therefor the reftangle AB, 

BC is equal to the rectangle AC, CB together with the fquarc of BC. 
if therefor a ftraight line See. E. D. 



B b ’ 5 '- 




PROF. IV. THEOR. 

I F a ftraight line be divided into any two parts, the 
fquare of the whole line is equal to the fquares of the 
two parts, together with twice the rectangle contained by 
the parts. 



Let the ftraight line AB be divided into any two parts in C ; the 
fquarc of AB fhall be equal to the fquares of 
AC, CB and to twice the rcftanglc contained 
by AC, CB. 

Upon AB deferibe 3 die fquarc ADEB, and 
join BD, and thro’ C draw b CGF parallel to 
AD or BE, and thro’ G draw HK parallel to 
AB or DE. and becaufe CF is parallel to AD, 
and BD falls upon them, the exterior angle 
BGC lhall be equal c to the interior and oppofitc angle ADB; but c - *9 «• 




H 



ADB 
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ADB is equal a to the angle ABD, bccaufe BA is equal to AD, be- 
il.j-i.ing fides of a fquare; wherefor the angle CGB is equal to the 
f *- 6 | angle GBC, and therefor the fide BC is equal e to the fide CG. 
but alfo CB is equal f to GK, and CG to BK; wherefor the fi- 
gure CGKB is equilateral, it is likewife rec- 
tangular; for becaufc CG is parallel to BK, and 
CB meets them, the angles KBC, GCB arc c- 
qual to two right angles; and KBC is a right 
angle, wherefor GCB is a right angle; and 
therefor alfo the angles f CGK, GKB oppofite 
to thefe are right angles, and CGKB is rec- 
tangular. but it is alfo equilateral, as was dc- 
monflratcd; w herefor it is a fquare, and it is upon the fide CB. by 
the fame reafon HF alfo is a fquare, and it is upon the fide HG w hich 
is equal to AC. therefor HF, CK arc the fquarcs of AC, CB. and 
*. 43. t. bccaufc the complement AG is equal * to the complement GE, and 
that AG is the rectangle contained by AC, CB, for GC is equal to 
CB; GE (hall alfo be equal to the reftangle AC, CB; wherefor AG, 
GE are equal to twice the reftangle AC, CB. and HF, CK arc the 
fquarcs of AC, CB; wherefor the four figures HF, CK, AG, GE 
arc equal to the fquares of AC, CB and to twice the reftangle AC, CB. 
but HF, CK, AG, GE make up the whole figure ADEB which is 
the fquare of AB. therefor the fquare of AB is equal to the fquarcs 
of AC, CB and twice the reftangle AC, CB. wherefor if a ftraight 
line &c. Q^E. D. 

Cor. From the demonftration it is manifefl, that the parallelograms 
about the diameter of a fquare are likewife fquarcs. 




PROP. V. 
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PROP. V. THEOR. G'V'VJ' 

I F a ftraighc line be divided into two equal parts, and 
alfo into two unequal parts; the reftangle contained by 
the unequal parts, together with die fquare of the line 
between che points of feAion, is equal to the fquare of 
half the line. 



Let the ftraight line AB be divided into two equal parts in the point 
C, and into two unequal parts at the point D; the reftangle AD, DB 
together with the fquare of CD, lhall be equal to the fquare of CB. 

Upon CB deferibe 1 the fquare CEFB, join BE, and thro’ D draw 4 g. ,, 
b DHG parallel to CE or BF ; and thro’ H draw KJLM parallel to CB *>• 3 «• i. 
or EF ; and alio thro’ A draw AK. parallel to CL or BM. and becaule 
the complement CH is equal c to the complement HF, to each of thefe e . 43. 1. 



add DM, and the whole CM lhall be \ 
equal to die whole DF ; but CM is 
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d. j6. I. 

I /II 

CB; therefor allb ALis equal to DF. 
to each of thefe add CH, and the whole 
AH lhall be equal to DF and CH. 
but AH is the reftangle contained by AD, DB, for DH is equal 
' to DB ; and DF together with CH is the gnomon CMG ; there- e. Cor. 4. a. 
for the gnomon CMG is equal to the reftanglc AD, DB. to 
each of thole add LG, which is equal c to the fquare of CD, 
and die gnomon CMG together with LG lhall be equal to the 
rectangle AD, DB together with die fquare of CD. but the gno- 
mon CMG and LG make up the whole figure CEFB, which is 
the fqqarc of CB. therefor the rcftangle AD, DB together with 

H 2 die 
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Boo* II. the fquare of CD is equal to the fquare of CB. wherefor if a flraight 
line &c. E. D. 



PROP. VI. THEOR. 

I F a flraight line be bifle&ed, and produced to any 
point ; the rectangle contained by the whole line thus 
produced, and the part of it produced, together with the 
fquare of half of the line biffefted, is equal to the fquare 
of the flraight line which is made up of the half and the 
part produced. 



Let the flraight line AB be bi defied in C, and produced n) the 
point D; the rectangle AD, DB togcdier with the (quarc of CB, 
(hall be equal to the Iquare of CD. 

a. 46.1. Upon CD delcribc a the fquare CEFD, join DE, and thro’ B draw 

b. 31. 1. b BHG parallel to CE or DF, and thro' II draw KLM parallel to AD 

or EF, and allb thro’ A draw AK parallel to CL or DM. and bccaufe 

c. 36. 1. AC is equal to CB, the rcflanglc AL (hall be equal c toCH; but CH 
J.4J.1. is equal d to HF; therefor alfo AL is 

equal to HF. to each of thefe add CM, 
and die whole AM (hall be equal to 
the gnomon CMG. and AM is die 
rectangle contained by AD, DB, for 
e. Cor. 4. s. DM is equal c to DB. therefor die gno- 
mon CMG is equal to ‘the roftanglc E G 

AD, DB. add to each of thefe I.G which is equal to the fquare of 
CB ; and the reftangle AD, DB together widi the fquare of CB (hall 
be equal to the gnomon CMG and the figure LG. but the gnomon 
CMG and LG make up the whole figure CEFD, which is the fquare of 

CD; 
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CD ; therefor the rcftangle AD, DB together with the fquare of CB, B ° 0 K ir * 
is equal to the fquarc of CD. wherefor if a ftraight line &c. Ch E. D. 

PROP. VII. THEOR. 

I F a ftraight line be divided into any two parts, the 
fquares of the whole line, and of one of the parts are 
equal co twice the rectangle contained by the whole and 
that part, together with the fquare of the other part. 

Let the (hraight line AB be divided into any two parts in the point 
C ; the fquares of AB, BC lhall be equal to twice die rcftangle AB, 
BC*togcthcr with the fquarc of AC. 

Upon AB deferibe 3 the fquare ADEB, and conftruft the figure as 3 '• 
in the prccccding Propofitions. and becaulc AG is equal b to GE, add b. 43.1. 
to each of diem CK, and the whole AK lhall be equal to the whole 
CE; therefor AK, CE arc double of AK. but 

1 

K. 

Rjfc, 

-ft 

c. Cor. 4 2. 

AKF together with the fquare CK is equal to D F E 
twice the rectangle AB, BC. to each of thefe c- 
quals addHF, which is equal to die fquare of AC; and the gnomon 
AKF together with the Iquarcs CK, HF lhall be equal to twice the 
rectangle AB, BC and the fquare of AC. but the gnomon AKF to- 
gedici 1 with the fquares CK, HF make up the whole figure ADEB 
and CK, which are the fquares of AB and BC. therefor the fquares of 

AB 



AK, CE are the gnomon AKF together widi 
the fquarc CK ; therefor the gnomon AKF to- 
gether widi the Iquare CK is double of AK. but H — 
twice the refhnglc AB, BC is double of AK, 
for BK is equal 1 to BC. therefor the gnomon > 
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Book U. AB and BC are equal to twice the rc< 5 bngle AB, BC together with the 
fquare of AC. whcrefor if a ftraight Une &c. E. D. 

PROP. VIII. THEOR. 

I F a ftraight line be divided into any two parts, four 
times the rcftangle contained by the whole line, and 
one of the parts, together with the fquare of the other 
part, is equal to the fquare of the ftraight line which is 
made up of the whole and that part. 



Let the ftraight line AB be divided into any two parts in the 
point C; four times the rcftangle AB, BC, together with the fquare 
of AC, fhall be equal to the fquare of the ftraight line made up of 
AB and BC together. 

Produce AB to D fo that BD be equal to CB, and upon AD de- 
feribe the fquare AEFD ; and conftruft two figures fuch as in the 
prccceding. Becaufc CB is equal to BD, and 
»■ 34- >• that CB is equal 1 to GK, and BD to KN; 

GK fhall be equal to KN. by the fame realbn 
PR is equal to RO. and becaufc CB is equal 
to BD, and GK to KN, the rcdtanglc CK 
b. 3 6 - 1 . fhall be equal b to BN, and GR to RN. but 
c - 43 - 1 - CK is equal c to RN, becaufc they are the 
complements of the parallelogram CO; there- 
for alfo BN is equal to GR. and the four 
rcftanglcs BN, CK, GR, RN, arc therefor equal to one another, and 
fo arc quadruple of one of them CK. again becaufc CB is equal to BD, 
d. Cor. a. 4. and that BD is equal d toBK, that is to CG; and CB equal to GK, 
that d is to GP; CG fhall be equal to GP. and becaulc CG is e- 
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*|ual to GP, and PR to RO, the reChngle AG lhall be equal to MP, 
and PL to RF. but MP is equal c to PL, bccaufc they arc the com- 
plements of the parallelogram ML; wherefor AG alfo is equal to RF. 
therefor the four rectangles AG, MP, PL, RF arc equal to one ano- 
ther, and lo are quadruple of one of them AG. And it was demon- 
ftrated that the four CK, BN, GR, RN arc quadruple of CK. there- 
for the eight rectangles which contain die gnomon AOH, arc qua- 
druple of AK. and becaufc AK is die rectangle contained by AB, 
BC, for BK is equal to BC; four times the rectangle AB, BC lhall 
be quadruple of AK. but the gnomon AOH was demonftrated to be 
quadruple of AK ; therefor four times the rcCtanglc AB, BC is equal 
to the gnomon AOH. to each of thefe add XH, which is equal J to 
the fquareofAC; and four times the reClanglc AB, BC together with 
the fquarc of AC lhall be equal to the gnomon AOH and the Iquarc 
XH. but the gnomon AOH and XH make up the figure AEFD which 
is the fquarc of AD. therefor four times the re&angle AB, BC toge- 
ther with the fquare of AC is equal to the fquarc of AD, that is, of 
AB and BC added together in one liraight line, w herefor if a liraight 
line &o. Qj,E. D. 

PROP. IX. THEOR. 

I F a ftraight line be divided inco two equal parts, and 
alfo into two unequal ; the fquares of the two unequal 
parts, are together double of the fquare of half the line, 
and of the fquare of the line between the points of fe&ion. 

Let the liraight line AB be divided into two equal parts in the point 
C, and into two unequal at the point D. the fquares of AD, DB lhall 
together be double of the fquares of AC, CD. 

From 



<3 

Boom II. 
c. 43. 1. 



d. Cor. s. 4. 
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Book If. From the point C draw 2 CE at right angles to AB, and make it 
equal to AC or CB, and join EA, EB ; thro' D draw b DF paral- 

b. 31. 1. J C J to CE, and thro’ F draw FG parallel to AB; and join AF. then 

c. s- 1. bccaufe AC is equal to CE, the angle EAC lhall be equal c to the 

angle AEC ; and bccaufe the angle ACE is a right angle, the two o- 

d. 33. 1. thers AEC, EAC lhall together make one right angle d ; and they are 

equal to one another; each of them therefor is half of a right angle, 
by the fame realon each of the angles CEB, EBC is half of a right 
angle ; and therefor the whole AEB is a right angle, and bccaufe the 
angle GEF is half of a right angle, and EGF a right angle, for it is equal 

e. 29. 1 . * to the interior and oppofitc angle ECB, the 

remaining angle EFG lhall be half of a right 
angle ; therefor the angle GEF is equal to 

f. d. 1. the angle EFG, and the fide EG equal 1 to 

the fide GF. again, bccaufe the angle at B is 
half of a right angle, and FDB a right angle, 
for it is equal c to the interior and oppofitc angle ECB, the remaining 
angle BFD lhall be half of a right angle; therefor the angle at B is c- 
qual to the angle BFD, and die fide DF to r the fide DB. and becaulc 
AC is equal to CE, die fquarc of AC lhall be equal to the fquare of 
CE ; therefor die fquarcs of AC, CE are double of the fquarc of AC. 

g. 47- «• but die fquare of EA is equal s to the Iquarcs of AC, CE, beeaule ACE 

is a right angle; therefor the fquarc of EA is double of the Iquare of 
AC. again bccaufe EG is equal to GF, die Iquare of EG lhall be e- 
qual to the fquare of GF ; therefor the fquares of EG, GF arc double 
of the Iquare of GF ; but the fquarc of EF is equal to the fquarcs of 
EG, GF ; therefor the fquare of EF is double of the Iquare of GF. 
le 34. 1. and GF is equal h to CD; therefor the Iquare of EF is double of the 
fquare of CD. but the fquare of AF,, is likewife double of the fquare 

of 




Digitized by Google 



OF EUCLID. 65 

of AC; therefor the.fqunrcs of AE, EF arc double of die fquares of B ° 0K Ir - 
AC, CD. and the fquare of AF is equal 8 to the Iquares of AE, EF 
becaufe AEF is a right angle; therefor the fquare of AF is double 
of the fquares of AC, CD. but the Iquares of AD, DF are equal to 
the iquare of AF, bccaule the angle ADF is a right angle ; therefor 
the fquares of AD, DF are double of the fquares of AC, CD. and 
DF is equal to DB; therefor the Iquares of AD, DB arc double of 
the Iquares of AC, CD. If therefor a ftraight line 8tc. E. D. 

PROP. X. THEOR. 

I F a ftraight line be bifle&ed, and produced to any point, 
the fquare of the whole line thus produced, and the 
fquare of the part of it produced are together double of 
the fquare of half of the line bille&ed, and of the fquare 
of the line made up of the half and the part pro- 
duced. 

Let the ftraight line AB be biftefled in C, and produced to the 
point D; the fquares of AD, DB fhall be double of the fquares of 
AC, CD. 

From the point C draw a CE at right angles to AB, and make it «. it. 1. 
equal to AC or CB, and join AE, 

EB; thro’ E draw b EF parallel to 
AB, and thro’ D draw DF parallel to 
CE. and becaufc the ftraight line ^ 

EF meets the parallels EC, FD, the 
angles CEF, EFD are equal c to two 

right angles; and therefor the angles BEF, EFD are lefs than two 
right angles, but ftraight lines which with another ftraight line make 

I the 
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d lc interior angles upon the fame fide Ids than two right angles, do 
d, u. Ax. meet d if produced far enough, therefor EB, FD fhall meet, if pro- 
duced, toward BD. let them meet in G, and join AG. then because 
*• 5- '• AC is equal to CE, the angle CE A fhall be equal e to the angle EAC; 
and the angle ACE is a right angle; therefor each of the angles CEA, 

* 3a. 1. EAC is half of a right angle*, by the lame reafon, each of the angles 

CEB, EBC is half of a right angle ; therefor AEB is a right angle. 
(■ 15. 1. and bccaufe EBC is half of a right angle, DBG alfo fhall f be half 
of a right angle, for they are vertically oppofitc ; but BDG is a right 
c. 19. 1. angle, bccaufe it is equal c to the alternate angle DCE; therefor the 
remaining angle DGB is half of a 
right angle, and is therefor equal to 
the angle DBG; wherefor alio the 
e - 6 - »• fide BD is equal 8 to the fide DG. ^ 

• again, bccaufe EGF is half of a 
right angle, and that the angle at F 

It. 34* t* is a right angle, bccaufe it is equal h to the oppofite angle ECD, the re- 
maining angle FEG fhall be half of a right angle, and equal to the 
angle EGF ; wherefor alfo the fide GF is equal 8 to the fide FE, And 
bccaufe EC is equal to CA, the fquarc of EC fhall be equal to the 
fquarc of CA; therefor the fquarcs of EC, CA arc double of the 
i. 47 - 1. fquarc of CA. but the fquarc of EA is equal ' to the fquares of EC, 
CA ; therefor the fquarc of E A is double of die fquarc of AC, a- 
gain, bccaufe GF is equal to FE, the fquarc of GF fhall be equal to 
the fquarc of FE; and therefor the fquarcs of GF, FE are double of 
the fquare of EF. but the fquare of EG is equal 1 to the fquares of GF, 
• FE; therefor the fquare of EG is double of the fquare of EF. and 

EF is equal to CD, wherefor the fquare of EG is double of the 
fquare of CD. but k was demonft rated that die fquarc of EA is 

double 
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double of the fquare of AC; therefor the fquarcs of AE, EG are 
double of the fquares of AC, CD. and the fquare of AG is equal ‘i. 47 . t . 
to the fquares of AE, EG; therefor the fquare of AG is double of 
the fquares of AC, CD. but the fquarcs of AD, DG arc equal * to 
the fquare of AG ; therefor the fquarcs of AD, DG are double of 
the fquarcs of AC, CD. but DG is equal toDB; therefor the fquares 
of AD, DB are double of the fquares of AC, CD. wherefor if a 
ftraight line &c. E. D. 

PROP. XL PROB. 

T O divide a given ftraight line into two parts, fo that 
the redangle contained by the whole, and one of 
the parts, fhall be equal to the fquare of the other part. 

Let AB be the given ftraight line; it is required to divide it into 
two parts, fb that the rc&angle contained by the whole, and one of 
the parts, fhall be equal to the fquare of the other part. 

Upon AB deferibe a the fquare ABDC, bifleft b AC in E, and *. 4 «. i. 
join BE; produce CA to F, and make c EF 
equal to EB ; and upon AF deferibe a the fquare 
FGHA, and produce GH to K. AB fhall be 
divided in H fo, that the rc<ft angle AB, BH is 
equal to the fquare of AH. 

Becaufc the ftraight line AC is bifteAed in 
E, and produced to the point F, the rciftangle 
CF, FA, together with the fquare of AE, fhall 
be equal d to the fquare of EF. but EF is c- 
qual to EB ; therefor the reftangle CF, FA, to- 
gether with the fquare of AE is equal to the fquare of EB. and the 

1 2 fquarcs 
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Book XI. fquarcs of BA, AE arc equal e to the fquare of EB, becaule the angle 
EAB is a right angle; therefor the refhngle CF, FA, together with 
the fquare of AE is equal to the fquarcs of 
BA, AE. take away the fquare of AE, which 
is common to both, and the remaining reftanglc 
CF, FA fliall be equal to the fquare of AB. ^ 
and the figure FK is the rectangle contained by 
CF, FA, for AF is equal to FG; and AD is 
the fquare of AB; therefor FK is equal to AD. 
take away the common part AK, and the re- 
mainder FH fiiall be equal to the remainder q 
HD. and HD is the reffcmglc contained by AB, 

BH, for AB is equal to BD; and FH is the fquare of AH. therefor 
the rectangle AB, BH is equal to the fquare of AH. wherefor the 
ftraighf line AB is divided in H, lb that the rectangle AB, BH is c- 
qual to the fquare of AH. Which was to be done. 

PROP. XII. THEOR. 

I N obcufe angled triangles, if a perpendicular be drawn 
from any of the acute angles to the oppofite fide pro- 
duced, the fquare of the fide fubtending the obtufe angle, 
is greater than the fquares of the fidcs containing the ob- 
tufe angle, by twice the rectangle contained by the fide 
upon which when produced the perpendicular falls, and 
the flraight line intercepted without the triangle between 
the perpendicular and the obtufe angle. 

Let ABC be an obtufe angled triangle, having the obtufe angle 
a. i a. i . ACB, and from the point A let AD be drawn 3 perpendicular to BC 

pro* 
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produced, the fquare of AB fhall be greater than the fquares of AC, 

CB by twice the reftangle BC, CD. 

Becaufe the ftraight line BD is divided into two parts in the point 
C, the fquare of BD fhall be equal b to the 
fquares of BC, CD, and twice the reftangle 

BC, CD. to each of thefe equals add the 
fquare of DA ; and the fquares of BD, DA 
(hall be equal to the fquares of BC, CD, 

DA, and twice the reftangle BC, CD. but 
the fquare of BA is equal c to the fquares of g 

BD, DA, becaufe the angle at D is a right 

angle ; and the fquare of CA is equal c to the fquares of CD, DA. there- 
for the fquare of BA is equal to the fquares of BC, CA, and twice the 
reftangle BC, CD; that is; the fquare of BA is greater than the fquares 
of BC, CA, by tw ice the reftangle BC, CD. therefor in obnife angled 
triangles See. E. D. 



e. 47. i. 



PROP. XIII. THE OR. 

TN every triangle the fquare of the fide fubtending any 
of the acute angles, is lefs than the fquares of the 
Tides containing that angle, by twice the retflangle con- 
tained by any of thefe Tides, and the ftraight line inter- 
cepted between the perpendicular let fall upon it, or upon 
it produced, from the angle oppofitc to it, and the acute 
angle. 

Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon BC one of the fides containing it let fall the perpen- 
dicular a AD from die oppofitc angle, the fquare of AC oppofitc to the ». 1 2. t. 
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angle B, (hall be lefs than the fquarcs of CB, BA by twice the reftangle 
CB, BD. 



Firft, Let AD fall within the triangle ABC; and bccaufc the ftraight 
line CB is divided into two parts in the point 
b. 7. a. D, the fquarcs of CB, BD (hall be equal b to 
twice the reftangle contained by CB, BD, 
and the fquarc of DC. to each of thefe e- 
quals add the fquare of AD, and the fquarcs 
of CB, BD, DA fhall be equal to twice the 
reftanglc CB, BD, and the fquarcs of AD, 

*• 47- x* DC. but the fquarc of AB is equal c to the fquarcs of BD, DA, 
bccaufc the angle BD A is a right angle ; and the fquare of AC is c- 
qual to the fquarcs of AD, DC. therefor the fquare* of CB, BA are c~ 
qual to the fquare of AC, and twice the rcftanglc CB, BD; that is, the 
fquarc of AC alone is lefs than the fquare* of CB, BA by twice the 
rcftanglc CB, BD. 

But let AD fall without the triangle ABC. therefor bccaufc the 
d. tti. 1. angle at D is a right angle, the angle ACB fhall be greater d than a 
right angle; and therefor the fquare of AB 
«. 1 *. 2. fhall be equal c to the fquarcs of AC, CB and 
twice the rectangle BC, CD. to thefe equals 
add the fquare of BC, and die fquarcs of AB, 

BC (hall be equal to the fquare of AC, and 
twice the fquare of BC, and twice the rect- 
angle BC, CD. but bccaufe BD is divided in- ^ 
f. 3. a . to two parts in C, the rectangle DB, BC is equal f to the rectangle BC, 
CD and the fquare of BC. and die doubles of thefe arc equal, there- 
for the fquarcs of AB, BC arc equal to die fquarc of AC, and twice 
the rectangle DB, BC. therefor the fquarc of AC alone, is lefs than 

the 
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the fquares of AB, BC, by twice the re Wangle DB, BC. 

Laftly, Let the fide AC be perpendicular to BC; 
then is BC the ftraight line between the perpendicular 
and the acute angle at B. and it is manifeit that the 
fijuares of AB, BC are equal c to the fquare of AC, and 
twice the fquare of BC. therefor in every triangle &c. 

Q^E. D. 




PROP. XIV. PR OB. 



T O deferibe a fquare that lhall be equal to a given 
rc&ilineal figure. 

Let A be the given rectilineal figure; it is required to deferibe a 
fquare that lhall be equal to A. 

Deferibe * the rectangular parallelogram BCDE equal to the reCti- ». : 

lineal figure A. If then the 
fidcs of it BE, ED are equal 
to one another, it is a Iquare, 
and what was required is now 
done, but if they are not e- 
qual, produce one of them BE 
to F, and make EF equal to ED, and biflcCt BF in G ; and from the 
centre G, at the diftance GB or GF deferibe the femicirclc BIIF, and 
produce DF. to H, and join GH. therefor bccaufc the ftraight line 
BF is divided into two equal parts in the point G, and into two un- 
equal at E, the reClanglc BE, EF, together with the Iquare of EG, lhall 
be equal b to the fquare of GF. but GF is equal to GH; therefor the b - 5- J. 
rectangle BE, EF, together with the fquare of EG, is equal to the 

fquare 
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fquare of GH. but the fquarcs of HE, EG arc equal c to the fquare of 
GH. therefor the reCtangle BE, A 
EF together with the fquare ot 
EG is equal to the fquares of 
HE, EG. take away the fquare 
of EG, which is common to 
both; and the remaining reCt- 
angle BE, EF (hall be equal to the fquare of EH. but the reCtangle con- 
tained by BE, EF is the parallelogram BD, bccaufc EF is equal to ED; 
therefor BD is equal to the fquare of EH. but BD is equal to the 
rectilineal figure A ; therefor the rectilineal figure A (hall be equal to 
the fquare of EH. wherefor to the given rectilineal figure A there has 
been made a fquare equal, viz. the fquare deferibed upon EH. Which 
was to be done. 




f / 




G 


E 

n 



THE 



Digitized by Google 




OF EUCLID. 



73 

Boos nr. 

'/W 



THE 

ELEMENTS 

O F 

EUCLID. 

book in. 

DEFINITIONS. 

I. 

E QUAL circles are thofe whole diameters are equal, or from 
whofe centres the ftraight lines to the circumferences are equal. 

‘ This is not a Definition but a Theorem, the truth of which is 
* evident; for if the circles be applied to one another, fo that their 
* centres coincide, the circles (hall likewife coincide, fince the ftraight 
‘ lines from their centres are equal.’ 

II. 

A ftraight line is faid to touch a circle, 
when it meets the circle and being pro- 
duced does not cut it. 

III. 

Circles are faid to touch one another, which 
meet but do not cut one another. 

K. 




Digitized by Google 




74 THE ELEMENTS 

Boo* in. jy^ 

Straight lines are (aid to be equally diftant from the 
centre of a circle, when the perpendiculars drawn 
to them from the centre are equal. 

V. 

But the (Iraight line on which the greater perpendi- 
cular falls, is laid to be further from the centre. 

VI. 

A fegment of a circle is the figure contained by 
a ftraight line and the circumference it cuts off. 

VII. 

11 The angle of a fegment is that which is contained by the ftraight 
“ line and the circumference.” 

VIII. 

An angle in a figment is the angle contained 
by two ftraight lines drawn from any point 
m the circumference of the figment, to the 
extremities of the ftraight line whkh is the 
bafe of the figment. 

IX. 

And an angle is laid to infift or ftand upon the 
circumference which the ftraight lines drat con- 
tain the angle intercept between them. 

X. 

The fcAor of a circle is the figure contained by two 
ftraight lines drawn from the centre, and the cir- 
cumference between them. 

Similar 
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Similar fegments of a circle, are thole in 
which the angles are equal, or which 
contain equal angles. 

PROP. I. PROB. 

' jpO find the centre of a given circle. 

Let ABC be the given circle; it is required to find its centre. 
Draw within it any ftraight line AB, and biifcft 1 it in D; from 
the point D draw b DC at right angles to AB, and produce it to E, 
and biffett CE in F. die point F fhall be the centre of the circle 
ABC. 

For if it be not, let, if poffiblc, G be the centre, and join GA, 
GD, GB. therefor becaufe DA is equal to DB, and DG common to 
the two triangles ADG, BDG, the two fides 
AD, DG are equal to the two BD, DG, each 
to each ; and the bafe GA is equal to the bale 
GB, becaufe they are from die centre G. there- 
for the angle ADG is equal c to the angle GDB. 
but when a ftraight line (landing upon another 
ftraight line, makes the adjacent angles equal to 
one another, each of the angles is a right angle'*, 
therefor the angle GDB is a right angle, but FDB is likewife a right 
angle; wherefor the angle FDB is equal to the angle GDB, the greater 
to the letter, which is impoffible. therefor G is not the centre of the 
circle ABC. in die fame manner it fhall be /hewn, that no other point 
but F is the centre ; that is, F is the centre of the circle ABC. Which 
was to be found. 

K. 2 Cor. 
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Cor. From this it is manifeft, that if in a circle a ftraight line bif- 
feA another at right angles, the centre of the circle £h.ali be in the 
line which bifle< 5 ts the otlier. 



PROP. II. THEOR. 

I F any two points be taken in the circumference of a 
circle, the ftraight line which joins them lhail fall 
within the circle. 



Let ABC be a circle, and A, B any two points in the circumfe- 
rence; the ftraight line drawn from A to B ftiall fall within the circle. 

*, i. j. For if it do not, let it fall, if polftble without, as AEB; find a D 
the centre of the circle ABC, and join AD, DB, and produce DF, 
any ftraight line meeting the circumference AB, to 
E. therefor becaule DA is equal to DB, the angle 
b. j. i. DAB lhail be equal b to the angle DBA; and be- 
caufe AE a fide of the triangle DAE is produ- 
c. 1 6. i. ced to B, the angle DEB lhail be greater c than the 
angle DAE ; but DAE is equal to the angle DBE, 
therefor the angle DEB is greater than the angle 
J. 19. 1. DBE. but to the greater angle the greater fide is oppofite d ; DB is 
therefor greater than DE. but DB is equal to DF; wherefor DF is 
greater than DE, the lefler than the greater, which is impollible. there- 
for the ftraight line drawn from A to B does not fall without the 
circle, in the fame manner, it lhail be demonftrated that it does not 
fall upon the circumference, it lhail therefor fall within it. wherefor 
if any two points &c. Ch E. D. 




PROP. III. 
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PROP. III. THEOR. 

I F a ftraight line drawn thro’ the centre of a circle, bif- 
fe<ft a ftraight line in it which does not pafs thro’ the 
centre, it lhall cut it at right angles, and if it cuts it at 
right angles, it lhall billed! it. 
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Book III. 



b. 8. I. 



c. io. D:f. i. 



Let ABC be a circle; and let CD a ftraight line drawn thro’ the 
centre bifle<5t any ftraight line AB, which docs not pafs thro’ the centre, 
in die point F. it lhall cut AB at right angles. 

Take 3 E the centre of the circle, and join EA, EB. then bccaule a. i. 3 . 
AF is equal to FB, and FE common to the two triangles AFE, 

BFE, there are two fidcs 'in the one equal to two fides in the other, 
and the bafe EA is equal to the balcEB; there- 
for the angle AFE is equal b to the angle BFE. 
but when a ftraight line (landing upon another 
makes the adjacent angles equal to one another, 
each of them is a right c angle, therefor each of 
the angles AFE, BFE is a right angle; wherefor 
the ftraight line CD drawn thro' the centre which 
biflefts another AB diat docs not pals diro’ die centre, cuts the lame 
at right angles. 

But let CD cut AB at right angles, CD lhall alio bilTeft it; that 
is, AF lhall be equal to FB. 

The lame conftruflion being made, becaule EA, EB from the centre 
are equal to one another, the angle EAF lhall be equal to the angle d. j. 1 
EBF; and the right angle AFE is equal to die right angle BFE. 
therefor in the two triangles EAF, EBF there arc two angles in one 
equal to two angles in the other, and the fide EF which is oppofitc 

to 
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Book III. t0 onc 0 f the equal angles in each, is common to both ; therefor the 
other Tides fhall be equal', AF therefor is equal to FB. whcrcfor if 
a ftraight line See. Q^E. D. 

PROP. IV. THEOR. 

I F in a circle two ftraight lines cut one another which 
do not both pafs thro’ che centre, they (hall not biffed 
each the other. 



Let ABCD be a circle, and AC, BD two ftraight lines in it which 
cut one another in the point E, and do not both pafs thro’ the centre. 
AC, BD Ihall not bifleft one another. 

For, if it is poflible, let AE be equal to EC, and BE to ED. if 
one of the lines pafs thro’ the centre, it is plain that it cannot be bif- 
fefted by the other which docs not pafs thro’ 
the centre, but if neither of them pals thro' 
a. i . 3. the ccntrfe, take a F the -centre of the circle, 
and join EF. and bccaufc EF a ftraight line 
thro’ the centre, biflofts another AC which 
does not pafs thro’ the centre, it Ihall cut it at 
b ■ 3- 3- right b angles; whcrcfor FEA is a right angle, again, bccaule the 
ftraight line FE biflefts die ftraight lincBD which docs not pafs tliro’ 
the centre, it Ihall cut it at right b angles ; wherefor FEB is a right 
angle, and FEA was fhewn to be a right angle ; therefor FEA is 
equal to the angle FEB, the lefs to the greater, which is impoflible. 
therefor AC, BD do not biffoft onc another, wherefor if in a circle See. 
<^E T D. 




.PROP. V. 



Digitized by Google 



OF EUCLID. 



79 

Boot III. 

PROP. V. THEOR. C/^Y'NJ 

I F two circles cut one another, they lhall not have the 
lame centre. 



Let die two circles ABC, CDG cut one another in the points B, 
C ; they lhall not have the feme centre. 

For, if it be poflible, let E be their centre ; join EC, and draw any 
ftraight line EFG meeting them in F and G. 
and bccaufe E is the centre of the circle ABC, 

CE lhall be equal to EF. again, becaufe E is ^ 
the centre of the circle CDG, CE is equal to 
EG. but CE was Ihewn to be equal to EF ; 
therefor EF is equal to EG, the lefs to die 
greater, which is impoflible. therefor E is not 
the centre of the circles ABC, CDG. wherefor if two circles &c. 
Qi E. D. 

PROP. VI. THEOR. 

r two circles touch one another within, they lhall not 
have the fame centre. 




Let the two circles ABC, CDE touch one another widiin in the 
point C. they lhall not have the feme centre. 

For if they can, let it be F; join FC, and 
draw any ftraight line FEB meeting them in 
E and B. and becaufe F is the centre of die 
circle ABC, CF is equal to FB. alfo bccaufe 
F is the centre of the circle CDE, CF is 
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Boo* ni. equal to FE. and CF was Ihewn equal to FB; therefor FE is equal 
to FB, the lefs to the greater, which is impoflible. wherefor F is not 
the centre of die circles ABC, CDE. therefor if two circles &c. 
E. D. 

PROP. VII. THEOR. 

I F any point be taken in the diameter of a circle, which 
is not the centre, of all the ftraight lines which can be 
drawn from it to the circumference, the greateft is that 
in which the centre is, and the other part of that diameter 
is the lead; and of any others, that which is nearer to the 
line which pafles thro’ the centre is ever greater than one 
more remote, and from the fame point there can be 
drawn only two that are equal to one another, one upon 
each fide of the fhorteft line. 

Let ABCD be a circle, and AD its diameter, in which let any point 
F be taken which is not the centre, let the centre be E; of all die 
ftraight lines FB, FC, FG, &c. that can be 
drawn from F to the circumference, FA is 
the greateft, and FD the other part of the 
diameter AD is the leaft; and of the others, 

FB is greater than FC, and FC than FG. 

Join BE, CE, GE ; and becaufc two fides 
a. ao. i. of a triangle arc greater a than the third, 

BE, EF Ihall.be greater than BF; but AE 
is equal to EB, therefor AE, EF, that is AF, is greater than BF. 
again, bccaufe BE is equal to CE, and FE common to die triangles 
BEF, CEF j the two rides BE, EF arc equal to die two CE, EF; 

but 
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but the angle BEF is greater than the angle CEF, therefor the bafe 
BF is greater b than the bafe FC. by the feme rcafon, CF is greater than b. j 4 . i. 
GF. again, becaufc GF, FE arc greater 1 than EG, and EG is equal ». 10. t. 
to ED; GF, FE lhall be greater than ED. take away the common 
part FE, and the remainder GF lhall be greater than the remainder 
FD. therefor FA is the grcatcll, and FD the lcaft of all the Untight 
lines from F to the circumference; and BF is greater than CF, and 
CF than GF. 

Alio there can be drawn only two equal flraight lines from the 
point F to the circumference, one upon each fide of the Ihorteft line 
FD. at the point E in the flraight line EF, make c the angle FEH c. sj. ». . 

equal to the angle GEF, and join FH. then becaule GE is equal to 
EH, and EF common to the two triangles GEF, HEF ; the two fides 
GE, EF are equal to the two HE, EF ; and the angle GEF is equal 
to the angle HEF, therefor the bafe FG is equal d to the bale FH. 4' »• 
but befidcs FH no other ftraight line can be drawn from F to the cir- 
cumference equal to FG. for if there can, let it be FK, and becaufc 
FK is equal to FG, and FG to FH, FK lhall be equal to FH, that 
is, a line nearer to that which pafles thro’ the centre is equal to one 
which is more remote; which is impoffibie. therefor if any point be 
taken & c. Q^E. D. 

PROP. VIII. THEOR. 

I F any point be taken without a circle, and ftraight lines 
be drawn from it to the circumference, whereof one 
pafles thro’ the centre; of thofe which fall upon the con- 
cave circumference the greateft is that which pafles thro’ 
the centre; and of the reft, that which is nearer to the 
one thro’ the centre is ever greater than the more remote. 

L, but 
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but of thofe which fall upon the convex circumference, 
the leaft is rfrnt between the point without the circle, and 
the diameter; and of the reft, that which is nearer to the 
leaft is ever lefs than the more remote, and only two 
equal ftraight lines can be drawn from the point unto the 
circumference, one upon each fide of the leaft. 



Let ABC be a circle, and D any point without it, from which let 
the ftraight lines DA, DE, DF, DC be drawn to the circumference, 
whereof DA pafTcs thro’ the centre, of thofe which fall upon the con- 
cave part of the circumference AEFC, the greateft lhall be AD which 
palTcs thro’ the centre; and die nearer to it is ever greater than the more 
remote, viz. DE than DF, and DF than DC. 
but of thofe which fall upon the convex cir- 
cumference HLKG, the leaft is DG between 
the point D and the diameter AG; and the 
nearer to it is ever Idler than the more remote, 
viz. DK than DL, and DL than DH. 
a. i. j. Find 2 M the centre of the circle ABC, 
and join ME, MF, MC, MK, ML, MH. 
and bccaulc AM is equal to ME, add MD 
to each, and AD fliall be equal to EM, MD; 
b. ao. i. but EM, MD are greater b than ED, there- 
for alfo AD is greater than ED. again, be- 
caufe ME is equal to MF, and MD common to the triangles EMD, 
FMD; EM, MD are equal to FM, MD; but the angle EMD is 
«. 34. t. greater than the angle FMD, therefor the bafe ED is greater c than 
the bafe FD. in the lame manner, FD lhall be greater than CD. 
therefor DA is the greateft; and DE greater than DF, and DF dian 

DC. 
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DC. and becaufe MK, KD arc greater b than MD, and MK is equal * 6 0 * Itf - 
to MG, the remainder KD (hall be greater d than the remainder GD, 
that is, GD is lefs than KD. and becaufe MK, DK arc drawn to the d- 4 ' As - 
point K within the triangle MLD from M, D the extremities of its 
fide MD; MK, KD /hall be lefler e than ML, LD, whereof MK is «•»!•»• 
equal to ML, therefor the remainder DK is lefs than the remainder 
DL. in Eke manner, DL /hall be lefler than DH. therefor DG is 
the leaft, and DK lels than DL, and DL than DH. Alio there can 
be drawn only two equal flraight lines from the point D to the cir- 
cumference, one upon each fide of the leaft. at the point M in the 
ftraight line MD, make the angle DMB equal to the angle DMK, and 
join DB. and becaufe MK is equal to MB, and MD common to the 
triangles KMD, BMD, the two fides KM, MD are equal to the two 
BM, MD; and the angle KMD is equal to the angle BMD, therefor 
die bale DK is equal ( to the bafe DB. but betides DB there can be f- 4 - 1 • 
no ftraight One drawn from D to the circumference which lhall be 
equal to DK for if there can, let it be DN ; and becaufe DK is equal 
to DN, and alfo to DB, DB lhall be equal to DN, that is the nearer 
to the leaft equal to the more remote, which is impoflible. If there- 
for any point &c. E. D. 

PROP. IX. THEOR. 

F a point be taken within a circle, from which there 
fall more than two equal ftraight lines to the circum- 
ference, that point is the centre of the circle. 

Let the point D be taken within the circle ABC, from which to 
the circumference there fall more than two equal ftraight lines, viz. 

DA, DB, DC. the point D is the centre of the circle, 

L 2 For 
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Book III. p or jf not, let E be the centre, join DE and produce it to the cir- 
cumfercnce in F, G ; then FG is a diameter 
of the circle ABC. and bccaufe in FG the dia- 
meter of the circle ABC there is taken the point 
D which is not the centre, DG ftiall be the p 
great eft line from it to the circumference, and 
DC ftiall be greater than DB, and DB than 
DA. but they are likewife equal, which is im- 
poftiblc. therefor E is not the centre of the circle ABC. in the fame 
manner it ftiall be demonftrated that no odier point but D is die centre; 
D therefor is die centre, w’hercfor if a point be taken &c. Q^E. D. 

PROP. X. THEOR. 

O NE circle cannot cue another in more than two 
points. 




If it be portable, let the circle ABC cut the circle DEF in more 
than two points, viz. in B, G, F; take die centre K of die circle 
ABC, and join KB, KG, KF. and bccaufe within the circle DEF 
there is taken the point K from which to the 
circumference DEF fall more than two equal 
j. 9. 3 ftraight lines KB, KG, KF, the pointK ftiall 1 be 
the centre of die circle DEF. but K is alio the £ 
centre of die circle ABC; therefor the fame Q 
point is the centre of two circles that cut one 
b. 5 . 3. anodicr, which is impoflible s . therefor one 

circle cannot cut another in more than two points. E. D. 




PROP. XL 
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PROP. XI. THEOR. 

I F two circles touch one another within, the ftraight line 
which joins their centres being produced fhall pafs 
through the point of contact. 

Let the two circles ABC, ADE touch one another within in the 
point A, and let F be the centre of the circle ABC, and G the centre 
of the circle ADE. the ftraight line which 
joins the centres F, G fhall produced pafs thro’ 
the point A. 

For if not, la it fall otherwife, if poftiblc, as 
FGDH, and join AF, AG. and bccaulc AG, 

GF arc greater a than FA, that is than FH, for 
FA is equal to FH, both being from die fame 
centre ; take away the common part FG, and the remainder AG fhall 
be greater than the remainder GH. but AG is equal to GD, there- 
for GD is greater than GH, the lefTcr than the greater, which is im- 
pofliblc. therefor the ftraight line which joins die points F, G can- 
not fall otherwife than upon the point A, that is, it muft pafs diro’ 
it. therefor if two ftraight lines &c. E. D. 

PROP. XII. THEOR. 

I F two circles touch one another on the outfide, the 
ftraight line which joins their centres fhall pafs thro’ 
the point of contact. 

La the two circles ABC, ADE touch one another on the outfide 
in the point A; and let F be the centre of the circle ABC, and G 

the 
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Boot UI. the centre of ADE. the ftraight line which joins the points F, G 
(hall pais thro’ the point of contact A. 

For if not, let it pafs otfterwifc, if poflible, as FCDG, and join 
FA, AG. and bccaufe F is the centre 
of the circle ABC, AF fliall be equal 
to FC. alfo becaufe G is the centre of 
the circle ADE, AG fliall be equal to 
GD. therefor FA, AG are equal to 
FC, DG; wherefor the whole FG is 
a. so. i. greater than FA, AG. but it ’is alfo lefs a ; which is impoflible. there- 
for the ftraight line which joins the points F, G fliall not pafs other- 
wile than thro’ the point of contaft A, that is, it mull pafs thro’ it. 
therefor if two circles &c. E. D. 

PROP. XIII. THEOR. 

O NE circle cannot touch another in more points than 
one, whether it touches it on the infide or outlide. 

For, if it be poflible, let the circle EBF touch the circle ABC in 




more points than one, and firft on the infide, in the points B, D; join 
* 10, ii, i. BD, and draw * GH biflefting BD at right angles, therefor bccaufe the 

points 
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points B, D are in the circumference of each of the circles, the ftraight Bo ° * in- 
line BD /hall fall within a each of them, and their centres /hall be b 
in the ftraight line GH which bi (lofts BD at right angles; therefor GH b - Ctt - *• 3 - 
/hall pafs thro’ the point of contafV. but it does not pafs thro’ it, c. 11. 3. 
bccaufe the points B, D are without the ftraight line GH, which is 
abfurd. therefor one circle cannot touch another on die infidc in more 
points than one. 

Nor can two circles touch one another on the outfide in more than 
one point, for, if it be po/Hble, let the circle ACK touch the circle 

ABC in the points A, C, and join AC. therefor 

becaufe the two points A, C are in the circum- f VK. 

ferenec of the circle ACK, the ftraight line AC f j 

which joins diem /hall fall within * the circle 

ACK. and the circle ACK is without the circle f 

ABC, and therefor the ftraight line AC is without / \ 

this laft circle; but becaufe the points A, C are In \ J 

the circumference of the circle ABC, the ftraight B \ s' 

line AC muft be within * the lame circle, which ^ 

is abfurd. therefor one circle cannot touch another on the outfide in 

more than one point, and it has been /hewn that they cannot touch 

on the infide in more points than one. therefor one circle &c. 

Q^E. D. 

PROP. XIV. THEOR. 



TpQJJAL ftraight lines in a circle are equally diftant 
from the centre; and thofe which are equally diftant 
from the centre, are equal to one another. 



Let the ftraight lines AB, CD in the circle ABDC be equal 

to 
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Boon III. to on,, another ; they fhall be equally diftant from die centre. 

Take E the centre of the circle ABDC, and from it draw EF, 
EG perpendicular to AB, CD. then bccaule the ftraight line EF paf- 
fing thro’ the centre cuts die ftraight line AB, which does not pafs thro' 
*. 3.3. the centre, at right angles, it (hall allb biflexft a it. wherefor AF is equal 
to FB, and AB fhall be double of AF. by the fame rcafon CD is 
double of CG. and AB is equal to CD, therefor AF is equal to CG. 
and becaufc AE is equal to EC, the fquarc of AE fhall be equal to 
b. 47. 1. the fquarc of EC. but the fquarcs of AF, FE arc equal b to the 
fquare of AE, bccaule the angle AFE is a right angle; and for the 
like rcafon the fquarcs of EG, GC arc equal to the fquare of EC. 
therefor the fquarcs of AF, FE are equal to die 
fquares of CG, GE, of which the fquare of AF 
is equal to the fquarc of CG, bccaule AF is e- 
qual to CG ; therefor the remaining fquarc of FE 
is equal to the remaining fquarc of EG, and the 
ftraight line FE is therefor equal to EG. but 
ftraight lines in a circle arc faid to be equally 
diftant from die centre, when the perpendiculars drawn to them from 
c. 4. Dcf. 3. the centre are equal c . therefor AB, CD are equally diftant from the 
centre. 

Next, if the ftraight lines AB, CD be equally diftant from the 
centre, that is, if FE be equal to EG ; AB fhall be equal to CD. 
for, the fame conftruftion being made, it fhall, as before, be demon- 
ftrated diat AB is double of AF and CD double of CG, and that 
the fquares of EF, FA arc equal to the fquarcs of EG, GC; of 
which the fquarc of FE is equal to the fquarc of EG, becaufc FE is 
equal to EG; dicrcfor die remaining fquare of AF is equal to the 
remaining fquare of CG ; and the ftraight line AF is therefor equal 

to 
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to CG. and AB is double of AF, and CD double of CG ; where- Boo* IIr - 
for AB is equal to CD. Therefor equal ftraight lines Sec. E. D. 

PROP. XV. THEOR. 

T HE diameter is the greateft ftraight line in a circle; 

and of any others, that which is nearer to the centre 
is ever greater than one more remote; and the greater is 
nearer to the centre than the lefler. 



Let ABCD be a circle, whofe diameter is AD, and centre E; and 
let BC be nearer to the centre than FG. AD fhall be greater than 
BC any ftraight line which is not a diameter, and BC fhall be greater 
than FG. 

From the centre draw EH, EK perpendicular to BC, FG, and join 
EB, EC, EF ; and bccaufe AE is equal to EB, and ED to EC, AD lhall 
be equal to EB, EC. but EB, EC, are greater 1 than 
BC, wherefor alfo AD fhall be greater than BC. 

And bccaufe BC is nearer to the centre than F 
FG, EH fhall be lefler b than EK. but, as was 
demonftrated in the preceding, BC is double of 
BH, and FG double of FK, and the fquares of 
EH, HB equal to the fquares of EK, KF, of 
which the fquare of EH is lefler than the fquare 
of EK, bccaufe EH is lefler than EK ; therefor the fquare of BH fhall 
be greater than the fquare of FK, and the ftraight line BH greater 
than FK; and therefor BC is greater than FG. 

Next, let BC be greater than FG, BC fhall be nearer to the centre 
than FG, that is, the lame conftruftion being made, EH fhall be left 
than EK. for bccaufe BC is greater than FG, likewife BH fhall be 

M greater 




I. ao. x. 



b. 5. Dei*. 3. 
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Book in. greater than FK. and thefquares of BH, HE are equal to the fquares 
of FK, KE, of which the fquare of BH is greater than the (quare of 
FK, bccaufe BH is greater than FK; therefor the Iquare of EH is lefs 
than the fquarc of EK, and the ftraight line EH fhall be lefs than EK. 
wherefor the diameter &c. Q^E. D. 

PROP. XVI. THEOR. 

T HE ftraight line which is drawn at right angles co> 
the diameter of a circle, from the extremity of it, 
fells without the circle; and no ftraight line can be drawn 
from the extremity, between that ftraight line and the 
circumference which does not cut the circle, or, which is 
the fame thing, no ftraight line can make fo great an acute 
angle with the diameter at its extremity, or fo fmall an 
angle with the ftraight line which is at right angles to it, 
but that it (hall cut the circle. 

Let ABC be a circle whole centre is D, and diameter AB; the 
ftraight line drawn at right angles to AB from its extremity A, fhall 
fall without the circle. 

For if it does not, let it fall, if poflibie, within the cirdc as AC, 
and draw DC to the point C where it meets 
the circumference, and bccaufe DA is equal to 
i. j. i. DC, the angle DAC fhall be equal * to the g 
angle ACD; but DAC is a right angle, there- 
for ACD is a right angle, and the angles DAC, 

ACD (hall be equal to two right angles; which 
b. i7- 1- is impoftiblc s . therefor the ftraight line drawn from A at right angles 
to BA docs not fall within the circle, in the fame manner it fhall be 

demonftrated 
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demonftrated that it docs not fall upon the circumference; therefor it* 00 * nr - 
mud fall without the circle, as AE. 

And betw een the ftraight line AE and the circumference no ftraight 
line can be drawn from the point A w hich does not ent the circle, for, 
if poflible, let FA be between them, and from the point D draw c DG *• « a- »• 
perpendicular to FA, and let it meet the cir- 
cumference in H. and becaufc AGD is a right T E 

angle, and DAG is lds" b than a right angle, 17 *’ 

DA (hall be greater d than DG. but DA is e- / d. 19. t. 

qua! to DH ; therefor DH is greater than DG, [ / 1 

the Ids than the greater, which is impoffiblc. I D J 
therefor no ftraight line can be drawn from J 

the point A between AE and the circumfc- 
rencc, which docs not cut the circle, or, which amounts to the lame 
thing, however great an acute angle a ftraight line makes with the dia- 
meter at the point A, or however fmall an angle it makes w'ith AE, 
the circumference (hall pals between that ftraight line and the perpen- 
dicular AE. 1 And this is all that is to be underftood, when in the 
‘ Greek text and tranflations from it, the angle of the lemicirclc is laid 
‘ to be greater than any acute rc&ilineal angle, and the remaining angle 
‘ Idler than any rectilineal angle.' 

Cor. From this it is manifeft that the ftraight line which is drawn 
at right angles to die diameter of a cirde from the extremity of it, 
touches the circle; and that it touches it only in one point, becaufc if 
it did meet the circle in two, it would fall within it 0 . ‘Alio it is evi-e. a. 3. 

4 dent that there can be but one ftraight line which touches the circle 
‘in the fame point.’ 



PROP. XVII. 
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Book III. 

C/'V'O PROP. X\ 1 I. PR OB. 

T O draw a ftraight line from a given point, which Ihall 
touch a given circle. 

Let A be the given point, and BCD the given circle; it is required 
to draw a ftraight line from A which Ihall touch the circle, 
s. i. 3. Find a the centre E of the circle, and join AE ; and from the centre 
E, at the diftance EA delcribe the circle AFG; from the point D 
b. ix. 1. draw b DF at right angles to EA, and 
join EBF, AB. AB Ihall touch the circle 
BCD. 

Becaufc E is the centre of the circles 
BCD, AFG, EA Ihall be equal to EF, 
and ED to EB ; therefor the two fides 
AE, EB arc equal to the two FE, ED, 
and they contain the angle at E com- 
mon to the two triangles AEB, FED; therefor the bale DF is equal 
to the bafe AB, and the triangle FED to the triangle AEB, and the 
c. 4. 1. other angles to the other angles c . therefor the angle EBA is equal to 
the angle EDF. but EDF is a right angle, wherefor EBA is a right 
angle, and EB is from the centre; but a ftraight line drawn from the 
i. Cor. 16.3. extremity of a diameter, at right angles to it, touches the circle**, there- 
for AB touches the circle ; and it is drawn from the given point A. 
Which was to be done. 




PROP. XVIII. 
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PROP. XVIII. THEOR 

I F a ftraight line touches a circle, the ftraight line drawn 
from the centre to the point of contact, (hall be per- 
pendicular to the line which touches the circle. 

Let the ftraight line DE touch the circle ABC in the point C, find 
the centre F, and draw the ftraight line FC; FC fliall be perpendi- 
cular to DE. 

For if it be not, from the point F draw FBG perpendicular to 
DE; and bccaufe FGC is a right angle, GCF 
Ihall b be an acute angle; and to the greater 
angle the greateft c fide is oppofitc. therefor 
FC is greater than FG ; but FC is equal to 
FB; therefor FB is greater than FG, the lels 
than the greater, which is impofiible. wherefor 
FG is not perpendicular to DE. in the fame D C G 11 
manner it fliall be fliewn, that no other is perpendicular to it befides 
FC, that is, FC is perpendicular to DE. therefor if a ftraight line &c. 
Q;,E. D. 

PROP. XIX. THEOR. 

I F a ftraight line touches a circle, and from the point of 
contact a ftraight line be drawn at right angles to the 
touching line, the centre of the circle Ihall be in that 
line. 

Let the ftraight line DE touch the circle ABC in C, and from C let 
CAbc drawn at right angles to DE ; the centre of the circle fliall be in CA. 

For 
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For if not, let F be the centre, if poffible, and join CF. Becaufe 
DE touches the circle ABC, and FC is drawn 
from the centre to the point of contaft, FC 
• 1 *• 3 - fhall be perpendicular a to DE; therefor FCE 
is a right angle, but ACE is alfo a right angle; 
therefor the angle FCE is equal to the angle 

ACE, the lefs to the greater, which is impof- 

llble. whcrcfor F is not die centre of the circle DC £ 
ABC. in the fame manner it ihall be fhewn that no odier point 
which is not in CA, is die centre ; that is, the centre is in CA. there- 
for if a ftraight line &c. E. D. 




PROP. XX. THEOR. 

T HE angle at the centre of a circle is double of the 
angle at the circumference upon the fame bafe, that 
is, upon the fame part of the circumference. 



Let ABC be a circle, and BEC an angle at the centre, and B AC an 
angle at die circumference, which have the fame circumference BC for 
their bale; the angle BEC fhall be double of die angle BAC. 

Firfl, Let E the centre of the circle be within the angle BAC, and 
join AE, and produce it to F. Becaufe EA is equal 
to EB, the angle EAB fhall be equal J to the angle 
EBA; therefor the angles EAB, EBA fhall be 
double of the angle EAB ; but the angle BEF is 
b. 32. i. equal b to the angles EAB, EBA; dierefor alfo 
the angle BEF is double of die angle EAB. by the 
fame reafbn, the angle FEC is double of the angle 
£AC. therefor the whole angle BEC is double of the whole angle BAC. 

Again, 
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Again, Let BDC be inflated to the circumference, fo that E the B o o * in. 



centre of the circle be without the angle BDC, 
and join DE and produce it to G. It (hall be 
demonftrated, as in the firft cafe, that the angle 
GEC is double of the angle GDC, and that GEB 
a part of the firft is double of GDB a part of q) 
the other; therefor the remaining angle BEC is 
double of the remaining angle BDC. therefor 
the angle at the centre &c. E. D. 







PROP. XXI. THEOR. 

T HE angles in the fame fegment of a circle are equal 
to one another. 



Let ABCD be a circle, and BAD, BED angles in the lame feg- 
ment BAED; the angles BAD, BED fhall be equal to one ano- 
ther. 

Take F the centre of the circle ABCD. and, firft, let die fegment 
BAED be greater than a femkircle, and join 
BF, FD. and bccaufe the angle BFD is at 
the centre, and the angle BAD at the circum- 
ference, and diat they have the fame part of 
the circumference, viz. BCD for their bafe, the jj 
angle BFD fhall be double a of the angle 
BAD. by the fame reafon, the angle BFD is 
double of the angle BED. therefor the angle BAD is equal to the 
angle BED. 

But 
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Book III. | 3 ut if the fegment BAED be not greater than a femicircle, let 
BAD, BED be angles in it; thcfc lhall be equal \ 
to one another, draw AF to the centre, and 
produce it to C, and join CE. therefor the feg- 
ment BA DC is greater than a femicirdc; and 
the angles in it BAC, BEC lhall be equal, by 
die firfl: cafe, by the fame rcafon, the angles 
CAD, CED arc equal, therefor the whole angle 
BAD is equal to the whole angle BED. wherefor the angles in the 
fame fegment &c. E. D. 

PROP. XXII. THEOR. 

T HE oppolite angles of any quadrilateral figure de- 
feribed in a circle, are equal to two right angles. 

Let ABCD be a quadrilateral figure in the circle ABCD; any 
two of its oppofite angles lhall be equal to two right angles. 

Join AC, BD; and bccaufe the three angles of every triangle arc 
a. 31. 1. equal 1 to two right angles, the direc angles of 
die triangle CAB, viz. the angles CAB, ABC, 

BCA are equal to two right angles, but the 
b. 31. 3. angle CAB is equal b to the angle CDB, be- 
caufe dicy arc in the fame fegment BA DC; 
and the angle ACB is equal to the angle ADB, 
bccaufe they arc in the fame fegment ADCB. therefor the whole angle 
ADC is equal to the angles CAB, ACB. to each of thefe equals add 
the angle ABC, and the angles ABC, CAB, BCA lhall be equal to the 
angles ABC, ADC. but ABC, CAB, BCA are equal to two right 
angles; therefor alio the angles ABC, ADC arc equal to ttvo right 

angles. 
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angles, in the fame manner the angles BAD, DCB {hall be Ihcwn to B 0 ° K IIf - 
be equal to t\vo right angles, therefor the oppofite angles See. Q^E. D. 

PROP. XXIII. THEOR. 

T TP ON the fame ftraight line, and upon the fame fide 
of it, there cannot be two fimilar fegments of circles, 
which do not coincide with one another. 




a. 10. J. 



If it be pofliblc, let the two fimilar fegments of circles, viz. ACB, 

ADB be upon the fame fide of the fame ftraight line AB, and not 
coincide with one another, therefor becaufe the circle ACB cuts the 
circle ADB in the two points A, B, they Ihall not 
cut one another in any other point 1 , one of the 
fegments mud therefor fall within the other; let 
ACB fall within ADB, and draw the ftraight 
line BCD, and join CA, DA. and becaufe the ' 
fegment ACB is fimilar to the fegment ADB, and that fimilar fegments 
of circles contain b equal angles; the angle ACB Ihall be equal to the n.Def.3. 
angle ADB, the exterior to the interior, which is impoftible c . there- c - »• 
for there cannot be two fimilar fegments of a circle upon the lame 
fide of the fame line, which do not coincide. CL E. D. 

PROP. XXIV. THEOR. 

S Imilar fegments of circles upon equal ftraight lines, 
are equal to one another. 

Let AEB, CFD be fimilar fegments of circles upon the equal 
ftraight lines AB, CD; the fegment AEB Ihall be equal to the feg- 
ment CFD. 

N For 
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Boo* III. For if the fegmcnt AEB be applied to the fegment CFD, lb as the 
point A be in C, and the ftraight line AB upon CD, the point B 




fhall coincide with the point D, becaufe AB is equal to CD. therefor 
*• 3 3- 3* the ftraight line AB coinciding with CD, the legment AEB muft * co- 
incide with the fegment CFD, and therefor is equal to it. wherefor 
fimilar fegments &c. E. D. 

PROP. XXV. PROB. 

A Segment of a circle being given, to deferibe the circle 
of which it is the fegment. 



Let ABC be the given fegment of a circle; it is required to de- 
feribe the circle of which it is the fegment. 
i. io. i. BiiTeft 3 AC in D, and from the point D draw b DB at right angles 
1 1 1 to AC, and join AB. Firft, let the angles ABD, BAD be equal to 




e . 6 . i. one another, and the ftraight line BD (hall be equal c to DA, and 
therefor to DC. and becaufe the three ftraight lines DA, DB, DC 
b. 9 . 3 . are all equal, D fhall be the centre of the circle 1 *, from the centre D, 

at 
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at the didance of any of the three DA, DB, DC defcribc a circle; this B 0 0 * M. 
fliall pafs thro’ the other points, and the circle of which ABC is a feg- 
mcnt fliall be dclcribcd. and becaufc the centre D is in AC, the feg- 
ment ABC fliall be a femicirclc. but if the angles ABD, BAD arc 
not equal to one another, at the point A in the ftraight line AB make 
e the angle BAE equal to the angle ABD, and produce BD to E, ande- 33.1. 
join EC. and becaufc the angle ABE is equal to the angle BAE, 
the ftraight line BE fliall be equal c to EA. and bccaufe AD is equal e. 6. 1. 
to DC, and DE common to the triangles ADE, CDE, die two fidcs 
AD, DE are equal to the two CD, DE, each to each ; and the angle 
ADE is equal to the angle CDE, for each of them is a right angle; 
therefor the bafe AE is equal ■ to the bale EC. but AE was ftiewn f. 4. t. 
to be equal to EB, whcrcfor alio BE is equal to EC ; and the three 
ftraight lines AE, EB, EC are diercfor equal to one another ; whcrcfor 
d E is the centre of the circle, from the centre E at the diftancc of <1. 9. 3. 
any of the three AE, EB,- EC ddcribe a circle, this fliall pals thro’ the 
other points, and the circle of which ABC is a legment fliall be dc- 
lcribcd. and it is evident that if the angle ABD be greater than the 
angle BAD, die centre E (hall fall without the fegmtnt ABC, which 
therefor fliall be Ids than a lemicirclc. but if the angle ABD be ids 
than BAD, the centre E fliall be within the fegment ABC which fliall 
therefor be greater dian a femicirclc. whcrcfor a fegment of a circle 
being given, die circle is dderibed of which it is a fegment. Which 
was to be done. 

PROP. XXVI. THEOR. 

I N equal circles, equal angles ftand upon equal circum- 
ferences, whether they be at the centres, or circumfe- 
rences. 

N 2 Let 
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Boo i III. Let ABC, DEF be equal circles, and the equal angles BGC, EHF 
a t their centres, and BAC, EDF at their circumferences, the circum- 
ference BKC fhall be equal to the circumference ELF. 

Join BC, EF ; and bccaufe the circles ABC, DEF are equal, the 
ftraight lines from their centres fhall be equal; therefor the two fides 
BG, GC, arc equal to the two EH, HF ; and the angle at G is equal 




«. 4. i. to the angle at H; therefor the bale BC is equal a to the bafe EF. 
and becaufe the angle at A is equal to the angle at D, the fegment 
b. 1 i.Def. 3. BAC is fimilar b to the fegment EDF ; and they are upon equal (fraight 
lines BC, EF ; but fimilar fegments of circles upon equal flraight lines 
e. 34. 3. are equal c to one another; therefor the fegment BAC is equal to the 
fegment EDF. but the whole circle ABC is equal to the whole DEF, 
therefor the remaining fegment BKC is equal to the remaining feg- 
ment ELF, and the circumference BKC to the circumference ELF. 
Wherefor in equal circles 8cc. E. D. 

PROP. XXVII. THEOR. 

TN equal circles, the angles which Hand upon equal cir- 
*■ cumferences, are equal to one another, whether they 
be at the centres, or circumferences. 



Let 
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Let the angles BGC, EHF at the centres, and B AC, EDF at die B o o * III. 
circumferences of the equal circles ABC, DEF ftand upon the equal 
circumferences BC, EF. the angle BGC Ihall be equal to the angle 
EHF, and the angle BAC to the angle EDF. 

If the angle BGC be equal to the angle EHF, it is manifeft a that*, ao. 3. 
iikewife die angle BAC (hall be equal to EDF. but if not, one of 




them is the greater, let BGC be the greater, and at the point G, in 
the ftraight line BG, make b the angle BGK equal to the angle EHF ; b. 93. 1. 
but equal angles ftand upon equal circumferences 0 , when they are at c. a. j. 
the centre; therefor the circumference BK is equal to the circumfe- 
rence EF. but EF is equal to BC, therefor alio BK is equal to BC, 
the lefs to the greater, which is impoftible. therefor the angle BGC is 
not unequal to the angle EHF ; that is, it is equal to it. and the angle 
at A is half of the angle BGC, and the angle at D half of the angle 
EHF. therefor the angle at A is equal to the angle at D. wherefor 
in equal circles &c. Q;_ E. D. 

PROP. XXVIII. THEOR. 

I N equal circles, equal ftraight lines cut off equal cir- 
cumferences, the greater equal to the greater, and the 
lefler to the lefler. 



Let 
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Book IU. Let ABC, DEF be equal circles, and BC, EF equal ftraight lines 
in them, which cut off the two greater circumferences BAC, EDF, 
and the two leficr BGC, EHF. the greater BAC fhall be equal to 
the greater EDF, and the leffer BGC to the Idler EHF. 

». *. 3- Take 3 K, L the centres of the circles, and join BK, KC, EL, LF. 
and beeaufe the circles are equal, the ftraight lines from their centres 

A D 




fhall be equal, therefor BK, KC, are equal to EL, LF ; and the bafe 
b. 8. i. BC is equal to the bale EF ; therefor the angle BKC is equal b to the 
e. s6. 3. angle ELF. but equal angles Hand upon equal c circumferences, when 
they arc at the centres; therefor the circumference BGC is equal to 
the circumference EHF. but the whole circle ABC is equal to the 
whole EDF ; the remaining part therefor of the circumference, viz. 
BAC is equal to the remaining part EDF. therefor in equal circles & c. 
Q^E. D. 

PROP. XXIX. THEOR. 

I N equal circles equal circumferences are fubtended by 
‘equal ftraight lines. 

Let ABC, DEF be equal circles, and let equal circumferences 
BGC, EHF be taken in them; and join BC, EF. the ftraight line 
BC fhall be equal to the ftraight line EF. 

Take 
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Take 1 K., L the centres of the circles, and job BK, KC, EL, LF. Bo ° * ni. 
and bccauie the circumference BGC is equal to the circumference 




EHF, the angle BKC (hall be equal b to the angle ELF. and be- b. 27. 3. 
caufe the circles ABC, DEF are equal, the ftraight lbes from their 
centres ftiall be equal; therefor BK, KC are equal to EL, LF, and 
they contain equal angles, therefor the bafe BC is equal c to the bale c. 4. j. 
EF. therefor in equal circles &c. E. D. 



PROP. XXX. PROB. 

T O biffeft a given circumference, that is to divide it 
into two equal parts. 



Let ADB be the given circumference ; it is required to bifleft 
ADB. 

Join AB, and biffeft 3 it in C ; from the point C draw CD at right a . ie. 1. 
angles to AB, and join AD, DB. the circumfc- Q 

rence ADB (hall be biflefted in the point D. 

Becaufc AC is equal to CB, and CD common 
to the triangles ACD, BCD, the two Tides AC, ^ ^ 

CD arc equal to the two BC, CD; and die angle ACD is equal to 
the angle BCD, bccaufe each of them is a right angle; therefor the bafe 
AD is equal b to the bafe BD. but equal ftraight lbes cut off equal e b - 

circum- c ‘ 3 ‘ 
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Book III. circumferences, the greater equal to the greater, a nd the letter to the 
letter, and AD, DB are each of them letter than 
J. Cor. i. 3. a femicircle; bccaufeDC pafles thro’ the centred 
wherefor the circumference AD is equal to the 
circumference DB. therefor the given circum- A. 
ference is biflefted in D. Which was to be done. 



C B 



PROP. XXXI. THEOR. 

I N a circle, the angle in a femicircle is a right angle; but 
the angle in a fegment greater than a femicircle is lefs 
than a right angle; and the angle in a fegment lefler than 
a femicircle is greater than a right angle. 



Let ABCD be a circle, whole diameter is BC, and centre E ; and 
draw CA dividing the circle into the fegments ABC, ADC, and join 
BA, AD, DC. die angle in the femicircle BAC lhall be a right angle ; 
and die angle in the fegment ABC, which is 
greater than a lemicircle, lhall be Ids than a 
right angle; and the angle in the fegment 
ADC which is letter dian a femicircle lhall be 
greater than a right angle. 

Join AE, and produce BA to F ; and bc- 
caufe BE is equal to EA, the angle EAB 
*• !• *• lhall be equal a to EBA; allb, becaufe AE is 

equal to EC, the angle EAC lhall be equal to ECA; wherefor the 
whole angle BAC lhall be equal to the two angles ABC, ACB. but 
b. 33. t. FAC the exterior angle of the triangle ABC, is equal b to the two 
angles ABC, ACB; therefor the angle BAC is equal to the angle 




FAC, 
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FAC, and»each of them is therefor a right c angle, whcrefor the angle Boo* in. 
BAC in a femicircle is a right angle. ci^io^DefT^. 

And bccaufe the two angles ABC, BAC of the triangle ABC are 
together lefs J than two right angles, and that BAC is a right angle, d. n. 1. 
ABC fhall be lefs than a right angle; and therefor the angle in a fig- 
ment ABC greater than a femicirdc is lefs than a right angle. 

And becaufc ABCD is a quadrilateral figure in a circle, any two of 
its oppofite angles are equal e to two right angles; therefor the angles «• 33.3. 
ABC, ADC arc equal to two right angles; and ABC is leiTer than a 
right angle, whcrefor the other ADC is greater than a right angle. 

Befidcs, it is manifeft, that the circumference of the greater figment 
ABC falls without the right angle CAB, but the circumference of the 
lefler figment ADC falls within the right angle C AF. ‘ And this is all ■ » 

* that is meant, when in the Greek text, and the tranllations from it, 

‘ the angle of the greater figment is faid to be greater, and the angle 
‘ of the lefler figment is faid to be lefler than a right angle.’ 

Con. From this it is manifeft, that if one angle of a triangle be 
equal to die other two, it is a right angle, becaufi the angle adjacent to 
it is equal to die lame two; and when the adjacent angles are equal, 
they are right angles. 

PROP. XXXII. THEOR. 

I F a ftraight line touches a circle, and from the point of 
contact a ftraight line be drawn cutting the circle, the 
angles which this makes with the line which touches the 
circle, fhall be equal to the angle* which are in the alter- 
nate fegments of the circle. 

Let the ftraight line EF touch the circle ABCD in B, and from 

O the 
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Boo* HI- the point B let the ftraight line BD be drawn cutting die circle, the 
angles which BD makes with the touching line EF (hall be equal to 
the angles in the alternate fegments of the circle; that is, the angle 
FBD (hall be equal to the angle which is in the fegment DAB, and 
the angle DBE to the angle in the fegment BCD. 

». :i. i. From the point B draw * BA at right angles to EF, and take any 
point C in the circumference BD, and job AD, DC, CB ; and bccaufc 
the ((might line EF touches the circle ABCD 
b the point B, and BA is drawn at right angles 
to the touching line from the point of contaft 
b- » 9 - 3 - B, the centre of die circle (hall be b in BA; 

therefor the angle ADB b a femicircle is a 
«• 3»* 3 - right c angle, and the other two angles BAD, 
ja. «. ABD (hall be equal d to one right angle, but 
ABF is likewifea right angle; therefor the angle 
ABF is equal to the angles BAD, ABD. take from thefe equals the 
common angle ABD, and the remaining angle DBF (hall be equal to 
the angle BAD which h b the alternate fegment of the circle; and 
bccaufc ABCD is a quadrilateral figure in a circle, the oppofite angles 
*. 55. j. BAD, BCD arc equal f to two right angles; therefor the angles DBF, 
f. 13. i. DBE, which arc likewife equal f to two right angles, (hall be equal to 
the angles BAD, BCD; and DBF has been proved equal to BAD} 
therefor the remaining angle DDE is equal to the angle BCD b the 
alternate fegment of the circle. Wherefor if a (Iraight line &c. 
Q, E. D. 

* 

PROP. XXXIII. 
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Bp o« III. 
UYV 



H 




B 



a. i*. t. 



b. ji.3. 



T O defcribe upon a given ftraight line a fegment of a 
circle, which ihail contain an angle equal to a given 
rectilineal angle. 

Let AB be the given ftraight fine, and the angle at C the given 
rectilineal angle; it is required to defcribe upon the given ftraight line 
AB a fegment of a circle, which ihail contain an angle equal to the 
angle C. 

Firft, Let the angle at C be a right angle, 
and biffe# * AB i» F, and from the centre F, 
at the diftaaoeFB defcribe the femicide AHB; 
therefor the angle AHB in a femicircle ihail 
be b equal to the right angle at C 

But if the angle C be not a right angle, at the point A in the 
ftraight line AB make c the angle BAD equal to the angle C, and *• *3. t. 
from die point A draw d AE at right W d. 11.1. 

angles to AD; hifleft * AB in F, and /£ 

from F draw d FG at right angles to AB, 
and join GB. and becaufc AF is equal 

to FB, and FG common to the triangles _ 

AFG, BFG, the two fides AF, FG arc 
equal to the two BF, FG; and the angle \ 

AFG is equal to the angle BFG; there- 
for the baft; AG is equal e to the bafe GB; and the circle deferibed from e. 4. r. 
the centre G, at the diftance GA ihail pats thro’ the point B; let 
this be the circle AHB. and becaufc from the point A the extremity 
of the diameter AE, AD is drawn at right angles to AE, AD ihail 

O 2 touch 
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Boo* in. touch { the circle; and becaufe AB drawn from the point of contaft 
icorfi^. A cuts the circle, the angle DAB (hall be 
equal to the angle in the alternate (egment 
AHB. .but the angle DAB is equal to the 
angle C, therefor alfo the angle C (hall be 
equal to the angle in the (egment AHB. 
wherefor upon the given llraiglu line AB 
the (egment AHB of a circle is defcribed which contains an angle 
equal to the given angle at C. Which was to be done* 

PROP. XXXIV. PROB. 

T O cut off a fegment from a given circle which (hall 
contain an angle equal to a given rectilineal angle. 




a. ii. I. 



Let ABC be the given circle, and D the given re< 5 H lineal angle; it 
is required to cut off a fegment from the circle ABC that (hall con- 
tain an angle equal to the angle D. 

Draw a the (Iraight line EF touching the circle ABC in the point 
B, and at the point B, in the (Iraight line 

b. 23. 1. BF, make b the angle FBC equal to the 

angle D. therefor bccaufe the (Iraight 
line EF touches the circle ABC, and 
BC is drawn from the point of contaft 

c. 3*. 3. B, the angle FBC (hall be equal c to 

the angle in the alternate fegment BAC 
of the circle, but die angle FBC is equal to the angle D ; therefor the 
angle in the fegment BAC is equal to the angle D. wherefor the (eg- 
ment BAC is cut off from the given circle ABC containing an angle 
equal to the given angle D. Which was to be done. 




PROP. XXXV. 
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Book lit. 



I F two flraight lines cut one another within a circle, the 
redangle contained by the fegments of one of them, is 
equal to the redangle contained by the fegments of the 
other. 



Let the two flraight lines AC, BD cut one another in the point 
E within die circle A BCD; the raflangle 'contained by AE, EC 
(hall be equal to die reftanglc contained by BE, ED. 

If AC, BD pals each of them thro’ the centre,^ \ ^ 

Jo that E is die centre; it is evident, that AE, EC, 

BE, ED being all equal, the rectangle AE, EC fhall 
likewife be equal to the rcdlanglc BE, ED. B S ' ^ 

But let one of them BD pals thro’ the centre, and cut the other 
AC, which does not pafs thro’ the centre, at right angles, in the 
point E. then if BD be bifTefted in F, F lhall be die centre of die 
circle ABCD; and to it from A draw AF. and D 

bccaufe BD which palles thro’ the centre cuts 
the flraight line AC which does not pafs thro’ 
the centre at right angles in E, AE, EC lhall be 
equal 3 to one another, and bccaufe the flraight 
line BD is cut into two equal parts in the point 
F, and into two unequal in the point E, the rect- 
angle BE, ED together with the fquare of EF, lhall be equal b to the b. j. a. 
fquarc of FB; that is, to the fquare of FA; but the fquares of AE, 

EF are equal c to the fquarc of FA; therefor the rectangle BE, ED «• 47- 1 . 
together with the fquare of EF is equal to the Iquarcs of AE, EF. 
take away die cqpnon fquare of EF, and the remaining reftangie 

BE, 




«. 3. 3. 



Digitized by Google 




1 1 © 



THE ELEMENTS 



B o o k IIL £j) fh a ll equal to the remaining fquare of AE ; that is, to 
V'/'Y~VJ the rcftanglc AE, EC. 

Nod, Let BD which pafles thro’ the centre, cut the other AC, 
which does not pafs thro’ the centre, m £, but not at right angles, 
then, at before, if BD be b'rfTeftod in F, F fhall be die centre of die 
d. n. t. circle. Join AF, and from F draw d FG perpendicular to AC; thcre- 
*• 3 - 3 - for AG is equal a to GC; wherefor the rectangle AE, EC together 

b. j. a. with the fquare of EG is equal b to the iquarc 

of AG. to each of thefc equals add the iquarc 
of GF, and the reftangle AE, EC together with 
the fquarcs of EG, GF (hall be equal to the 
iquares of AG, GF. but die iquares of EG, 

c. 47 . 1. GF are equal c to the fquare of EF ; and the 

iquares of AG, GF arc equal to the iquarc of AF. therefor the reft- 
anglc AE, EC together with the iquarc of EF is equal to the iquarc 
of AF ; diat is, to the fquare of FB. but the fquare of FB is equal 
b to the rcftanglc BE, ED together with the fquare of EF ; therefor 
die reftangle AE, EC together with the fquare of EF, is equal to the 
reftangle BE, ED together with the fquare of EF. take away the 
common fquare of EF, and the remaining reft angle AE, EC ihali be 
equal to the remaining rcftanglc BE, ED. 




Laftly, Let neither qf the fhraight lines AC, 
BD pais thro’ die centre, take the centre F, 
and thro’ E the interfeftion of the (Iraight 
lines AC, DB draw die diameter GEFH. and 
becaufc the rcftanglc AE, EC is equal, as has 
been ilicwn, to the rcftanglc GE, EH; and 
by the fame rcaion, die rcftanglc BE, ED is 




equal to die fame rcftanglc GE, Eli; die reftangle AE, EC ihali 



be 
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be equal to the reftangle BE, ED. therefor if two flraight linct &c. Booit nr. 
E. D. 



PROP. XXXVI. THEOR. 



r from any point without a circle two ftraight lines be 
drawn, one of which cuts the circle, and the other 
touches it; the rectangle contained by the whole line 
which cuts the circle, and the part of it without the 
circle, fhall be equal to the fquare of the line which 
touches it. 



Let D be any point without the circle ABC, and DCA, DB two 
ftraight lines drawn from it, of which DCA cuts the circle, and DB 
touches the fame, the rcftangle AD, DC fhall be equal to the fquare of DB. 

Either DCA partes thro’ the centre, or it does not; firft, let it pafs 
thro’ the centre E, and join EB; the angle EBD fhall be a right 
* angle, and bccaufe the ftraight line AC is bif- 
fefted in E, and produced to the point D, the 
rectangle AD, DC together with the fquare of 
EC is equal b to the fquare of ED. and CE is 
equal to EB, therefor the reflangle AD, DC to- 
gether with the fquare of EB is equal to the 
fquare of ED. but the fquare of ED is equal c 
to the fquares of EB, BD, bccaufe EBD is a 
right angle, therefor the rectangle AD, DC to- 
gether with the fquare of EB is equal to die fquares of EB, BD. take 
away the common fquare of EB, and the remaining rectangle AD, 
DC fhall be equal to the fquare of the tangent DB. 

But if DCA do not pafs thro’ the centre of the circle ABC, take 

the 
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b. 6 . 3. 



c. 47.1. 
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Boo* HI. <1 .the centre E, and draw EF perpendicular e to AC, and job EB, 
EC, ED; then EFD is a right angle, and becaufe the ftraight lincEF 
e. 12. i. w hich pafles thro’ the centre, cuts the ftraight line AC, which does 
f. 3. 3. not pafs thro’ the centre, at right angles, it fliall likewife biffeft f it; 
therefor AF is equal to FC. and becaufe the ftraight lbe AC is bif- 
fefted in F, and produced to D, the reftangle AD, DC together with 
b. 6 . i. the fquare of FC fhall be equal b to the fquarc of FD. to each of 
thefe equals add the fquarc of FE, and the reftanglc AD, DC together 




with die fquares of CF, FE fliall be equal to die fquares of DF, 
c. 47. 1. FE. but the fquarc of ED is equal c to the fquares of DF, FE, be- 
caufe EFD is a right angle ; and the fquare of EC is equal to the 
fquares of CF , FE; therefor the rectangle AD, DC together widi the 
fquarc of EC is equal to die fquare of ED. and CF. is equal to EB, 
therefor the reftanglc AD, DC together with the fquarc of EB, is equal 
to the fquarc of ED. but the fquares of EB, BD are equal to die 
fquarc c of ED, becaufe EBD is a right angle; therefor the rcdanglc 
AD, DC togcdicr with the fquare of EB is equal to the fquares of 
EB, BD. take away the common fquare of EB, and the remainbg 
rectangle AD, DC fliall be equal to die fquarc of DB. therefor if 
from any pobt See. Q^.E. D. 

Cor, 
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Cor. If from any point without a circle there be drawn two® 00 * IH. 
ftraight lines cutting it, as AB, AC, the rcftanglcs contained by the ' w/ ^ v ^' r 



A 




whole lines and the parts of them without the circle, fhall be equal to 
one another, viz. the rcftangle BA, AE to the rcflanglc CA, AF. for 
each of them is equal to the fquare of the ftraight line AD which 
touches the circle. 



PROP. XXXVII. THEOR. 

TF from a point without a circle there be drawn two 
ftraight lines, one of which cuts the circle, and the 
other meets it; if the re&angle contained by the whole 
line which cuts the circle, and the part of it without the 
circle be equal to the fquare of the line which meets it, 
the line which meets fhall touch the circle. 

Let any point D be taken without the circle ABC, and from it 
let two ftraight lines DC A and DB be drawn, of which DCA cuts 
the circle, and DB meets it; if the rcftangle AD, DC be equal to 
the fquare of DB; DB fhall touch die circle. 

P Draw 
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Boo* ni. Draw * the ftraight line DE touching the circle ABC, find its centre 
F, and join FE, FB, FD; then FED is a right b angle, and becaufc 
b. 18. 3. touches the circle ABC, and DCA cuts it, 
e. 36. 3. die reftangle AD, DC fhall be equal c to the 
fquarc of DE. but die rcftanglc AD, DC is, by 
Hypothefis, equal to the fquare of DB ; therefor 
the fquare of DE is equal to die fquarc of DB, g 
and the ftraight line DE equal to the ftraight 
line DB. and FE is equal to FB, wherefor DE, 

EF are equal to DB, BF; and the bale FD is 
common to the two triangles DEF, DBF ; there- 
d. 8. 1. for the angle DEF is equal d to the angle DBF, but DEF is a right 
angle, therefor alfo DBF is a right angle, and FB, if produced, is a 
diameter, and the ftraight line which is drawn at right angles to a dia- 
*• 1 meter, from the extremity of it, touches e the circle, therefor DB 
touches the circle ABC. wherefor if from a point &c. E. D. 
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BOOK IV. 



DEFINITIONS. 

I. 

A Rectilineal figure is laid to be inlcribed in another rectilineal fir- 

•C gure, when all the angles of the inlcribed figure are upon the 
fides of the figure in which it is inferibed, each upon 
each. 

II. 

In like manner a figure is laid to be delcribed about ano- 
ther figure, when all the fides of the circumfcritwd figure pais 
thro’ the angular points of the figure about which it is deferibed, 
each thro’ each. 

III. 

A rectilineal figure is faid to be inlcribed in a circle, 
when all the angles of the inferibed figure are 
upon the circumference of the circle. 

P a A reft- 
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Boo* rv. iv. 

A re&ilineal figure is faid to be defcribed about a circle, when each 
fide of the circumfcribed figure touches the cir- 
cumference of the circle. 

V. 

In like manner a circle is (aid to be inferibed in a 
reftilineaJ figure, when the circumference of the 
circle touches each fide of the figure. 

VI. 

A circle is faid to be defcribed about a rectilineal 
figure, when the circumference of the circle pa lies 
thro’ all the angular points of the figure about 
which it is defcribed. 

VII. 

A ftraight line is faid to be placed in a circle, when the extremities of 
it arc in the circumference of the circle. 

PROP. I. PROB. 

T O place a ftraight line in a given circle, equal to a gi- 
ven ftraight line which is not greater than the dia- 
meter of ths circle. 

Let ABC be the given circle, and D the given ftraight line, not 
greater than the diameter of the circle. 

Draw BC the diameter of the circle ABC; then, if BC is equal to 
D, the thing required is done; for in the circle ABC a ftraight line 
BC is placed equal to D. but if it is not, BC is greater than D ; make 
*• 3- 'CE equal a to D, and from the centre C, at the diftancc CE deferibe 

the 
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the circle AEF, and join CA. therefor becaufe C is the centre of the Boo * iv. 
circle AEF, CA {hall be equal toCE; but 
D is equal to CE, therefor D is equal to 
CA. wherefor in the circle ABC a ftraight 
line is placed equal to the given ftraight 
line D, which is not greater than the dia- 
meter of the circle. Which w as to be done. ^ 

PROP. II. PROB. 

I N a given circle to inferibe a triangle equiangular to a 
given triangle. 




Let ABC be the given circle, and DEF the given triangle; it is 
required to inlcribc in the circle ABC a triangle equiangular to the 
triangle DEF. 

Draw a the (Iraight line GAH touching the circle in the point A, a. u. 1. 



and at the point A, in the flraight 
line AH, make b the angle HAC 
equal to the angle DEF ; and at 
die point A, in the (Iraight line / 
AG, make the angle GAB equal ^ 
to the angle DFE, and join BC. 
therefor bccaule HAG touches the 




b. 33. 1. 



circle ABC, and AC is drawm from the point of contact, the angle 
HAC (hall be equal c to the angle ABC in the alternate fegment of c - 3a- 3- 
the circle, but HAC is equal to the angle DEF, dterefor alfo the 
angle ABC is equal to DEF. by the fame rcafon the angle ACB is 
equal to the angle DFE; dterefor die remaining angle BAC is equal 
J to the remaining angle EDF. wherefor die triangle ABC is eqniangu- J - 3a- «• 

lar 
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Boo* iv r . die triangle DEF, and it is infcribed in the circle ABC. Which 
was to be done. 

PROP. III. PROB. 

A BOUT a given circle to deferibe a triangle equian- 
gular to a given triangle. 

Let ABC be the given circle, and DEF the given triangle ; it is re- 
quired to deferibe a triangle about the circle ABC equiangular to the 
triangle DEF. 

Produce EF both ways to the points G, H, and find the centre K of 
the circle ABC, and from k draw any ftraight line KB ; at the point 
a- 23- 1. K in the ftraight line KB, make a die angle BKA equal to the angle 
DEG, and the angle BKC equal 
to the angle DFH ; and thro’ the , 
points A, B, C draw the ftraight 
lines LAM, MBN, NCL touch- 
b. u. i.ing b the circle ABC. therefor ^ 1 
bccaufe LM, MN, NL touch the 
circle ABC in the points A, B, 

C to which from the centre arc 
drawn KA, KB, KC, the angles at the points A, B, C fhall be right 
e. 1 8. 3. c angles, and bccaufe the four angles of die quadrilateral figure AMBK 
are equal to four right angles, for it can be divided into two triangles; 
and that two of them KAM, KBM arc right angles, the other two 
AKB, AMB dial] be equal to two right angles, but the angles DEG, 
<1. ij. 1. DEF are likewife equal 11 to two right angles; therefor the angles 
AKB, AMB arc equal to the angles DEG, DEF, of which AKB is 
equal to DEG; wherefor the remaining angle AMB is equal to die 

remaining 
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remaining angle DEF. in like manner die angle LNM fhall be de- Boo,t IV - 
monftrated to be equal to DFE; and therefor the remaining angle 
MLN fhall be equal * to the remaining angle EDF. wherefor the *• 3*. «• 
triangle LMN is equiangular to the triangle DEF. and it is deferibed 
about the circle ABC. Which was to be done. 

PROP. IV. PROB. 

T° inferibe a circle in a given triangle. 

Let the given triangle be ABC; it is required to inferibe a circle 
in ABC. 

Biflcft 3 die angles ABC, BCA by the flraight lines BD, CD meet- »• 9- '• 
ing one another in the point D, from which draw b DE, DF, DG b. is. i. 
perpendicular to AB, BC, CA. and bccaufe 
the angle EBD is equal to the angle FBD, 
for the angle ABC is biffefted by BD, and 
that the right angle BED is equal to die 
right angle BFD, the two triangles EBD, £ 

FBD have two angles of the one equal to 
two angles of the other, and the fide BD, 
which is oppofitc to one of the equal angles 

in each, is common to both; therefor their other fidcs fhall be equal c , c . 26. t, 
and DE fhall be equal to DF. by the fame reafbn, DG fhall be equal 
to DF ; therefor the three ftraight lines DE, DF, DG are equal to one 
another, and the circle deferibed from the centre D, at the diftance of 
any of them, fhall pals diro’ the cxtremiucs of die other two, and fhall 
touch the ftraight lines AB, BC, CA, bccaufe the angles at the points 
E, F, G are right angles, and the ftraight line which is drawn from 
the extremity of a diameter at right angles to it, touches d the circle, d. id. 3. 

therefor 
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Book xv. t h crc f or the ftraight lines AB, BC, CA do each of them touch the 
circle, and the circle EFG fliall be infcribed in the triangle ABC. 
Which was to be done. 



* PROP. V. PROB. 

''jpO deferibe a circle about a given triangle. 

Let the given triangle be ABC; it is required to deferibe a circle 
about ABC. 

*. to. «. Biflctt a 'AB, AC in the points D, E, and from thefc points draw 
b. ii. i. DF, EF at right angles b to AB, AC; DF, EF produced fliall meet 




one another, for if they do not meet they {hall be parallel, wherefor 
AB, AC whicli are at right angles to them fliall be parallel ; which is 
abfurd. let them meet in F, and join FA; alfb, if the point F be not 
in BC, join BF, CF. then becaufc AD is equal to DB, and DF common, 
c - 4- i- and at right angles to AB, die bafe AF fliall be equal c to the bafe 
FB. in like manner CF fliall be equal to FA ; and therefor BF is 
equal to FC; and FA, FB, FC fliall be equal to one another, where- 
for the circle deferibed from the centre F, at die diftancc of one of 
them, fliall pafs thro’ the extremities of the other two; and fliall be 
deferibed about the triangle ABC. Which was to be done. 

Cor. And it is manifcfl that when the centre of the circle falls 

within 
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within the triangle, each of its angles is lefs than a right angle, each B 0 ° * 1 v - 

of them being in a fegment greater than a femicircle. but when the 

centre is in one of the fidcs of the triangle, the angle oppofitc to this 

fide, being in a femicircle, is a right angle, and if the centre falls 

without the triangle, the angle oppofitc to that fide without which it 

is, being in a fegment lefs than a femicircle, is greater than a right 

angle. Wherefor, if the given triangle be acute angled, die centre of 

the circle fliall fall within it; if it be a right angled triangle, the centre 

lhall be in the fide oppofite to the right angle; and if it be an ob- 

tufc angled triangle, the centre fhall fall without the triangle, without 

the fide oppofite to the obtufe angle. 

PROP. VI. PROB. 

T 0 inferibe a fquare in a given circle. 

Let ABCD be the given circle; it is required to inlcribc a fquare 
into ABCD. 

Draw the diameters AC, BD at right angles to one anodicr ; and 
join AB, BC, CD, DA. becaufe BE is equal to ED, for E is the centre, 
and that EA is common, and at right angles to 
BD; the bafe BA fhall be equal 1 to the bafe 
AD. and by the fame reafon, BC, CD arc each 
of them equal to BA or AD; therefor the qua- jj 
drilatcral figure ABCD is equilateral. It is alio 
rcftangular; for bccaufc the ftraight line BD is 
the diameter of the circle ABCD, BAD is a fe- C 

micirde; wherefor die angle BAD is a right b angle, by the fame l>. 31. 3. 
reafon each of the angles ABC, BCD, CDA is a right angle, therefor 
the quadrilateral figure ABCD is rectangular, and it has been Ihcwn 

Q. to 
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Boo* IV. to jjc equilateral, therefor it is a fquarc; and it is inferibed in die 
circle ABCD. Which was to be done. 

PROP. VII. PROB. 

r J^O deferibe a fquarc abouc a given circle. 

Let ABCD be the given circle; it is required to deferibe a fquare 
about it. 

Draw two diameters AC, BD of the circle ABCD, at right angles 
a. 11. 1. K> onc another, and thro’ the points A, B, C, D draw * FG, GH, 
HK, KF touching the circle, and becaufe FG touches the circle 
ABCD, and EA is drawn from the centre E to the point of con- 
fa . it. 3. tart A, the angles at A fhall be right b angles, by the fame reafon, 
the angles at the points B, C, D are right angles, 
and bccaufe the angle AEB is a right angle, as 

c. -g. 1 . Ekcwifc is EBG, GH fhall be parallel c to AC. 

by the fame reafon, AC is parallel to FK. and 
in the like manner GF, HK fhall each of them 
be demon finned to be parallel to BED. there- 
for the figures GK, GC, AK, FB, BK arc paral- 

d. 34- «• lelograros, and GF is therefor equal J to HK, and GH to FK. and bc- 

caufe AC is equal to BD, and that AC is equal to each of the two 
GH, FK; and BD to each of the two GF, HK; GH, FK fhall 
each of them be equal to GF or HK. therefor the quadrilateral 
figure FGHK is equilateral. It is alfo rcrtangular; for bccaufe GBEA 
is a parallelogram, and AEB a right angle, AGB fhall d likewife be 
a right angle, in the fame manner it fhall be fhewn that the angles at 
II, K, F arc right angles, therefor the quadrilateral figure FGHK is 
rcrtangular. and it was dcmonflrated that it is equilateral; therefor it 

is 
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is a fquare; and it is dcfcribed about the circle ABCD. 
to be done. 



Which was 
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Book IV. 



PROP. VIII. PROD. 



r jpO inlcribc a circle in a given fquare. 



Let ABCD be the given fquare; it is required to inlcribe a circle 
in ABCD. 

BilTccfb a each of die fides AB, AD, in the points F, E, and thro' a. i 0 . r.‘ 
E draw b EH parallel to AB or DC, and thro’ F draw FK parallel to s. jt. t. 
AD or BC. dicrefor each of the figures AK, KB, AH, HD, AG, 

GC, BG, GD is a parallelogram, and their oppofite fides arc equal c . «• 34- *• 
and bccaufe AD is equal to AB, and that AE 
is the half of AD, and AF die half of AB ; AE 
Ihall be equal to AF. wherefor the fides oppo- 
fitc to thefe are equal, viz. FG to GE. in thcF 
fame manner it (hall be demon fi rated that GPI, 

GK arc each of them equal toFG orGE. there- 
for the four ftraight lines GE, GF, GH, GK arc 
equal to one another;, and the circle delcribcd from the centre G, at 
the diftancc of one of them Ihall pafs thro' the extremities of the other 
three, and fhall touch the ftraight lines AB, BC, CD, DA ; becaufe the 
angles at die points E, F, H, K are right d angles, and that the ftraight d. 29. 1. 
line which is drawn from the extremity of a diameter, at right angles 
to it, touches the circle 0 , dicrefor each of the ftraight lines AB, BC, e> ,d - 3 - 
CD, DA touches the circle, which therefor is inferibed in die fquare 
ABCD. Which was to be done. 




PROP. IX. 
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PROP. IX. PROB. 

O defcribe a circle about a given fquare. 




Let ABCD be the given fquare; it is required to defcribe a circle 
about it. 

Join AC, BD cutting one another in E. and bccaufc DA is equal 
to AB, and AC common to the triangles DAC, BAC, the two lides 
DA, AC are equal to the two BA, AC ; and the 
bafe DC is equal to the bale BC ; wherefor the A/ 

«. 8. i. angle DAC is equal a to die angle BAC, and the 
angle DAB is biffc&ed by the flraight line AC. in 
the fame manner it fhall be demonftrated that each 
of the angles ABC, BCD, CDA is bilfefted by the 
flraight lines AC, BD. therefor bccaufc the angle DAB is equal to 
the angle ABC, and that the angle EAB is the half of DAB, and 
EBA the half of ABC, the angle EAB fhall be equal to the angle 
b. 6. i. EBA; wherefor the fide EA fhall be equal b to the fide EB. in 
the fame manner it fhall be demonftrated that the flraight lines EC, 
ED are each of them equal to EA or EB. therefor the four flraight 
lines EA, EB, EC, ED are equal to one anodicr; and the circle de- 
fcribed from the centre E, at the diflancc of one of them, fhall pis 
thro’ the extremides of the other three, and fhall be deferibed about 
the fquare ABCD. Which was to be done. 

PROP. X. PROB. 

T O defcribe an Ifofceles triangle each of whofe angles 
at the bafe fhall be double of the third angle. 



TaJ;e 
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Take any ftraight line AB, and divide 1 it in the point C, fo that Book IV. 
the reft angle AB, BC be equal to the fquarc of C A ; and from the 
centre A, at the diftancc AB deferibe the circle DDE, in which place 
b the ftraight line BD equal to AC, which is not greater than the dia- b. 1. 4. 
meter of the circle BDE; join DA, DC, and about the triangle ADC 
deferibe c the circle ACD. the triangle ABD fhall be fuch as is re- c . j. 4. 
quired, that is, each of the angles ABD, ADB fhall be double of the 
angle BAD. 

Bccaufe the rcftangle AB, BC is equal to the fquarc of AC, and 
that AC is equal to BD, the rcftangle AB, BC fhall be equal to the 
fquarc of BD. and becaufe from the point 
B without the circle ACD two ftraight lines 
BCA, BD arc drawn to the circumference, 
one of which cuts, and the other meets the 
circle, and that the rcftangle AB, BC con- 
tained by the whole of the cutting line, and 
the part of it without the circle, is equal to 
the fquarc ofBD which meets it; the ftraight 
line BD fhall touch d the circle ACD. and 
becaufc BD touches the circle, and DC is 

drawn from the point of contafl D, the angle BDC fhall be equal c to e. 35. 3. 
the angle DAC in the alternate fegment of the circle; to each of 
thefe add the angle CD A, and the whole angle BDA fhall be equal 
to the two angles CDA, DAC. but die exterior angle BCD is equal f f. 33. j, 
to the angles CDA, DAC ; therefor alio BDA is equal to BCD. but 
BDA is equal e to the angle CBD, bccaufe the fide AD is equal g j. 1. 
to the fide AB; therefor CBD, i. c. DBA is equal to BCD; and die 
three angles BDA, DBA, BCD fhall be equal to one another, and 
bccaufe the angle DBC is equal to die angle BCD, the fide BD fhall 

be 
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Book IV. be equal h tor the fide DC. but BD was made equal to CA, thero- 
for alfo CA is equal to CD, and the angle 
g . j. CDA equal 8 to the angle DAC. therefor 
the angles CDA, DAC together, are double 
of the angle DAC. but BCD is equal to 
the angles CDA, DAC; therefor alfo BCD 
is double of DAC. and BCD is equal to 
each of the angles BDA, DBA ; each there- 
for of the angles BDA, DBA is double of 
the angle DAB. wherefor an Ifofceles tri- 
angle ABD is deicribcd each of whole 
angles at the bafe is double of die diird angle. Which was to be done. 




PROP. XI. PR OB. 

T O inferibe an equilateral and equiangular pentagon 
in a given circle. 



Let ABCDE be the given circle, it is required to inferibe an equi- 
lateral and equiangular pentagon in the circle ABCDE. 
a. 10. 4. Deferibe 3 an Ifofceles triangle FGH having each of the angles at 
G, H double of the angle at F ; and in 
b. j. 4. the circle ABCDE inferibe 11 the triangle 
ACD equiangular to die triangle FGH, 
fo that the angle CAD be equal to the 
angle at F, and each of the angles ACD, 

CDA equal to the angle at G or H; 
wherefor each of die angles ACD, CDA Gr 
c - 9 - *• fhall be double of the angle CAD. Billed c the angles ACD, CDA by 

the 
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die flraighc lines CE, DB, and join AB, BC, DE, EA. ABCDE Bo 0 * 1 v - 
(hall be the pentagon required. 

Bccaufe each of the angles ACD, CDA is double of CAD, and 
are biflc&ed by the ftraight lines CE, DB, the five angles DAC, ACE, 

ECD, CDB, BDA are equal to one another, but equal angles ftand 
upon equal d circumferences; therefor the five circumferences AB, BC, * 6 - 3. 
CD, DE, EA are equal to one another, and equal circumferences 
arc fubtended by equal c ftraight lines; therefor the five ftraight lines AB , '■ 3 9 - J- 
BC, CD, DE, EA are equal to one another. Whcrcfor the pentagon 
ABCDE is equilateral. It is alfo equiangular; for bccaufe the circum- 
ference AB is equal to the circumference DE, if to each be added 
BCD, the whole ABCD fhall be equal to the whole EDCB. and 
the angle AED ftands on the circumference ABCD, and the angle 
BAE on the circumference EDCB; therefor the angle BAE is 
equal f to the angle AED. by the lame rcafon, each of the angles f. a?. 3. 
ABC, BCD, CDE is equal to the angle BAE or AED. -therefor the 
pentagon ABCDE is equiangular; and it has been Ihewn that it Is e- 
quilatcral. Whercfor in the given circle an equilateral and equiangular 
pentagon has been inferibed. Which was to be done. 

PROP. XII. PROB. 

T O deferibe an equilateral and equiangular pentagon 
about a given circle. 

Let ABCDE be the given circle; it is required to dcleribc an c- 
quilateral and equiangular pentagon about the circle ABCDE. 

Let the angles of a pentagon inferibed in the circle, by the laft 
propofition, be in the points A, B, C, D, E, fo that the circumferen- 
ces AB, BC, CD, DE, EA arc equal 3 ; and thro’ the points A, B, 1. it. 4. 

C, D, 



Digitized by Google 





128 THE ELEMENTS 

Boo* IV. c, D, E draw GH, HK, KL, LM, MG touching b the circle; take 
^^ 7 ^. the centre F, and join FB, FK, FC, FL, FD. and becaufe the ftraight 
line KL touches the circle ABODE in the point C, to which FC is 
c. 1 8. 3. drawn from the centre F, FC fhall be perpendicular c to KL; there- 
• for each of the angles at C is a right angle, by the fame reafon, the 
angles at the points B, D arc right angles, and bccaufe FCK is a right 
a. 47. 1. angle, die fquare of FK is equal d to the £*. 

fquares of FC, CK. by the lame rcalon 
die fquare of FK is equal to the fquares 
of FB, BK. therefor the fquares of FC, 

CK arc equal to die fquares of FB, BK, 
of which the fquare of FC is equal to the 
fquare of FB; the remaining fquare of CK 
is therefor equal to the remaining fquare of 
BK, and the ftraight line CK equal to BK. and becaufc FB is equal to 
FC, and FK common to the triangles BFK, CFK, die two BF, FK 
arc equal to die two CF, FK ; and the bafe BK is equal to the bale 
f. 8. i.KC; therefor the angle BFK is equal c to die angle KFC, and the 
angle BKF to FKC. wherefor the angle BFC is double of the angle 
KFC, and BKC double of FKC. by the fame rcalon, die angle CFD 
is double of the angle CFL, and CLD double of CLF. and becaufc 
die circumference BC is equal to the circumference CD, die angle BFC 
f. 3j. 3. fhall be equal f to the angle CFD. and BFC is double of the angle 
KFC, and CFD double of CFL; therefor the angle KFC is equal to 
die angle CFL; and die right angle FCK is equal to die right angle 
FCL. therefor in the two triangles FKC, FLC, there arc two angles 
of one equal to two angles of the other, each to each, and the fide 
FC, which is adjacent to the equal angles in each, is common to both; 
fi 36. t. therefor the other Tides fhall be equal 8 to die odier fidcs, and the 

third 
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third angle to the third angle, therefor the ftraight line KC is equal 
to CL, and the angle FKC to the angle FLC. and becaufe KC is e- 
qual to CL, KL. fliall be double of KC. by the fame reafon, it {hall 
be {hewn that UK is double of BK. and becaufe BK is equal to KC, 
as was demonftrated, and that KL is double of KC, and HK double 
of BK, HK fhall be equal to KL. in the fame manner it fliall be 
{hewn that GH, GM, ML are each of them equal to HK or KL. 
therefor the pentagon GHKLM is equilateral. It is allb equiangular; 
for becaufe the angle FKC is equal to the angle FLC, and that the 
angle IIKL is double of the angle FKC, and KLM double of FLC, 
as was before demonftrated, the angle HKL fhall be equal to KLM. 
and by the fame reafon, each of the angles KHG, HGM, GML is c- 
qual to the angle HKL or KLM. therefor die five angles GHK, HKL, 
KLM, LMG, MGH being equal to one another, the pentagon 
GHKLM is equiangular, and it is equilateral, as was demonftrated; 
and it is deferibed about die circle ABCDE. Which was to be done. 



Book IV. 



* 

PROP. XIII. PR OB. 



T O inferibe a circle in a given equilateral and equi- 
angular pentagon. 



Let ABCDE be the given equilateral and equiangular pentagon; 
it is required to inferibe a circle in the pentagon ABCDE. 

Biflcft 3 the angles BCD, CDE by the ftraight lines CF, DF, and a, 9. t. 
from the point F in which they meet draw the ftraight lines FB, FA, 

FE. therefor becaufe BC is equal to CD, and CF common to the tri- 
angles BCF, DCF, the two fides BC, CF arc equal to the two DC, 

CF ; and the angle BCF is equal to die angle DCF ; therefor the 
bafe BF is equal b to the bale FD, and the other angles to the other b. 4. 1. 

R angles, 
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Boo* IV. angles, to which the equal fides arc oppofite; therefor the angle 
j s lo t j le an gl c CDF. and bccaufc the angle CDE is 

double of CDF, and that CDE is equal to CBA, and CDF to CBF, 
likewife CBA fhall be double of the angle CBF; therefor the angle 
ABF is equal to the angle CBF ; wherefor the angle ABC is bifle&cd 
by the ftraight line BF. in the feme manner it fhall be demonftrated 
that the angles BAE, AED arc biilefted by 
the ftraight lines AF, FE. from the point F 

c. is. i. draw c FG, FH, FK, FL, FM perpendicu- 

lar to the ftraight lines AB, BC, CD, DE, ^ 

EA. and bccaufc die angle HCF is equal to 
KCF, and the right angle FHC equal to the 
right angle FKC ; in die triangles FHC, 

FKC there are two angles of one equal to q 
two angles of the other; and the fide FC, 
which is oppofite to one of the equal angles in each, is common to 

d. 36. 1. both; dicrcfor the odicr fides lhall be equal 1 ', each to each; where- 

for die perpendicular FH is equal to the perpendicular FK. in the 
fame manner it fhall be demonftrated that FL, FM, FG are each of 
them equal to FH or FK; therefor the five ftraight lines FG, FH, 
FK, FL, FM arc equal to one anodicr. wherefor the circle defenbed 
from the centre F, at the diftance of one of thefe five, fhall pals thro’ 
the extremities of the other four, and fhall touch die ftraight lines AB, 
BC, CD, DE, EA, bccaufc the angles at the points G, H, K, L, M 
are right angles; and that a ftraight line drawn from die extremity of 

e. 16. 3. the diameter of a circle at right angles to it, touches e the circle, 
therefor each of the ftraight lines AB, BC, CD, DE, EA touches die 
circle, and it fhall be infuibed in the pentagon ABCDE. Which was 
to be done. . 

PROP. XIV. 




Digitized by Google 



OF EUCLID. 



* 3 ? 

Bo®« rv. 

PROP. XIV. PROB. 

T O defcribe a circle about a given equilateral and e- 
quiangular pentagon. 

Let ABODE be the given equilateral and equiangular pentagon; 
it is required to defcribe a circle about it. 

Bifleft * the angles BCD, CDE by the flraight lines CF, FD, and «. 9. n 
from the point F in which they meet draw the flraight lines FB, FA, 

FE to the points B, A, E. It fhall be demon- 
flratcd, in the fame manner as in the prcceed- 
ing Propofition, that the angles CBA, BAE, 

AED are biflefled by the flraight lines FB, 

FA, FE. and becaufe the angle BCD is equal 
to the angle CDE, and that FCD is the half 
of the angle BCD, and CDF the half of CDE; 
the angle FCD fhall be equal to FDC ; wherefor the fide CF fhall 
be equal b to the fide FD. in like manner it fhall be demonflratcd b. 6. 1 . 
hat FB, FA, FE arc each of them equal to FC or FD. therefor the 
five flraight lines- FA, FB, FC, FD, FE are equal to one another; and 
the circle deferibed from the centre F, at the diflance of one of them, 
fliall pafs thro’ the extremities of die other four, and be deferibed about 
the equilateral and equiangular pentagon ABCDE. Which was to be 
done. 

PROP. XV. PROB. 

T O inferibe an equilateral and equiangular hexagon in 
a given circle, 

R a Let 
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Let ABCDEF be the given circle; it is required to inferibe an e- 
quilateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw the diameter 
AGD ; and from D as a centre, at the diftance DG deferibe the circle 
EGCH, join EG, CG and produce them to the points B, F; and 
join AB, BC, CD, DE, EF, F A. the hexagon ABCDEF (hall be equi- 
lateral and equiangular. 

Becaufe G is the centre of the circle ABCDEF, GE (hall be equal 
to GD. and bccaufe D is die centre of the circle EGCH, DE (hall 
be equal to DG; wherefor GE is equal to ED, 
and the triangle EGD (hall be equilateral, and 
its three angles EGD, GDE, DEG (hall be c- jr / 
qual to one another, becaufc the angles at the 
bafe of an Kolccles triangle arc equal a . and the 
three angles of a triangle arc equal b to two 
right angles ; therefor the angle EGD is the 
third part of two right angles, in the fame man- 
ner it (hall be demonftrated that the angle DGC 
is alfo the third part of two right angles, and 




bccaufe the ftraight line GC makes with EB the adjacent angles EGC, 
CGB equal c to two right angles, the remaining angle CGB (hall be 
the third part of two right angles; therefor the angles EGD, DGC, 
CGB are equal to one another, and to thef c arc equal d the vertical 
oppofite angles BGA, AGF, FGE. therefor the (lx angles EGD, DGC, 
CGB, BGA, AGF, FGE, are equal to one another, but equal angles’ 
hand upon equal * circumferences; therefor the fix circumferences AB, 
BC, CD, DE, EF, FA are equal to one another, and equal circum- 
ferences are fubtended by equal ‘ ftraight lines; therefor the fix ftraight 
lines are equal to one another, and the hexagon ABCDEF is 

equilateral. • 
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equilateral. It is alfo equiangular; for bccaufc the circumference AF Book I'". 

is equal to ED, to each of thefe add the circumference ABCD, and 

tlic whole circumference FABCD lhall be equal to the whole EDCBA. 

and the angle FED (lands upon the circumference FABCD, and the 

angle AFE upon EDCBA; therefor the angle AFE is equal to FED. 

in the fame manner (hall be demonllrated that the other angles of the 

hexagon ABCDEF are each of them equal to the angle AFE or 

FED. therefor the hexagon is equiangular, and it is equilateral, as 

was (hewn ; and it is inferibed in the given circle ABCDEF. Which 

was to be done. 

Cor. From this it is manifell, that the fide of the hexagon is equal 
to the (Iraight line from the centre, he. to the femidiameter of the 
circle. 

And if thro’ the points A, B, C, D, E, F there be drawn (Iraight 
lines touching the circle, an equilateral and equiangular hexagon (hall 
be detribed about it, which may be demonllrated from what has 
been find of the pentagon ; and liltewife a circle may be inferibed in 
a given equilateral and equiangular hexagon, and circumlcribcd about 
F, by the fame method that was ufed for the pentagon. 

PROP. XVI. PROB. 

T O inferibe an equilateral and equiangular quindeca- 
gon in a given circle. 

Let ABCD be the given circle; it is required to inferibe an equila- 
teral and equiangular quindccagon in the circle ABCD. 

Let AC be die Tide of an equilateral triangle inferibed 1 in the*. 4.4. 
circle, and AB the fide of an equilateral and equiangular pentagon in- 
feribed b in the fame; therefor of fuch equal parts as the whole cir-b. it. 4. 

cumferencc 
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Book IV. cumference ABCDF contains fifteen, the circumference ABC, being 
the third part of the whole, fhail contain five; and the circumference 
AB, which is the fifth part of the whole, (hall 
contain three; therefor BC their difference fhail 
c. 30. 3. contain two of the fame parts, biffed c BC in 
E, and BE, EC fliall each of them be the fif- 
teenth part of the whole circumference ABCD. ^ 
therefor if the ftraight lines BE, EC be drawn, C 
i. 1. 4. and ftraight lines equal to them be placed d 

around in the whole circle, an equilateral and equiangular quindccagon 
fliall be inferibed in it. Which was to be done. 

And in the fame manner as was done in the pentagon, if thro’ 
the points of divifion made by inferibing the quindccagon, ftraight lines 
be drawn touching the circle, an equilateral and equiangular quindc- 
cagon fliall be deferibed about it. and likcwifc, as in the pentagon, 
a circle may be inferibed in a given equilateral and equiangular quin- 
decagon, and circumfcribcd about it. 




THE 



Digitized by G 



OF EUCLID, 



E 



E 






THE 

L E M E N T 

O F 

U C L I 



l 35 

Boo* V. 



s 

D. 



BOOK V. 



DEFINITIONS. 



I. 

A Lefler magnitude is laid to be a part of a greater magnitude, 
when the iefler meafures the greater, i. e. ‘ when the iefler is 
1 contained a certain number of times exactly in the greater.’ 

II. 

A greater magnitude is faid to be a Multiple of a Iefler, when the 
greater is mcafured by die Iefler, i. e. ‘ when the greater contains 
‘ the Iefler a certain number of times exaftly.’ 

III. 

“ Ratio is a mutual relation of two magnitudes of die lame kind to 
“ one another, in relpcdt of quantity.” 

IV. 

Thefe magnitudes arc faid to have a ratio to one another, the Iefler of 
which can be multiplied fo as to exceed the other. 

The 
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V. 

The firft of four magnitudes is faid to have the fame ratio to the fe- 
cond, which the third has to the fourth, when any equimultiples 
whatfoever of the firft and third being taken, and any equimultiples 
vvhatfoever of the fecond and fourth; if the multiple of the firft be 
lefs than that of the fecond, the multiple of the third is alfo lefs than 
that of the fourth; or, if the multiple of the firft be equal to that 
of the fecond, the multiple of the third is alfo equal to that of the 
fourth ; ©r, if the multiple of the firft be greater than that of the fe- 
cond, the multiple of the third is alfo greater than that of the fourth. 

VI. * 

Magnitudes which have the fame ratio are called Proportionals. N. B. 

‘ When four magnitudes arc proportionals, it is ufually exprefled by 
‘ faying, the firft is to the fecond, as the third to the fourth.’ 

VII. 

When of the equimultiples of four magnitudes (taken as in the yth De- 
finition) the multiple of the firft is greater than that of the fecond, 
but the multiple of the third is not greater than the multiple of 
the fourth; then the firft is laid to have to the fecond a greater 
ratio than the third magnitude has to the fourth ; and on die con- 
trary, the third is laid to have to the fourth a leficr ratio tlian the 
firft has to the fecond. 

VIII. 

“ Analogy, or proportion, is the fimilitude of ratios.” 

IX. 

Proportion confifis in three terms at lcaft. 

X. 

f « 

When direc magnitudes arc proportionals, the firft is faid to have to the 
third the Duplicate ratio of that which it has to the fecond. 

When 
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XI. Boo* V. 

When four magnitudes arc continual proportionals, the firft is laid to'^"^^ 1 

have to the fourth the Triplicate ratio of that which it has to the 
fecond, and fo forward Quadruplicate &c. incrcafing the denomi- 
nation ftill by unity, in any number of proportionals. 

Definition A, to wit of Compound ratio. 

When there are any number of magnitudes of the fame kind, the firft is 
faid to have to the laft of them the ratio compounded of the ratio 
which the firft has to the fecond, and of the ratio which the fecond 
has to the third, and of the ratio which the third has to the fourth, 
and fo forward unto the laft magnitude. 

For example, if A, B, C, D be four magnitudes of the fame kind, the firft 
A is faid to have to the laft D the ratio compounded of the ratio of A 
toB, and of the ratio ofB toC, and of the ratio of C to D; or, the 
ratio of A to D is faid to be compounded of the ratios of A to B, B 
toC, andCtoD. 

And if A has to B, the fame ratio which E has to F ; and B to C, 
the lame ratio that G has to H; # and C to D, the lame that K. 
has to L ; then, by this Definition, A is faid to have to D the ra- 
tio compounded of ratios which are the lame with the ratios of E 
to F, G to H, and K to L. and die lame thing is to be under- 
ftood when it is more briefly exprefled by faying A has to D, die 
ratio compounded of the ratios of E to F, G to H, and K to L. 

In like manner, the fame things being fuppofed, if M has to N the fame 
ratio which A has to D, then, for fhortnels fake, M is faid to have to N, 
the ratio compounded of the ratios of E to F, G to H, and K to L. 

XII. 

In proportionals, the antecedent terms arc called Homologous to one 
another, as alfo the confequents to one another. 

S ‘ Geometers 
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‘ Geometers make ufe of the following technical words to fignify cer- 
‘ tain ways of changing either the order or magnitude of proportio- 
4 nals, Co as to continue 1 H 11 to be proportionals.’ 



XIII. 



Permutando, or Altemando, by Permutation, or alternately ; this 
word is ufed when there are four proportionals, and it is infer- 
red, that the firft has the lame ratio to the third, which the (e- 
cond has to the fourth; or that the firft is unto the third, as the 
fecond to the fourth, as is Ihewn in the i 6 th Prop, of this 5th 
Book. 



XIV. 

Invertcndo, by Invcriion ; when there are four proportionals, and it it 
inferred, that the fecond is unto the firft, as the fourth to the 
third. Prop. B. Book 5th. 

XV. 

Componendo, by Compofition ; when there are four proportionals, and 
it is inferred, that the firft together with the fecond, is to the le- 
cond, as the third together with the fourth, is to the fourth, t 8th 
Prop. Book 5 th. 

XVI. 

Dividendo, by Divifion; when there afe four proportionals, and it is 
inferred, diat the Excefs of the firft above the fecond, is to the fe- 
cond, as the Excels of the third above the fourth, is to the fourth. 
1 7th Prop. Book 5 th. 

XVII. 

Convertcndo, by Convcrfion ; when there are four proportionals, 
and it is inferred, that the firft is to its Exccfs above the fe- 
cond, as the third to its Exccfs above the fourth. Prop. E. 
Book jtb. 

Ex 
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Ex aequali (fe. diftantia), from equality of diftance ; when there is any 
number of magnitudes more than two, and as many other fuch, 
that diey arc proportionals when taken two and two of each rank, 
and it is inferred, that the firft is to the lad of the firft rank of 
magnitudes, as the firft is to the laft of the other. ‘ of this there arc 
‘ the two following kinds, which arife from the different order in 
* which the magnitudes arc taken two and two.’ 

XIX. 

Ex aequali, from equality; this term is ufed (imply by itfelf, when 
the firft magnitude is to the fecond of the firft rank, as the firft 
to the (ccond of the other rank ; and as the fecond is to the third 
of the firft rank, fo is the fecond to the third of the other; and fo 
forward in order, and the inference is as mentioned in the precced- 
ing Definition; whence this is called Ordinate Proportion, It is 
demonftrated in 2 2d Prop. Book ytli. 

XX. 

Ex aequali, in proportione perturbata, feu inordinata, from equality, 
in perturbate or dilorderly proportion*; this term is ufed when the 
firft magnitude is to the fecond of the firft rank, as the laft fave one is 
to the laft of the fecond rank; and as the fecond is to the third 
of the firft rank, (b is die laft (avc two to the laft fave one of the fecond 
rank; and as the third is to the fourth of the firft rank, (b is the 
third from the laft to the laft five two of the (econd rank; and (o 
forwards in a crofs order, and the inference is as in the 1 8th De- 
finition. It is demonftrated in 23d Prop, of Book 5th. 

* 4. Prop. Lib. 3. ArchimedU de fphwra ct cylindro. 

S 2 AXIOMS. 



Digitized by Google 



140 

Book V. 



THE ELEMENTS 



AXIOMS. 



1. 

E quimultiples of the lame, or of equal magnitudes, are e- 
qual to one another. 

II. 

Thcfc magnitudes of which the fame, or equal magnitudes, are equi- 
multiples, arc equal to one another. 

III. 

A multiple of a greater magnitude is greater than the fame multiple 
of a lellcr. 



IV. 

That magnitude whole multiple is greater than the fame multiple of 
another, is greater than that other magnitude. 



PROP. I. THEOR. 

I F any number of magnitudes be equimultiples of as 
many, each of each; what multiple foever any one of 
them is of its part, the fame multiple fhall all the firft 
magnitudes be of all the other. 

Let any number of magninides AB, CD be equimultiples of as 
many others E, F, each of each ; whatfoever multiple AB is of E, the 
fame multiple fhall AB and CD together be of E and F together. 

Bccaufc AB is the fame multiple of E that CD is of F, as many 
magnitudes as arc in AB equal to E, fo many arc there in CD equal 
toF. Divide AB into magnitudes equal to E, viz. AG, GB; and CD into 

CH, 
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CH, HD equal each of them to F. the number therefor of the mag- 
nitudes CH, HD ftiall be equal to the number of the others AG, GB. and 
bccaufe AG is equal to E, and CH to F ; AG and CH 
together ftiall be equal to * E and F together, by the 
fame reafon, becaufe GB is equal to E, and HD to F; G E 
GB and HD together ftiall be equal to E and F together. 

Whcrefor as many magnitudes as arc in AB equal to E, lb 
many are there in AB, CD together equal to E and F 
together. Therefor whatfoever multiple AB is of E, 
the fame multiple is AB and CD together of E and F 
together.’ 

Therefor if any magnitudes, how many foever, be 
equimultiples of as many, each of each, whatlbcvcr multiple any one 
of them is of its part, the fame multiple ftiall all the firft magni- 
tudes be of all the other. ‘ for the fame Dcmonftration holds in any 
‘ number of magnitudes, which was here applied to two.’ E. D. 



PROP. II. THEOR. 

I F the firft magnitude be the fame multiple of the fecond 1 
that the third is of the fourth, and the fifth the fame 
multiple of the fecond that the fixth is of the fourth; 
then (hall the firft together with the fifth be the fame 
multiple of the fecond, that the third together with the 
fixth is of the fourth. 

Let AB the firft be the fame multiple of C the fecond, that DE 
die third is of F the fourth; and BG the fifth the fame multiple of 
C the fecond, that EH the fixth is of F the fourth. Then fhall AG 

the 
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C 1 H 



that DFI the third together with the fixth is of F the fourth. 

Becaufe AB is the fame multiple of C, that DE is of F; there 
are as many magnitudes in AB equal to C, as jj 

there arc in DE equal to F. in like manner, as 
many as there arc in BG equal to C, fo many 
arc there in EH equal to F. as many then as JJ j 
arc in the whole AG equal to C, lo many are 
there in the whole DH equal to F. therefor AG _ j 
is the fame multiple of C, that DH is of F; 
that is, AG the firft and fifth together, is the fame multiple of the 1c- 
cond C, that DH the third and fixth together is of 
the fourth F. If therefor the firft be die fame mul- 
tiple &c. 0^ E. D. 

Cor. ‘ From diis it is plain, that if any number of B"J 
‘ magnitudes AB, BG, GHbc muluples of another C ; 

' and as many DE, EK, KL be the fame multiples 
‘ of F, each of each ; die whole of the firft, viz. AII 
‘ Ihall be the fame multiple of C, diat the whole of 
* the laft, viz. DL is of F.’ 



A 



D 

E 

K 



H C L F 



PROP. III. THEOR. 

TF the firfl: be die fame multiple of the fecond, which 
1 the third is of the fourth; and if of the firft and third 
there be taken equimultiples, thefe fhall be equimultiples 
the one of the fecond, -and the other of the fourth. 

Let A die firft be die lame multiple of B die fecond, diat C die 

third 
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third is of D the fourth; and of A, C let the equimultiples EF, GH Bo 0 * v ' 



be taken. EF lhall be the fame multiple of B, that GH is of D. 
Bccaufe EF is the lame multiple of A, that GH is of C, there lhali 






be as many magnitudes in EF equal to jj. 
A, as arc in GH equal to C. let EF 
be divided into the magnitudes EK, KF, 
each equal to B, and GH into GL, LH, 



each equal to C. the number therefor 



K+ 



H 






I 

B G C D 



of the magnitudes EK, KF, lhall be e- 
qtial to the number of the others GL, 

LH. and bccaufe A is the fame multiple 
of B, that C is of D, and that EK is e- ^ 

qual to A, and GL to C; EK fltall be the fame multiple of B, tharGL 
is of D. by the fame reafon KF lhall be die lame multiple of B, 
that LH is of D; and fo, if dicrc be more parts in EF, GH equal 
to A, C. becaufe therefor the firfl EK is the fame multiple of the fe- 
cond B, Which the third GL is of the fourth D, and that the fifth KF 
is the lame multiple of the fecond B, which the fixrh LH is of the 
fourth D; EF the firft together with the fifth lhall be the lame mul- 
tiple a of the ll-cond B, which GH the third together with the fixth is a. a. j. 
of the fourth D. If dicrcfor the firfl &c. E. D. 



PROP. IV. 
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PROP. IV. THEOR. 

I F the firft of four magnitudes has to the fecond the fame 
ratio which the third has to the fourth ; then fhall any 
equimultiples whatever of the firft and third have the fame 
ratio to any equimultiples of the fecond and fourth, viz. 
* the equimultiple of the firft to that of the fecond (hall 
* have the fame ratio, which the equimultiple of the third 
* has to that of the fourth.’ 

t 

Let A the firft have to B the fecond, the fame ratio which the third 
C has to the fourth D; and of A and C let 
there be taken any equimultiples whatever E, 

F ; and of B and D any equimultiples what- 
ever G, H. E fhall have the fame ratio to G, 
which F has to H. 

Take of E and F any equimultiples what- 
ever K, L, and of G, H, any equimultiples 
whatever M, N. then bccaufc E is the fame £ A B G M 
multiple of A, that F is of C; and-of E and F ^ p -pj jq 

have been taken equimultiples K, L; K fhall i 

•. j. j.bc the fame multiple of A, that L is of C *. | 

by the fame rcalon M is the lame multiple of 
B, that N is of D. and bccaufc as A is to 
b. Hypoth.B, fo is C to D s , and of A and C have been 
taken certain equimultiples K, L ; and of B and 
D have been taken certain equimultiples M, N ; 
if K. be greater than M, L fhall be greater 
c. j. Dtf. j. than N ; and if equal, equal ; if lefs, lcfs c . And K, L arc any equimul- 
tiples 
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tiples whatever of E, F ; and M, N any whatever of G, H. as there- B 0 0 * v * 
for E is to G, fo is c F to H. Therefor if the firft &c. E. D. 

Cor. Likewifc if the firft has the fame ratio to the Iccond, which 
the third has to the fourth, then alio fhall any equimultiples what- 
ever of the firft and third have the lame ratio to the Iccond and fourth, 
and in like manner the firft and the third fhall have the fame ratio to 
any equimultiples whatever of the fecond and fourth. 

Let A the firft have to B the fccond, the fame ratio which the 
third C has to the fourth D, and of A and C let E and F be any 
equimultiples whatever; E fhall be to B, as F to D. 

Take of E, F any equimultiples whatever K, L and of B, D any 
equimultiples whatever G, H ; and it fhall be demonftrated, as before, 
that K is the fame multiple of A, that L is of C. and bccaufc A is 
to B, as C is to D, and of A and C certain equimultiples have been 
taken, viz. K and L; and of B and D certain equimultiples G, H; if 
K be greater than G, L fhall be greater than H ; and if equal, equal ; 
if lefs, lcfs r . and K, L arc any equimultiples of E, F, and G, H any 
whatever of B, D ; as therefor E is to B, fo is F to D. and in tlx 
fame way the other cafe is demonftrated. 

PROP. V. THEOR. 

I F one magnitude be the fame multiple of another, which 
a magnitude taken from the firft is of a magnitude ta- 
ken from the other; the remainder fhall be the fame mul- 
tiple of the remainder, that the whole is of the whole. 

Let the magnitude AB be the fame multiple of CD, that AE taken 
from the firft, is of CF taken from the other; the remainder EB fhall be die 
fame multiple of the remainder FD, that thcwholcABis of the whole CD. 

T Take 
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Boo« V. Take AG the time multiple of FD, that AE is of CF. therefor 
fhall * AE be the fame multiple of CF, that EG is of 
CD. but AE, by the hypothefis, is the fame multiple 
of CF, that AB is of CD. therefor EG is the fame 
multiple of CD which AB is of CD ; wherefor EG is equal 
b. 1. Ax. j. t0 AB'\ take from them the common magnitude AE, 
the remainder AG fhall be equal to the remainder EB. 

Wherefor bccaufe AE is the fame multiple of CF, that 
AG is of FD, and that AG is equal to EB ; AE fhall be 
the fame multiple of CF, that EB is of FD. but AE 
is the fame multiple of CF, that AB is of CD; there- 
for EB is the fame multiple of FD, that AB is of CD. 
one magnitude &c. Q;. E. D. 



4 1 
F t 

B D 

Therefor if 



PROP. VI. THE OR. 

I F two magnitudes be equimultiples of two others, and 
if equimultiples of thefe others be taken from the firft 
two, the remainders fhall either be equal to thefe others, 
or be equimultiples of them. 



Let the two magnitudes AB, CD be equimultiples of the two E, 
F, and AG, CH taken from the firft two be cquimul- . « 

tiplcs of the fame E, F ; die remainders GB, HD fhall j T 

cidier be equal to E, F, or equimultiples of them. • CJ 

Firft, Let GB be equal to E; HD fhall be equal 
to F. make CK equal to F ; and bccaufe AG is the 
fame multiple of E, that CH is of F, and that GB 
is equal to E, and CK to F; AB fhall be the fame 
multiple of E, that KH is of F. But AB, by the hypothefis, is the 

fame 



H 



B D E F 
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fame multiple of E that CD is of F; therefor KH is the fame mul- fio °* v - 
tiple of F, that CD is of F ; wherefor KH is equal to CD*, take away 
the common magnitude CH, then die remainder KC is equal to the’ 
remainder HD. but KC is equal to F, HD therefor is equal to F. 

But let GB be a multiple of E, then lhall HD be the lame mul- 
tiple of F. Make CK the lame multiple of F, that 
GB is of E. and bccaufc AG is the fame mul- A 
tiple of E, that CH is of F, and GB the lame mul- 
tiple of E, that CK is of F, AB lhall be the fame 
multiple of E, that KH is of F b . but AB is the G 
lame multiple of E, that CD is of F ; there- 
for KH is the lame multiple of F, that CD is of 
it; wherefor KH is equal to CD 1 , take away CH fi D E F 
from both, the remainder KC lhall be equal to the remainder HD. 
and bccaulc GB is the fame multiple of E, that KC is of F, and that 
KC is equal to HD ; therefor HD is die fame multiple of F, that GB 
is of E. If therefor two magnitudes &c. E. D. 



H 



b. 2. j,' 



PROP. A. THEOR. 

I F the fir ft of four magnitudes has to the fecond, the 
fame ratio which the third has to the fourth; if the 
lirft be greater than the fecond, the third lhall be greater 
than the fourth; and if equal, equal; if lefs, lefs. 



Take any equimultiples of each of them, as the doubles of each, 
dien by Def. 5 th of this Book, if the double of the lirft be greater 
than the double of the fecond, the double of the third lhall be greater 
than the double of the fourth, but if the lirft be greater than the fe- 
cond, the double of the lirft lhall be greater than the double of the 

T z fecond. 
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Book V. fecond. wherefor alfo the double of the third lhall be greater than 
die double of the fourth ; therefor the third lhall be greater than the 
fourth, in like manner, if the firft be equal to the fecond, or lefs than 
it, the third lhall be proved to be equal to the fourth, or lefs than it. 
therefor if the firft See. E. D. 

PROP. B. THEOR. 

I F four magnitudes are proportionals, they (hall likewise 
be proportionals when taken inverfely. 

If the magnitude A be unto B, as C is to D, then alfo inverfely B 
lhall be to A, as D to C. 

Take of B and D any equimultiples whatever E and F; and of 
A and C any equimultiples whatever G and H. 

Firft, Let E be greater than G, then lhall G be lels 
than E ; and bccaufe A is unto B, as C is to D, and 
of A and C the firft and third, G and H arc equi- 
multiples; and of B and D the lecond and fourth, E 
and F arc equimultiples; and that G is lefs dian E, ^ A B E 
*. f. Def, j. therefor a H is left than F ; that is, F is greater than ^ 9 P ^ 

H. if therefore E be greater than G, F lhall be 
greater than H. in like manner, if E be equal to 
G, F lhall be Ihcwn to be equal to H ; and if left, 
left, and E, F are any equimultiples whatever of B and D, and G> 
* If any whatever of A and C. Therefor as B is to A, fo is D to C. 
11' then four magnitudes &c. Ch E. D. 

PROP. C. 
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PROP. C. THEOR. 



I F the firft be the fame multiple of the fecond, or the 
fame part of it, that the third is of the fourth ; the firft 
ftiall be to the fecond, as the third is to the fourth. 



A. _ 

E G 



l 



i 

H 



Let the firft A be die fame multiple of B the fecond, diat C the 
third is of the fourth D. A (hall be to B, as C is to D. 

Take of A andC any equimultiples whatever E and F; and of B 
and D any equimultiples whatever G and H. then be- 
caufe A is the fame multiple of B diat C is of D ; and 
that E is the fame multiple of A, that F is of C; 

E fhall, be the fame multiple of B, that F is of D a ; 
therefor E and F are the fame multiples of B and 
D. but G and H are equimultiples of B and D; 
therefor if E be a greater multiple of B, than G is of 
it, F fhall be a greater multiple of D, than H is of D; 
that is, if E be greater than G, F fhall be greater than 
H. in like manner, if E be equal to G, or lefs than it, F 
fhall be equal to H, or lefs than it. But E, F arc equi- 
multiples, any whatever, of A, C, and G, II any equimul- 
tiples whatever of B, D. Therefor A is toB, asCis toD s . 

But let the firft A be the fame part of the fecond B, that the third 
C is of the fourth D. A fhall be to B, as C is 
to D. for B fhall be the feme multiple of A, that 
D is of C ; wherefor by die prccccding cafe B is 
to A, as D is to C ; and inverfely c A fhall be to 
B, as C is to D. Therefor if the firft be die feme 
multiple 8cc. Q^E. D. 



A B 



C D 

PROP. D. 
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L/V'O PROP. D. THEOR. 

I F the firfl: be to the fecond as the third to the fourdi, 
and if the firfl be a multiple, or part of the fecond ; 
the third fhall be the fame multiple, or the fame part of 
the fourth. 



A B 
E 



D 

F 



Let A be to B, as C is to D; and firft let A be a multiple of B; 
C Iball be the lame multiple of D. 

Take E equal to A, and what multiple A or E is of B, make F 
die fame multiple of D. then becaufc A is to B, as C 
is to D; and of B the fecond and D the fourth equi- 
multiples have been taken E and F ; A fhall be to E, 

«. Cor. 4. j. as C to F a . but A is equal to E, therefor C is equal 
b. a. 5. to F\ and F is the fame multiple of D, that A is of 
B. Wherefor C is the fame multiple of D, that A is 
of B. 

s«e the Figure Next, Let the firfl: A be a part of the fecond B, 

"he' h pre«edinj C the third fhall be the fame part of the fourth D. 
r, * e ‘ Becaufc A is to B, as C is to D; then, inverfely 

c - B. y. B fhall c be to A, as D to C. but A is a part of B, 

therefor B is a multiple of A, and, by the preceding cafe, D fhall be 
the fame multiple of C ; diat is, C fhall be the fame part of D, that A 
is of B. Therefor if the firft &c. E. D. 

PROP. VII. THEOR. 

T^QJJ AL magnitudes have the fame ratio to the fame 
-‘~ J magnitude; and the fame unto equal magnitudes has 
the fame ratio. 

Let 



Digitized by Google 



OF EUCLID. 

Let A and B be equal magnitudes, and C any other. A and B fliall 
each of them have the lame ratio to C. and C lhail have the fame 
ratio to each of A and B. 

Take of A and B any equimultiples whatever D and E, and of 
C any multiple whatever F. then bccaufe D is the fame 
multiple of A, that E is of B, and that A is equal to B, 

D lhail be * equal to E. therefor if D be greater than 
F, E lhail be greater than F ; and if equal, equal ; if Ids, 

Ids. and D, E are any equimultiples of A, B, and F is 
any multiple of C. Therefor b as A is to C, fo is B to C. 

Likewife C lhail have the lame ratio to A that it has 
to B. for, having made the fame conflniftion, in the 
like manner D lhail be Ihcwn equal to E. therefor if 
F be greater than D, it lhail likewife be greater than 
E; and if equal, equal; if Ids, lefs. and F is any mul- 
tiple whatever of C, and D, E, arc any equimultiples whatever of A, 
B. Therefor Ck to A, as C is to B b . Therefor equal magnitudes &c. 
Q^E. D. 

PROP. VIII. THEOR. 



E 



A 

B 



C F 



T H E greater of two unequal magnitudes has a greater 
ratio to any magnitude than the lefs has to the 
fame, and the fame magnitude has to the lefler of two 
magnitudes a greater ratio than it has to the greater. 



Let AB, BC be two unequal magnitudes of which AB is the 
greater, and let D be any other magnitude. AB lhail have a greater 
ratio to D than BC to D. and D lhail have a greater ratio to BC than 
unto AB. 

If 
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THE ELEMENTS 

If tbc magnitude which is not the greater of the two AC, CB, be 
not lefler than D, take EF, FG the doubles of AC, CB, as in Fig. 1. 
but if that which is not the greater of the two AC, 

CB be lefler than D (as in Fig. 2. and 3.) this 
magnitude can be multiplied lo as to become greater 
than D, whether it be AC or CB. Let it be mul- 
tiplied until it become greater than D, and let the 
other be multiplied as often; and let EF be the 
multiple thus taken of AC, and FG the fame 
multiple of CB. therefore EF and FG are each of 
them greater than D. and in every one of the 
cafes take H the double of D, K its triple, and 
lo forwards, till the multiple of D is that which 
lirft becomes greater than FG. let L be that multiple of D which 
is lirft greater than FG, and K. the E 
multiple of D which is next lefler j<|_ 
than L. 

Then becaule L is the multiple 
of D which is the lirft that becomes 
greater than FG, the next prccced- 
ing multiple K lhall not be greater 
than FG ; that is, FG fhall not be Id- 
ler than K. and lince EF is the lame 
multiple of AC, that FG is of CB, 

FG lhall be the fame multiple of CB, 
a. 1. j. that EG is of AB wherefor EG 
and FG arc equimultiples of AB 
and CB. and it was Ihewn that FG 
was not lefler than K, and, by the conftruftion, EF is greater than 

D; 
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D; therefor the whole EG is greater than K and D together, but K ® 00 * 
together with D is equal to L; therefor EG is greater than L; but < ^^ V ^ -> 
FG is not greater than L; and EG, FG arc equimultiples of AB, 

BC, and L is a multiple of D; therefor b AB has to D a greater ratio b. 7. Def. j, 
than BC has to D. 

Alfo D (hall have to BC a greater ratio titan it has to AB. for, 
having made the fame conllruftion, in like manner it Ihall be fhewn 
that L is greater than FG, but that it is not greater than EG. and L 
is a multiple of D; and FG, EG arc equimultiples of CB, AB. There- 
for D has to CB a greater ratio b than it has to AB. Wherefor of 
two unequal magnitudes &c. Q^E. D. 

PROP. IX. THEOR. 

T HESE magnitudes which have the fame ratio to the 
fame magnitude are equal to one another ; and thefe 
to which the fame magnitude has the fame ratio are equal 
to one another. 

Let A, B have each of them the lame ratio to C ; A fhall be equal 
to B. for if they are not equal, one of them is 
greater than the other ; let A be the greater; then, 
by what was fhewn in the prcceeding Propofition, ^ 
there are fomc equimultiples of A and B, and lomc 
multiple of C fuch, that the multiple of A is greater 
than the multiple of C, but the multiple of B is not 
greater than that of C. Let thefe multiples be ta- ® 
ken, and let D, E, be the equimultiples of A, B, and 
F the multiple of C fuch, that D is greater than F, 

3nd E is not greater than F. but bccaufe A is to C, as B is to C, and 

U - of 
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Boo* V. of A, B are taken equimultiples D, E, and of C is taken a multiple 
F; and that D is greater than F; E fhall alfb be 
i. j. Def. $• greater than F a ; but E is not greater than F, which 

is impoflible. A therefor and B are not unequal; » 
that is, they arc equal. 

Next, Let C have the fame ratio to each of the 
magnitudes A and B ; A fhall be equal to B. for if 
they are not, one of them is greater than die other; ® 
let A be the greater, therefor, as was (hewn in Prop. 

8th, there is Ionic multiple F of C, and Ionic equi- 
multiples E and D of B and A fuch, that F is greater dian E, and 
not greater dian D. but bccaufe C is to B, as C is to A, and that F 
the multiple of the fir ft is greater dian E the multiple of the fecond; 
F the multiple of die third fhall be greater dian D the multiple of the 
fourth \ but F is not greater than D, which is impoflible. Therefor A 
is equal to B. Wherefor thefc magnitudes &c. Qj. E. D. 



PROP. X. THEOR. 



T HAT magnitude which has a greater ratio than ano- 
ther has unto the fame magnitude is the greater of 
the two. and that magnitude to which the lame has a 
greater ratio than it has unto another magnitude is the 
Idler of the two. 



Let A have to C a greater ratio than B has to C; A fhall be 
greater than B. for bccaufe A has a greater ratio to C, than B has to 
a. 7. Def. j.C, there arc a fome equimultiples of A and B, and fome multiple of 
C fuch, that the multiple of A is greater than die multiple of C, but 
the multiple of B is not greater than it. let them be taken, and let D, 

E be 
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E be equimultiples of A, B, and F a multiple of C luch, that D 
is greater than F, but E is not greater than F. there- 
for D is greater than E. and becaufe D and E are 
equimultiples of A and B, and D is greater than E; ^ 

A fliall be b greater than R 

Next, Let C have a greater ratio to B than it has 
to A; B fliall be lefs than A. for a diere is fome 
multiple F of C, and fome equimultiples E and D 
of B and A fuch, that F is greater than E, but is 
not greater than D. E therefor is lefs than D; and 
bccaule E and D are equimultiples of B and A, B fliall b be lefs than 
A. That magnitude therefor &c. E. D. 



b| 



PROP. XI. THEOR. 

T HESE ratios that are the fame to the fame ratio, 
are the fame to one another. 



Let A be to B, as C is to D; and as C to D, fo let E be to F; 
A fliall be to B, as E to F. 

Take of A, C, E any equimultiples whatever G, H, K; and of 



G H K 

A C . E 

B D F- 

L M N- 



B, D, F any equimultiples whatever L, M, N. Therefor becaufe as A 
is to B, fo is C to D, and of A, C are taken equimultiples G, H ; and 
L, M of B, D; if G be greater than L, H fliall be greater than M; 

U 2 and 
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an< ^ *f equal, equal ; and if lefs, leffer \ Again, bccaufe C is to D, as 
a. s ■ Def. j. E is to F, and H, K are taken equimultiples of C, E; and M, N of 
P, F; if H be greater than M, K lhall be greater than N ; and if 
equal, equal; and if lefs, leffer. but if G be greater than L, it has 
Ste the Fi- been fliewn that H lhall be greater than M ; and if equal, equal; and if 
0Wl leffer ; therefor if G be greater than L, K lhall be greater than N ; 
dhd if equal, equal ; and if lefs, leffer. and G, K, are any equimultiples 
whatever of A, E; and L, N any whatever of B, F. Therefor as A 
is to B, fo is E to F J . Whcrefor thefe ratios &c. E. D. 

PROP. XII. THEOR. 

F any number of magnitudes be proportionals, as one 
of the antecedents is to its confequent, fo (hall all 
the antecedents together be to all the confequents toge- 
ther. 

Let any number of magnitudes A, B, C, D, E, F, be proportio- 
nals; that is, as A is to B, lb C to D, and E to F. as A is to B, lb 
lhall A, C, E together be to B, D, F together. 

Take of A, C, E any equimultiples whatever G, H, K; and of 



G H- Kr 

A C E 

B D F 

L M N 



B, D, F any equimultiples whatever L, M, N. bccaufe therefor A is to 
B, as C is to D, and as E to F; and that G, H, K are equimultiples 
of A, C, E, and L, M, N equimultiples of B, D, F; if G be greater 
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than L, H fhall be greater than M, and K greater than N ; and if B o o * V. 
equal, equal ; and if lefs, lefTcr*. Wherefor if G be greater than L, then 
G, H, K together fhall be greater than L, M, N together; and if 
equal, equal; and if lefs, Idler. and G, and G, H, K together arc any 
equimultiples of A, and A, C, E together, bccaufe if there be any 
number of magnitudes equimultiples of as many, each of each, what 
multiple one of them is of its part, the feme multiple is the whole of 
the whole b . by the lame reafon L, and L, M, N arc any equimul- b. 1. 
tiples of B, and B, D, F. as therefor A is to B, fo are A, C, E to- 
gether to B, D, F together. Wherefor if any number & c. E. D. 

PROP. XIII. THEOR. 

r the firft has to the fecond the fame ratio which the 
third has to the fourth, but the third to the fourth a 
greater ratio than the fifth has to the fixth ; the firft fhall 
alfo have to the fecond a greater ratio than the fifth has 
to the fixth. 



Let A the firft have the fame ratio to B the fecond which C the 
third has to D the fourth, but C the third to D the fourth a greater 
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ratio titan E the fifth to F the fixth. alfo the firft A fhall have to the 
fecond B a greater ratio than the fifth E to the fixth F. 

Becaufc C has a greater ratio to D, than E to F, there are fomc 
equimultiples of C and E, and Ionic of D and F fuch, that the mul- 
tiple 
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tiple of C is greater than the multiple of D, but the multiple of E is 
a. 7,i>eJ. j. not greater than the multiple of F*. let thefe be taken, and of C, E 
let G, H be equimultiples, and K, L equimultiples of D, F fiich, thac 
G is greater than K, but H not greater than L ; and what multiple G 




is of C take M the fame multiple of A ; and what multiple K is of 
D, take N the lame multiple of B. then becaufe A is to B, as C to D, 
and of A and C, M and G are equimultiples, and of B and D, N and 
K arc equimultiples; if M be greater than N, G lhall be greater than 
b. j.Dtf, j. K; and if equal, equal; and if lefs, leller b ; but G is greater than K, 
therefor M is greater than N. but H is not greater thin L; and M, 
H are equimultiples of A, E ; and N, L equimultiples of B, F. There- 
for A has a greater ratio to B, than E has to F 1 . Wherefor if the 
full &c. Q;. E. D. 

Cor. And if the firft has a greater ratio to the fixond, than the third 
has to the fourth; but the third the fame ratio to the fourth, which 
the fifth has to the fixth; in the like manner it lhall be deitionftratcd 
that the firft has a greater ratio to the fecond than the fifth has to 
the fixth. 



PROP. XIV. THEOR. 



I F the firft has to the fecond the fame ratio, which the 
third has to the fourth; then, if the firft be greater 
than the third, the fecond (hall be greater than the fourth; 
and if equal, equal ; and if lefs, leffer. 

Let 
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Let the firft A have to the fecond B the fame ratio, which the ^ 
third C has to the fourth B; if A be greater than C, B fhaU be greater 



than D. 

Becaufc A is greater than C, and B is any other magnitude, A Ihall 
have to B a greater ratio dun C to B a . but as C is to D, fo is»-8 j. 



AB CD A B CD ABCD 



A to B ; therefor C (hall alfo have to D a greater ratio than C has 
to B b . but of two magnitudes, that to which die lime has the greater b. 13. j. 
rauo is the lefler c . wherefor D is lefler than B; that is, B is greater e. 10. j. 
than D. 

Secondly, If A be equal to C, B Ihall be equal to D. for bccaule 
A is to B, as C, that is A, to D; B Ihall be equal to D d . &■ 9 - 5 - 

Thirdly, If A be lefler than C, B Ihall be lefler than D. for C is 
greater than A, and becaufc C is to D, as A is to B, D Ihall be 
greater dian B by the firft cafe; wherefor B is lefler than D. There- 
for if the firft &c. Q^. E. D. 



PROP. XV. THEOR. 



M agnitudes have the fame ratio to one another which 
their equimultiples have. • 



Let AB be the fame multiple of C diat DE is of F. C lhaH be 
to be F, as AB is to DE. 

Becaufc AB is die fame multiple of C that DE is of F, there Hull 

be 
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Boo* v. be as ma ny magnitudes in AB equal to C, as there are in DE equal 
to F. Let AB be divided into magnitudes, each equal to C, viz. AG, 
GH, HB; and DE into magnitudes, each equal to 
F, viz. DK, KL, LE. then the number of the firft 
AG, GH, HB fhall be equal to the number of the 
laft DK, KL, LE. and becaufe AG, GH, HB are 
all equal, as alfo DK, KL, LE equal to one another; 

AG (hall be to DK, as GH to KL, and as HB to 
*• 7- 5- LE 3 . and as one of the antecedents to its conle- 
quent, fo fhall all the antecedents together be to all 
b. i a. !■ the confequcnts together b ; wherefor as AG is to DK, fo is AB to DE. 
but AG is equal to C, and DK to F. therefor as C is to F, fo fhall 
AB be to DE. Therefor any two &c. E. D. 

PROP. XVI. THEOR. 

I F four magnitudes all of the fame kind be proportio- 
nals, they fhall alfo be proportionals when taken al- 
ternately. 

Let the four magnitudes A, B, C, D be proportionals, viz. as A 
is to B, fo let C be to D. they fhall alfo be proportionals when ta- 
ken alternately; that is, A fhall be to C, as B to D. 

T akc of A and B any equimultiples whatever E and F ; and oF 
C and D rake any equimultiples 
whatever G and H. and bccaufe 
E is the fame multiple of A, that 
F is of B, and that magnitudes 
have the fame ratio to one ano- 
*• is- 5- thcr which their equimultiples have 11 ; A fhall be to B, a» E is to F_ 

but 
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but as A is to B, lo is C to D. whercfor as C is to D, lo b is E to F. B 0 0 * v - 
again, bccaufe G, H arc equimultiples of C, D, as C is to D, fo is 
G to H a ; but as C is to D, fo is E to F. Wherefor as E is to*, ij. j. 

F, lo is G to H b . But when four magnitudes arc proportionals, if 
the firft be greater than the third, the fccond fhall be greater than the 
fourth ; and if equal, equal; if lcls, leflcr c . Whercfor if E be greater c- M- !• 
than G, likewife F fhall be greater than H; and if equal, equal; if 
lefs, lcfter. and E, F are any equimultiples whatever of A, B ; and G, 

H any whatever of C, D. Therefor A is to C, as B to D d . If then d. j. Dtf. j. 
four magnitudes &c. Qi E. D. 

PROP. XVII. THEOR. 

I F magnitudes taken jointly be proportionals, they fhall 
alfo be proportionals when taken Separately, i. e. if two 
magnitudes together have to one of them, the fame ratio 
which two others have to one of them, the remaining one 
of the firft two fhall have to the other, the fame ratio 
which the remaining one of the laft two has to the other 
of them. 

Let AB, BE; CD, DF be the magnitudes taken jointly which are 
proportionals; that is, as AB to BE, lo is CD to DP'; they fhall like- 
wile be proportionals taken leparatcly, viz. as AE to EB, fo fhall CF 
be to FD. 

Take of AE, EB, CF, FD any equimultiples whatever GH, HK, 

LM, MN ; and again, of EB, FD, take any whatever equimultiples 
KX, NP. and becaufc GH is the fame multiple of AE that HK is 
of EB, GH fhall be the fame multiple a of AE, that GK is of AB. *.i. 5. 
but GH is the fame multiple of AE, that LM is of CF ; wherefor 

X GK 
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B o o e V. qK is the fame multiple of AB, that LM is of CF. Again, bccaufe 
LM is the fame multiple of CF that MN is of FD ; LM (hall be the 
a. i.j. feme multiple 1 of CF, that LN is of CD. but LM 
was fhewn to be the feme multiple of CF, that 
GK is of AB ; GK therefor is the feme multiple 
of AB, that LN is of CD; that is, GK, LN are 
equimultiples of AB, CD. Next, bccaufe HK is 
the feme multiple of EB, that MN is of FD; and 
that KX is alfo the feme multiple of EB, that NP 
fc. a. {. is of FD; HX (hall be the fame multiple b of EB 
that MP is of FD. And bccaufe AB is to BE, as 
CD is to DF, and that of AB and CD, GK and 
LN are equimultiples, and of EB and FD, HX 
and MP arc equimultiples ; if GK be greater than HX, then LN 
c.j.Def.jifhaU be greater than MP; and if equal, equal; and if lefs, lefler c . 

but if GH be greater than KX, by adding the common part HK to 
both, GK fhaii be greater than HX ; wherefor alfo LN fhaii be greater 
than MP; and by taking away MN from both, LM fhaii be greater 
than NP. therefor if GH be greater dian KX, LM (hall be greater 
than NP. In like manner it fhaii be demonfi rated, that if GH be 
equal to KX, likewife LM fhaii be equal to NP ; and if lefs, le/Ter. 
and GH, LM are any equimultiples whatever of AE, CF, and KX, 
NP arc any whatever of EB, FD. Therefor c as AE is to EB, lb 
is CF to FD. If then magnitudes &c. E. D. 
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Bo 6* V. 

PROP. XVIII. THEOR. 

I F magnitudes taken feparately be proportionals, they 
lhall likewife be proportionals when taken jointly, i. e. 
if the firft be to the fecond, as the third to the fourth, 
likewife the firft and fecond together {hall be to the fe- 
cond, as the third and fourth together to the fourth. 

Let AE, EB, CF, FD be proportionals; that is, as AE to EB, <b 
is CF to FD ; they lhall alfo be proportionals when taken jointly ; 
that is, as AB to BE, lb lhall CD be to DF. 

Take of AB, BE, CD, DF any equimultiples w hatever GH, HK, LM, 

MN ; and again of BE, DF take any whatever equimultiples KO, NP. 
and becaufe KO, NP are equimultiples of BE, DF; and KH, NM 
are equimultiples likewife of BE, DF, if KO 
the multiple of BE be greater than KH which q 
is a multiple of the fame BE, likewife NP the 
multiple of DF lhall be greater than NM the 
multiple of the lame DF ; and if KO be equal K. 
to KH, NP lhall be equal to NM; and if 
lafs, Idler. 

Firft, Let KO be not greater than KH, 
therefor NP lhall not be greater than NM. 
and becaufe GH, HK arc equimultiples of AB, 

BE, and that AB is greater than BE, GH lhall 

be greater * than HK; but KO is not greater than KH, wherefor • 3-A*. j. 
GH is greater than KO. In like manner it lhall be Ihewn that LM 
is greater than NP. Therefor if KO be not greater than KH, then 
lhall GH the multiple of AB be ever greater than KO the multiple 
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Booi V. 0 f BE; and likewife LM the multiple of CD (hall be greater than 
NP the multiple of DF. 

Next, Let KO be greater than KH; therefor, as has been fhewn, 
NP (hall be greater than NM. and becaufe the whole GH is the 
fame multiple of the whole AB, that HK is of BE, the remainder 
GK fhall be the lame multiple of the remainder AE that GH is of 
S- !• AB% which is the fame that LM is of CD. In like manner, bccaufe 
LM is the fame multiple of CD, that MN is of DF, the remainder LN 
fhall be the fame multiple of the remainder CF, that the whole LM 
is of the whole CD a . but it w as fliewn that Oi 
LM is the fame multiple of CD that GK is 
of AE ; therefor GK is the fame multiple of 
AE that LN is of CF ; that is, GK, LN arc 
equimultiples of AE, CF. and bccaufe KO, NP 
arc equimultiples of BE, DF, if from KO, NP 
there be taken KH, NM which arc likewife c- 
quimultiplcs of BE, DF, the remainders HO, 

MP fhall cither be equal to BE, DF, or equi- 
b. 6 . j. multiples of them 1 ’. Firft, Let HO, MP be equal to BE, DF; and 
becaufe AE is to EB, as CF to FD, and that GK, LN arc equimul- 
c. Cor. 4. 5. tiplcs of AE, CF; GK fhall be to EB, as LN to FD C . but HO is 
equal to EB, and MP toFD; wherefor GK is to HO, as LN to MP. 
If therefor GK be greater dian HO, LN fhall be greater than MP; 
<!. A. $. and if equal, equal; and if lefs, lefTer J - 

But let HO, MP be equimultiples of EB, FD; and bccaufe AE is 
to EB, as CF to FD, and that of AE, CF arc taken equimultiples 
GK, LN; and of EB, FD, the equimultiples HO, MP; if GK be 
greater dian HO, LN fhall be greater than MP; and if equal, equal; 
c. f. Dcf. {. and if lefs, lcfTcr'j which was likewife fliewn in the prccceding cafe. 

If 
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If therefor GH be greater than KO, taking KH 
fhall be greater than HO; whcrcfor alfo LN Q 
(hall be greater than MP; and, adding NM to 
both, LM fhall be greater than NP. there- 
for if GH be greater than KO, LM fhall be 
greater than NP. In like manner it fhall be 
fhewn that if GH be equal to KO, LM fhall 
be equal to NP ; and if lefs, lefler. And in the 
cafe in which KO is not greater than KH, it has 
been fhewn that GH is ever greater than KO, 
and likewife LM than NP. but GH, LM arc 
any equimultiples of AB, CD, and KO, NP are any whatever of BE, 
DF ; therefore e as AB is to BE, fb is CD to DF. If then magni- 
tudes &c. Q^E. D. 
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PROP. XIX. THEOR. 

I F a whole magnitude be to a whole, as a magnitude 
taken from the firft is to a magnitude taken from the 
other; the remainder fhall be to the remainder as the 
whole to the whole. 



Let the whole AB be to the whole CD, as AE a 
magnitude taken from AB to CF a magnitude taken from 
CD; the remainder FIB fhall be to the remainder FD, as 
the whole AB, to the whole CD. 

Becaufe AB is to CD, as AE to CF ; likewife alter- 
nately 1 , BA fhall be to AE, as DC to CF. and be- 
caufe if magnitudes taken jointly be proportionals, they 
fhall alfo be proportionals b w hen taken fcparatcly; as therc- 
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Boo* V. f or BE is to EA, fb is DF to FC; and alternately, as BE is to DF, (b 
i s EA to FC. but as AE to CF, fo, by the Hypothefis, is AB to CD; 
** the Fi- therefor a lf 0 BE the remainder lhall be to the remainder DF, as the 

rare below. 

whole AB to the whole CD. Whcrefor if the whole &c. Q^E. D. 

Cor. If the whole be to the whole, as a magnitude taken from 
the firft is to a magnitude taken from the other; likcwife the re- 
mainder lhall be to the remainder, as the magnitude taken from the 
firft to that taken from the other, the Demonftration is contained 
in the prcceeding. 

PROP. E. THEOR. 

I F four magnitudes be proportionals, they fliall alfo be 
proportionals by converlion, i. e. the firft fball be to its 
excefs above the fecond, as the third to its excels above 
the fourth. 

Let AB be to BE, as CD to DF ; then BA lhall be 
to AE, as DC to CF. 

a. 17.J. Becaufe AB is to BE, as CD to DF, by divifion*, 
b. B. j. AE lhall be to EB, as CF to FD ; and by inverfion b , 

BE is to EA, as DF to FC. Whcrefor, by Compofi- 
«. 18. j. tion c , BA (hall be to AE, as DC is to CF. If therefor 
four 8tc. Q;, E. D. 

PROP. XX. THEOR. 

I F there be three magnitudes, and other three, which 
taken two and two have the fame ratio; if the firft 
be greater than the third, the fourth fhall be greater 
than the fixth ; and if equal, equal; and if lefs, lefTer. 

Let 
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Let A, B, C be three magnitudes, and D, E, F other three, which Book v. 
taken two and two have the fame ratio, viz. as A is to B, fb is D 
to E; and asBtoC,foisEtoF. IfAbc greater than C, D fhafl 
be greater than F; and if equal, equal; and if lefs, Idler. 

Bccaufe A is greater than C, and B is any other magnitude, and 
that the greater has to the fame magnitude a greater 
ratio than the lefler has to it a ; A fhall have to B a 
greater ratio than C has to B. but as D is to E, fb is 
A to B; therefor b D has to E a greater ratio than C 
to B. and becaufe B is to C, as E to F, by inverfion, 

C fhall be to B, as F is to E; and D was fhewn to 

have to E a greater ratio than C to B; therefor D has 
to E a greater ratio than F to E c . but the magnitude 
which has a greater ratio than another to the fame mag- 
nitude, is the greater of the two d . D is therefor greater than F. 

Secondly, Let A be equal to C; D fhall be equal to F. becaufe 
A and C arc equal to one another, A 

fhall be to B, as C is to B c . but A is I I «• 7- !■ 

to B, as D to E; and C is to B, as F to 
E ; wherefor D is to E, as F to E r ; A B C 
and therefor D is equal to Fb. D F. F 

Next, Let A be lefler than C; D 
fhall be Idler than F. for bccaufe C is 
greater than A, and that, as was fhewn 

in the firft cafe, C is to B, as F to E, and in like manner B is to A, 
as E to D; F fhall be greater than D, by the firft cafe; and therefor 
D is lefler than F. Therefor if there be three &c. E. D. 
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Book V. 



PROP. XXI. THEOR. 



I F there be three magnitudes, and other three, which 
have the fame ratio taken two and two, but in a crofs 
order; if the firfl magnitude be greater than the third, 
the fourth fhall be greater than the fixth ; and if equal, 
equal; and if lefs, lefler. 

Let A, B, C be three magnitudes, and D, E, F other three, which 
have the fame ratio taken two and two, but in a crofs order, viz. as 

A is to B, fo is E to F, and as B is to C, fo is D to E. If A be 

greater than C, D fhall be greater than F ; and if equal, 

. • equal ; and if lefs, lefler. 

Bccaufe A is greater than C, and B is any other 
a. 8. j. magnitude, A fhall have to B a greater ratio a than C 
b. 13. j. has to B. but as E to F, fo is A to B; therefor b E 

has to F a greater ratio than C to B> and bccaufe B is 

to C, as D to E, by inverfion, C fliall be to B, as E to 
D. and E was flicwn to have to F a greater ratio than 
e. cor. 1 3. s • C to B ; therefor E has to F a greater ratio than E to D c . 

but the magnitude to which the fame has a greater ratio 
d. 10. j. than it has to another, is the lefler of the two d . F therefor is lefler than 
D; that is, D is greater than F. 

Secondly, Let A be equal to C; D 
fhall be equal to F. Bccaufe A and 
c. 7. s ■ C arc equal, A fhall be c to B, as C is 
to B. but A is to B, as E to F; and 
C is to B, as E to D; wherefor E is 
f 1 1. 5. to F, as E to D f ; and therefor D is 
j. 9. j. equal to F 
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Next, Let A be lelfcr than C; D (hall be lefler than F. for be- ® 00 * v * 
caufe C is greater than A, and that, as was (hewn, C is to B, as E 
to D, and in like manner B is to A, as F to E; F (hall be greater 
than D, by cafe firft; and therefor D is lefler thanF. Therefor if there 
be three &c. Q^E. D. 

PROP. XXII. THEOR. 

F there be any number of magnitudes, and as many 
others, which taken two and two in order have the 
fame ratio ; the firft {hall have to the laft of the firft mag- 
nitudes the fame ratio which the firft has to the laft of 
the others. N. B. This is ufually cited by the "wards “ ex 
“ aequali 

Firfl, Let there be three magnitudes A, B, C, and as many others 
D, E, F, which two and two have the fame ratio, that is fuch that 
A is to B, as D to E; and as B is to C, fo is E to F. A (hall be to 
C, as D to F. 

Take of A and D any equimultiples 
whatever G and H ; and of B and E any equi- 
multiples whatever K andL; and of C and ABC I) E F 
F any whatever M and N. then becaufc G- K. M HL N 
A is to B, as D to E, and that G, H arc 
equimultiples of A, D, and K, L equimul- 
tiples of B, E; as G is to K, fo (hall 1 | | [ 1 1 J *• 4- J- 

H be to L. by the fame reafon K (hall be 
to M, as L to N. and becaufc there are 
three magnitudes G, K, M, and other three 

H, L, N, which two and two have the fame ratio; if G be greater 

Y than 
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Boo* V. t}j an ]vi ) f! {hall be greater than N; and if equal, equal; and if lefs, 
letter b . and G, H arc equimultiples of A, D any whatever, and M, 
c. j. Def. j. N are any equimultiples whatever of C, F. as therefor c A is to C, 
fo is D to F. 

Next, Let there be four magnitudes A, B, C, D, and other four 
E, F, G, H, which two and two have the fame 
ratio, viz. as A is to B, fo is E to F ; and as B 
to C, fo F to G; and as C to D, fo G to H. A 
{hall be to D, as E to H. 

Becaufe A, B, C are three magnitudes, and E, F, G other three, 
which two and two have the fame ratio; by the foregoing calc, A 
{hall be to C, as E to G. but C is to D, as G is to H; whercfor 
again, by the firft cafe, A lhall be to D, as E to H. and fo on, what- 
ever be the number of magnitudes. Therefor if there be any num- 
ber &c. E. D. 

PROP. XXIII. THEOR. 

I F there be any number of magnitudes, and as many o- 
thers, which, taken two and two, in a crofs order, have 
the lame ratio ; the firft lhall have to the laft of the firft 
magnitudes the fame ratio which the firft has to the laft 
of the others. N. B. This is ufually cited by the "words 
** ex aequali in proport tone perturbata'' 

Firft, Let there be three magnitudes A, B, C, and other three D, 
E, F, winch taken two and two in a crofs order have the fame ratio, 
that is fucli that A is to B, as E to F; and as B is to C, fo is D to E. 
A lhall be to C, as D to F. 

Take of A, B, D any equimultiples whatever G, H, K; and of 

C, E, 
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E. F. G. H. 
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C, E, F any equimultiples whatever L, M, N. and becaule G, H arc 
equimultiples of A, B, and that magnitudes have the fame ratio which 
their equimultiples have 0 ; as A is to B, fo I i «. ij. j. 

is G to H. and by die fame reafon, as E 
is to F, fo is M to N. but as A is to B, 

fo is E to F; as therefor G is to H, lo is _ _ _ _ 

M to N b . and bccaufe as B is to C, fo is JJ J, b ‘ ” 

D to E, and diat H, K are equimultiples of 
B, D, and L, M of C, E; as H is to L, 
fo fliall c K be to M. and it has been 
fliewn that G is to H, as M to N. bccaufe 
therefor there are three magnitudes G, H, 

L, and other three K, M, N which have 
the lame ratio taken two and two in a crols 

order; if G be greater than L, K lhall be greater than N ; and if equal, 
equal; and if lefs, lefler. and G, K are any equimultiples whatever of 
A, D; and L, N any whatever of C, F; as therefor A is to C, fo is 
D to F. 

Next, Let there be four magnimdes A, B, C, D, and other four 
E, F, G, H, which, taken two and two in a crols 
order, have the fame ratio, viz. A to B, as G to 
H ; B to C, as F to G ; and C to D, as E to F. 

A lhall be to D, as E to H. 

Bccaufe A, B, C arc three magnitudes, and F, G, H other three, 
which, taken two and two in a crofs order, have the lame rario; by die 
firft cafe, A fliall be to C, as F to H. but C is to D, as E is to F ; 
wherefor again, by die firft cafe, A fliall be to D, as E to H. and fo 
on, whatever be the number of magnitudes. Therefor if diere be any 
number 8cc. E. D. 

Y 2 PROP. XXIV. 
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l^YV PROP. XXIV. THEOR. 

I F the firft has to the fecond the fame radio which the 
third has to the fourth; and the fifth to the fecond 
the fame ratio which the fixth has to the fourth ; the firft 
and fifth together fhall have to the fecond, the fame ratio 
which the third and fixth together has to the fourth. 

Let AB the firft have to C the fecond the fame ratio, which DE 
the third has to F the fourth ; and let BG the fifth have to C the fe- 
cond the fame ratio, which EH the fixth has to F the fourth. AG, 
the firft and fifth together, fhall have to C the fecond the fame ratio, 

H 

E - 



CDF 

HE ; but as GB to C, fo is HE to F. Therefor, ex acquali a , as AG is 
to C, fb is DII to F. Whercfor if the firft &c. E. D. 

Cor. 1 . If the fame Hypothcfis be made as in the Propofition, the 
exccfs of the firft and fifth fhall be to the fecond, as the excels of the 
third and fixth to the fourth, the Demonftration of this is the fame 
with that of the Propofition, if Divifion be ufed inftead of Compofi- 
tion. 

Cor. 2. The Propofition holds true of two ranks of magnitudes, 

what- 



which DH, the third and fixth together, has to F q 
the fourth. 

Becaufc BG is to C, as EH to F ; by inverfion 
C fhall be to BG, as F to EH. and becaufc as AB ® 
is to C, fo is DE to F ; and as C to BG, fb F to 
*- 5 - EH ; ex aequali a AB fhall be to BG, as DE to 

EH. and bccaufe thefe magnitudes arc proportio- 
nals, they fhall Iikewife be proportionals when taken j_ 
k. 18. 5. jointly b ; as therefor AG is to GB, fb is DH to 
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whatever be their number, of which each of the firft rank has to a * 0 0 1 v - 
fccond magnitude the fame ratio that die corrclponding one of the fe- 
cond rank has to a fourth magnitude; as is manifeft. 

PROP. XXV. THEOR. 

I F four magnitudes are proportionals, the greateft and 
leaft of them together lhall be greater than the other 
two together. 

Let the four magnitudes AB, CD, E, F be proportionals, viz. AB 
to CD, as E to F ; and let AB be the greateft of them, and confc- 
quently F the lead 3 . AB together with F lhall be greater than CD 1. A,«d 14. 
together with E. 

Take AG equal to E, and CH equal to F. then becaufc as AB 
to CD, fo is E to F, and that AG is equal to E, and CH equal to F; 

AB lhall be to CD, as AG to CH. and becaufc 
AB the whole is to the whole CD, as AG is to 
CH ; likewife the remainder GB lhall be to the re- 
mainder HD, as the whole AB is to the whole b 
CD. but AB is greater than CD, therefor c GB 
is greater than HD. and becaufc AG is equal to 
E, and CPI to F ; AG and F together lhall be equal 
to CH and E together. If therefor unto the unequal magnitudes GB 
and HD, of which GB is the greater, there be added equal magni- 
tudes, viz. unto GB the two AG and F, and CH and E unto HD; 

AB and F lhall be greater than CD and E. Therefor if four mag- 
nitudes &c. Qi E. D. 
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PROP. F. THEOR. 

R ATIOS which are compounded of the fame ratios, 
are the fame to one another. 

Let A be to B, as D to E; and B to C, as E to F. the ratio 
which is compounded of die ratios of A to B, and 
B to C, which, by die Definition of compound ra- 
tio, is the ratio of A to C, fliall be die fame widi die 
ratio of D to F, which, by the fame Definition, is com- 
pounded of the ratios of D to E, and E to F. 

Bccaufe there arc three magnimdes A, B, C, and three others D, E, 
F which taken two and tw o in order have die fame rado; ex aequali, 
«. si. j. A {hall be to C, as D to F\ 

Next, Let A be to B, as E to F ; and B to C, as D to E; dicrc- 
fc- 33. for, ex aequali in radonc perturbata b , A fhall be to 
C, as D to F; that is, the ratio of A to C, which is 
compounded of the ratios of A to B, and B to C, is 
die lame with the rado of D to F, w hich is com- 
pounded of the ratios of D to E, and E to F. and 
in like manner the Propofiuon {hall be demonftrated whatever be the 
number of ratios in either calc. 

PROP. G. THEOR. 

TF feveral ratios be the fame to feveral ratios, each to 
each; the ratio which is compounded of ratios which 
are the fame to the firfl: ratios, each to each, fhall be the 
fame to the ratio which is compounded of ratios which 
arc the fame to the other ratios, each to each. 

Let 
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Let A be to B, as E to F; and C to D, as G to H. and let A Boo* v. 
be to B, as K. to L ; and C to D, as L to M. then the ratio of K to 
M, by the Definition of compound 
ratio, is compounded of the ratios of 
K to L, and L to M, which are the 
fame with the ratios of A to B, and 
C to D. and as E to F, fo let N be 
to O ; and as G to H, fo let O be to 

P; then the ratio of N to P is compounded of the ratios of N to O, and 
O to P, which arc the fame with die ratios of E to F, and G to H. and it 
is to be (hewn that die ratio of K to M, is the fame widi the ratio of N 
to P, or that K is to M, as N to P. 

Becaufe K. is to L, as (A to B, that is, as E to F, diat is as) N to 
O ; and as L to M, fo is (C to D, and fo is G to H, and fo is) O to 
P. ex acquali a , K fhall be to M, as N to P. Therefor if feveral ra- a. a j. f, 
tios &c. Qi E. D. 

PROP. H. THEOR. 

I F a ratio which is compounded of feveral ratios be the 
fame to a ratio which is compounded of feveral ratios, 
and if one of thefc firft ratios, or the ratio which is com- 
pounded of feveral of them, be the fame to one of the o- 
ther ratios, or to the ratio which is compounded of fe- 
veral of them; then the remaining ratio of thefe firft, or, 
if there be more than one, the ratio compounded of the 
remaining ratios, (hall be the fame to the remaining ratio 
of the other ratios, or, if there be more than one, to the 
ratio compounded of thefe remaining ratios. 
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Boor V. Let the fir ft ratios be thofe of A to B, B to C, C to D, D to E, 
and E to F; and let the other ratios be thofe of G to H, H to K, 
K to L, and L to M. alfo let the ratio of A to F, which is com- 
•. Definition pounded a of the firft ratios be the fame 

of compounded * # r . . g , 

ntio, with the ratio of G to M, winch is com- 
pounded of the other ratios, and befides, let 
the ratio of A to D, which is compound- 
ed of the ratios of A to B, B to C, C to 
D, be the fame with the ratio of G to K, 
which is compounded of the ratios of G to H, and H to K. then ftiall 
the ratio compounded of the remaining firft ratios, to wit, of the ra- 
tios of D to E, and E to F, which compounded ratio is the ratio of 
D to F, be the fame with the ratio of K to M, which is compound- 
ed of the remaining ratios of K to L, and L to M of the other ratios, 
b. b. s • Becaufe, by the Hypothcfis, A is to D, as G to K, by inverfion b , 

D (hall be to A, as K to G; and as A is to F, fo is G to M; thcre- 
e. 35. j. for c , ex acquali, D fhall be to F, as K. to M. If therefor a ratio which 
is &c. Q^E. D. 

PROP. K. THEOR. 

I F there be any number of ratios, and any number of o- 
ther ratios fuch, that the ratio which is compounded 
of ratios which are the fame to the firft ratios, each to 
each, is the fame to the ratio which is compounded of ra- 
tios which are the fame, each to each, to the other ratios ; 
and if one of the firft ratios, or the ratio which is com- 
pounded of ratios which are the fame to feveral of the 
firft ratios, each to each, be the fame to one of the other 
ratios, or to the ratio which is compounded of ratios which 

are 
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are the fame, each to each, to feveral of the other ratios: Bo0lt v - 
then the remaining ratio of the firft, or, if there be more 
than one, the ratio which is compounded of ratios which 
are the fame, each to each, to the remaining ratios of the 
firft, Ihall be the fame to the remaining ratio of the other 
ratios, or, if there be more than one, to the ratio which 
is compounded of ratios which are the fame to the re- 
maining other ratios, each to each. 

Let the ratios of A to B, C to D, E to F be the firft ratios; and 
the ratios of G to H, K to L, M to N, O to P, Q^to R, be the 
other ratios, and let A be to B, as S to T ; and C to D, as T to 
V ; and E to F, as V to X. therefor, by the Definition of compound 
ratio, the ratio of S to X is compounded of the ratios of S to T, T 



h, k, L 




A, B; C, D; E, F. 


S, T, V, X. 


G, H; K, L; M, N; O, P; Q_, R. 


Y, Z, a, b, c, d. 


e, f, g. m, n, o, p* 





to V, and V to X, which are the fame to the ratios of A to B, C to 
D, E to F, each to each, alfo as G to H, fo let Y be to Z ; and K 
to L, as Z to a ; M to N, as a to b ; O to P, as b to c ; and Q_to R, 
as c to d. therefor, by the fame Definition, the ratio of Y to d is com- 
pounded of die rados of Y to Z, Z to a, a to b, b to c, and c to 
d, which are die fame, each to each, to die ratios of G to H, K to 
I-, M to N, O to P, and Q_to R. therefor, by die Hypothcfis, S is 

Z to 
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Boo* v - to X, as Y to d. alfo let the ratio of A to B, that is, the ratio of S 
to T, which is one of the firft ratios, be the feme to the ratio of e to g, 
which is compounded of the ratios of e to f, and f to g, which, by 
the Hypothcfis, arc the fame to Use ratios of G to H, and K to L, 
two of the other ratios ; and let the ratio of h to 1 be that which is 
compounded of the ratios of h to k, and k to 1, which arc the fame to 
the remaining firll ratios, viz. of C to D, and E to F; alfo let die ratio 
of m to p be that which is compounded of the ratios of m to n, n. 
to o, and o to p, which arc the fame, each to each, to the remain- 
ing other ratios, viz. of M to N, O to P, and Q^to R. then the ra- 
tio of h to 1 fhall be the feme to the ratio of m to p, or h Hull be 
to 1, as m to p. 





h,k,l. 




A, B; 


C, D; E, F. 


S, T, V, X. 


G, H; K, L; 


M, N; O, P; Q_, R. 


Yj Z 1 ) ci j bj c f d. 


c > f> R- 


m, n, o, p. 





Bccaulc c is to f, as (G to H, that is as) Y to Z; and f is to g, 
as (K to L, that is as) Z to a; therefor, ex aequali, c is to g, as Y to 
a. and, bv the Hypothefis, A is to B, that is S to T, as c to g; 

wherefor S is to T, as Y to a, and, by inverfion, T is to S, as a to 

Y; and S is to X, as Y to d; therefor, ex aequali T is to X, as a to 

d. alfo becaufe h is to k, as (C to D, that is as) T to V; and k is 

to 1, as (E to F, that is as) V to X; dicrefor, ex aequali, h is to 1, as 
T to X. in the like manner it fhall be dcmonflratcd that m is to p, as 

a to 
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a to d. and it was fhewn that T is to X, as a to d. therefor 1 h is B ® °* V. 
to 1, as m to p. 0^ E. D. 

The Propofitions G and K. are ufually, for the fake of brevity, 
exprcffcd in the very fame terms with Propofitions F and H. and there- 
for it was proper to (hew the true meaning of them when they are fo 
expreffed ; efpcciaUy finee they are moft frequently made ufe of by 
Geometers. 
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BOOK VI. 

DEFINITIONS. 



S 




I. 

S IMILAR rcftilincal figures are thole which have their feveral 
angles equal, each to each, and the 
Tides about the equal angles propor- 
tionals. 




II. 

“ Reciprocal figures, viz. triangles and parallelograms, arc fuch as have 
“ their Tides about two of their angles proportionals in fuch man- 
“ ner, that a fide of the fir ft figure is to a fide of the other as 
“ the remaining fide of this other is to the remaining fide of the 
"firft.” 



III. 

A ftraight line is laid to be cut in extreme and mean ratio, when die 
whole is to the greater fegment, as die greater fegment is to die lefs. 

The 
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IV. 

The altitude of any figure is the ftraight line drawn 
from its vertex perpendicular to the bafe. 

PROP. I. THEOR. 

T Riangles and parallelograms of the fame altitude 
are one to another as their bafes. 




B oo a VI. 



Let the triangles ABC, ACD, and the parallelograms EC, CF 
have the fame altitude, viz. the perpendicular drawn from the point A 
to BD. as the bafe BC is to the bale CD, fo lhall the triangle ABC 
be to the triangle ACD, and the parallelogram EC to the paralle- 
logram CF. 

Produce BD both ways to the points H, L, and take any number 
of ftraight lines BG, GH, each equal to the bafe BC; and DK, KL, 
any number of them, each equal to the bafe CD; and join AG, AH, 
AK, AL. then bccaufe CB, BG, GH are all equal, the triangles 
AHG, AGB, ABC lhall be all E A F 

equal 1 , therefor whatever multiple 
the bafe HC is of the bale BC, 
the fame multiple is the triangle 
AHC of the triangle ABC. by the 
fame reafon whatever multiple the 
bafe LC is of the bafe CD, the fame 
multiple is the triangle ALC of the triangle ADC and if the bale 
HC be equal to the bale CL, the triangle AHC lhall alio be equal to 
the triangle ALC 1 ; and if the bafe HC be greater than the bafe CL, 
like wife the triangle AHC lhall be greater than the triangle ALC; and 
if lefs, Idler, therefor frncc there are four magnitudes, viz. the two 

bafes 




a. 



38.1. 
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Book Vl.b a f cs BC, CD, and the two triangles ABC, ACD; and of the bafe 
BC and the triangle ABC the firft and third, any equimultiples what- 
ever have been taken, viz. the bafe HC and triangle AHC; and of 
the bafe CD and triangle ACD the fecond and fourth have been taken 
any equimultiples whatever, viz. the bafe CL and triangle ALC; and 
it has been Ihewn that if the bafe HC be greater than the bale CL, 
the triangle AHC is greater than the 
triangle ALC; and if equal, equal; 
fa. j. Dcf. j. and if lefs, lelTer. Therefor b as the 
bafe BC is to the bale CD, lo is the 
triangle ABC to the triangle ACD. 

And bccaufc the parallelogram 
e. 4 i. i. CE is double of the triangle ABC C , 

and the parallelogram CF double of the triangle ACD, and that mag- 

d. is- s- nitudes have the fame ratio which their equimultiples havc d ; as the tri- 

angle ABC is to the triangle ACD, fo fhall the parallelogram EC be 
to the parallelogram CF. and becaufe it has been Ihewn that as the 
bafe BC is to the bafe CD, fo is the triangle ABC to the triangle 
ACD; and as the triangle ABC to the triangle ACD, lo is the paral- 
lelogram EC to the parallelogram CF ; therefor as the bale BC is to 

e. ii. j. the bafe CD, lo lliall e the parallelogram EC be to the parallelogram 

CF. Whcrefor triangles &c. E. D. 

Cor. From this it is plain that triangles and parallelograms that have 
equal altitudes, arc one to another as their bales. 

Let the figures be placed fo as to have their bafes in the lame 
ftraight line; and having drawn perpendiculars from tire vertices of 
the triangles to the bafes, the ftraight line which joins the vertices fhall 
* 33- 1- be parallel to that in which their bafes arc*, becaule the perpendiculars 
are both equal and parallel to one another, then, if the fame con- 

ftruftion 



E A F 
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ftruftion be made as In the Propofition, 
the fame. 



the Demonftration fhall be Bo ° * VI * 



PROP. II. THEOR. 



I F a ftraight line be drawn parallel to one of the fides of 
a triangle, it fhall cut the other Tides, or thefe fides 
produced, proportionally, and if the fides, or the fides 
produced be cut proportionally, the ftraight line which 
joins the points of faftion fhall be parallel to the remain- 
ing fide of the triangle. 



Let DE be drawn parallel to BC one of the fides of the triangle 
ABC. BD lhall be to DA, as CE to EA. 

Join BE, CD; then the triangle BDE is equal to the triangle 
CDE a , becaufe they arc on the fame bale DE, and between the a. jy. i. 
fame parallels DE, BC. ADE is another triangle, and equal magni- 




tudes have to the lame, the fame ratio b ; therefor as the triangle BDE b. 7- s* 
to the triangle ADE, fo is the triangle CDE to the triangle ADE; 
but as the triangle BDE to the triangle ADE, fo is c BD to DA, be- c. i. 6. 
caufe having the fame altitude, viz. the perpendicular drawn from the 
point E to AB, they arc to one another as their bafes. and by the 

fame 
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Book VL rca fon, as the triangle CDE to the triangle ADE, fo is CE to 
EA. Therefor as BD to DA ; fo is CE to EA d . 

Next, Let the Tides AB, AC of the triangle ABC, or thefc fidcs 




produced, be cut proportionally in the points D, E, that is, lb that BD 
be to DA, as CE to EA; and join DE. DE Ihall be parallel 
to BC. 

The fame conltru&ion being made, becaufe as BD to DA, lb is 
CE to EA; and as BD to DA, fo is the triangle BDE to the tri- 
c. i. 6. angle ADE C ; and as CE to EA, lb is the triangle CDE to the tri- 
angle ADE ; the triangle BDE Ihall be to the triangle ADE, as the 
triangle CDE to the triangle ADE. Wherefor the triangles BDE, 

e. 9. j. CDE have the lame ratio to the triangle ADE; and therefor e the tri- 

angle BDE is equal to the triangle CDE. and they arc on the fame 
bale DE; but equal triangles on the lame bafe are between the lame 

f. 39. «. parallels f ; therefor DE is parallel to BC. Wherefor if a (hraight 

line See. Q^E. D. 

PROP. III. THEOR. 

I F the angle of a triangle be divided into two equal 
angles, by a ftraight line which alfo cuts the bafe ; the 
Segments of die bafe Ihall have the fame ratio which the 

other 
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other fides of the triangle have to one another, and if the B 00 * VI - 
fegments of the bafe have the fame ratio which the other 
fides of the triangle have to one another, the ftraight line 
drawn from the vertex to the point of fetftion fhall divide 
the angle of the triangle into two equal angles. 

Let the angle BAC of any triangle ABC be divided into two 
equal angles by the ftraight line AD. BD fhall be to DC, as BA 
to AC. 

Thro’ the point C draw CE parallel * to DA, and let BA produ- *,3,, 
ccd meet CE in E. Becaufe the ftraight line AC meets the parallels 
AD, EC, the angle ACE fhall be equal to the alternate angle CAD b . t>. a*. r. 
but CAD, by the Hypothcfis, is equal to the angle BAD; wherefor 
BAD is equal to the angle ACE. Again, becaufe the ftraight line 
BAE meets the parallels AD, EC, 
the outward angle BAD is equal to the 
inward and oppofitc angle AEC. but 
the angle ACE has been proved equal to 
the angle BAD; therefor alfo ACE is 
equal to the angle AEC; and the fide 
AE fhall be equal to the fide c AC. 

and becaufe AD is drawn parallel to one of the fides of the triangle 
BCE, viz. to EC, BD fhall be to DC, as BA to AE d ; but AE is d. 2 . 6. 
equal to AC ; therefor as BD to DC, lb is BA to AC e » e. 7. j. 

Let now BD be to DC, as BA to AC, and join AD; the angle 
BAC fhall be divided into two equal angles by the ftraight line AD. 

The fame conftruftion being made, becaufe as BD to DC, fo is 
BA to AC; and as BD to DC, fo is BA to AE d ; BA fhall be to 
AC, as BA to AE f . therefor AC is equal to AEs, and the angle*- u. j. 

A a AEC 8 !M ‘ 



E 
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Booe vi. AEC fhall be equal to the angle ACE 1 *, but the angle AEC is equal 
10 the outward and oppofite angle BAD ; and the angle ACE is equal 
k. 39. 1. to the alternate angle CAD\ wherefor alfo the angle BAD is equal 
to the angle CAD. therefor the angle EAC is cut into two equal 
angles by the ftraight line AD. therefor if the angle &c. E. D. 

PROP. A. THEOR. 

I F the outward angle of a triangle made by producing 
one of its fides, be divided into two equal angles, by a 
ftraight: line which alfo cuts the bafe produced ; the feg- 
ments between the dividing line and the extremities of the 
bafe fhall have the fame ratio which the other Tides of 
the triangle have to one another, and if the fegments of 
the bafe produced have the lame ratio which the other 
hides of the triangle have, the ftraight line drawn from 
the vertex to the point of fedlion fhall divide the outward 
angle of the triangle into two equal angles. 



Let the outward angle CAE of any triangle ABC be divided into 
two equal angles by the ftraight line AD which meets the bale pro- 
duced in D. BD fhall be to DC, as BA to AC. 

a. 31. 1. Through C draw CF parallel to AD a ; and bccaufe tltc ftraight 

line AC meets the parallels AD, FC, 
the angle ACF fhall be equal to the 

b. 39. 1. alternate angle CAD b . but CAD is e- 

c. Hyp. qual to the angle DAE C ; therefor alfo 

DAE fhall be equal to the angle ACF. 

Again, bccaufe the ftraight line FAE 
meets the parallels AD, FC, the outward angle DAE is equal to the 

inward 
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inward and oppofite angle CFA. but the angle ACF has been proved Bo ° l VI - 
equal to the angle DAE ; therefor alfo the .angle ACF is equal to 
the angle CFA, and the fide AF (hall be equal to the fide AC d . and 4- 6. i. 
bccaule AD is parallel to FC a fide of the triangle BCF, BD (hall be 
to DC, as BA to AF e ; but AF is equal to AC; as therefor BD is*- 
to DC, (b is BA to AC. 

Let now BD be to DC, as BA to AC, and join AD; die angle 
CAD (hall be equal to the angle DAE. 

The fame conftru<5fion being made, becaufe BD is to DC, as BA 
to AC; and that BD is alfo to DC, as BA to AF C ; BA (hall be to 
AC, as BA to AF f . therefor AC is equal to AF8, and the angle f - "• *• 
AFC (hall be equal h to the angle ACF. but the angle AFC is equal h. j. 1 . 
to the outward angle EAD, and the angle ACF to the alternate 
angle CAD; therefor alfo EAD is equal to the angle CAD. Where- 
for if the outward &c. E. D. 



PROP. IV. THEOR. 

T HE fides about the equal angles of equiangular tri- 
angles are proportionals ; and thofe which are oppo- 
ilce to the equal angles are homologous lldes, i. e. are the 
antecedents or confequents of the ratios. 



Let ABC, DCE be equiangular triangles, 
having the angle ABC equal to the angle 
DCE, and the angle ACB to the angle DEC, 
and confcqucntly * the angle BAC equal to 
the angle CDE. The fides about the equal 
angles of the triangles ABC, DCE (hall be 

A a a 




Digitized by Google 



1 88 THE ELEMENTS 

Boo* VI. proportionals ; and chefc (hall be the homologous fidcs which are oj>- 
pofitc to the equal angles. 

Let the triangle DCE be placed lb that its fide CE may be con- 

b. as. i. tiguous to BC, and in the fame ftraight line with it b . and becaufc the 

c. 17. 1. angles ABC, ACB are together lcls than two right angles'; ABC 

and DEC, which is equal to ACB, lhall alfo be lefs than two right 

d. is. Ax. 1. angles, wherefor BA, ED produced (hall meet 11 ; let them be pro- 
duced and meet in the point F. and becaufe the angle ABC is equal 

e. a8. 1. to the angle DCE, BF lhall be parallel c to CD. Again, becaufc the 

angle ACB is equal to the angle DEC, AC 
lhall be parallel to FE e . therefor FACD is 
a parallelogram ; and AF lhall be equal to 

f. 34. 1. CD, and AC to FD f . and becaufe AC is 

parallel to FE one of the fides of the tri- 
angle FBE, BA lhall be to AF, as BC to 
*• a 6 . CE8. but AF is equal to CD, therefor h as BA to CD, fo is BC to 
5 CE ; and alternately, as AB to BC, lo DC to CE. Again, becaufc CD 
is parallel to BF, as BC to CE, lo is FD to DE*; but FD is equal 
to AC; therefor as BC to CE, lb is AC to DE. and alternately, 
as BC to CA, fo CE to ED. therefor becaufe it has been proved 
that AB is to BC, as DC to CE ; and as BC to CA, lo CE to ED, ex 
i. ja. j. acquali 1 , BA lhall be to AC, as CD to DE. Therefor if the fides &c* 
Q^E. D. 

PROP. V. THEOR. 

TF the fides of two triangles, about each of their angles, 
A be proportionals, the triangles lhall be equiangular, 
and the equal angles lhall be thofe which are oppolice to 
the homologous fides. 

Let 
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Let the triangles ABC, DEF have their fides proportionals, fo that Bo ° * VI * 
AB is to BC, as DE to EF ; and BC to CA, as EF to FD ; and 
confequcntly, ex acquali, BA to AC, as ED to DF. the triangle ABC 
lhall be equiangular to the triangle DEF, and the angles oppofitc to 
their homologous fides lhall be equal, viz. the angle ABC equal to the 
angle DEF, and BCA to EFD, and alio BAC to EDF. 

At the points E, F in the ftraight line EF make 3 the angle FEG 1. 23. j. 
equal to the angle ABC, and the angle EFG equal to BCA; where- 
for the remaining angle BAC lhall be 

equal to the remaining angle EGF h , -pi b. 32. ».' 

and the triangle ABC lhall be equiangu- 
lar to the triangle DEF ; and they lhall 
have their fides oppofitc to the equal 
angles proportionals', wherefor as AB 
to BC, fo is GE to EF ; but as AB 

to BC, fo is DE to EF ; therefor as DE to EF, fo d GE to EF. 1 *• 5- 
therefor DE and GE have the fame ratio to EF, and lhall be equal'. '■ 9- f- 
by the fame rcafon DF is equal to FG. and becaufe, in the triangles 
DEF, GEF, DE is equal to EG, and EF common, the two fides 
DE, EF are equal to the two GE, EF, and the bale DF is equal to 
the bale GF ; therefor the angle DEF is equal f to the angle GEF, f. 8. rt 
and the other angles to the other angles which are fubtended by the 
equal fides?. Wherefor the angle DFE is equal to die angle GFE, g-4-t- 
and EDF to EGF. and becaufe the angle DEF is equal to the angle 
GEF, and GEF to the angle ABC ; the angle ABC lhall be equal 
to the angle DEF. by the fame rcafon, the angle ACB is equal to the 
angle DFE, and the angle at A to the angle at D. Therefor the tri- 
angle ABC is equiangular to the triangle DEF. Wherefor if the 
fides &c. E. D. 

PROP. VL 
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PROP. VI. THEOR. 

I F two triangles have one angle of the one equal to one 
angle of the other, and the Tides about thefe equal 
angles proportionals, the triangles lhall be equiangular, 
and (hall have thofe angles equal which are oppofite to 
the homologous Tides. 

Let the triangles ABC, DEF have the angle BAC in the one e- 
qual to the angle EDF in the other, and the fides about thefe angles 
proportionals ; that is, BA to AC, as ED to DF. The triangles ABC, 
DEF lhall be equiangular, and lhall have the angle ABC equal to the 
angle DEF, and ACB to DFE. 

a. 33. t. At the points D, F, in the ftraight line DF, make 3 the angle 
FDG equal to either of die angles BAC, EDF ; and the angle DFG 
equal to the angle ACB. wherefor 
die remaining angle at B lhall be c- 

b. 33. 1. qual to the remaining one at G h , 
and die triangle ABC be equiangu- 
lar to the triangle DGF ; and there- 

c. 4 - 6 - for as BA to AC, fo is c GD to DF. 
but, by the Hypothefis, as BA to 
i. 11. s- AC, (b is ED to DF ; as therefor ED to DF, fo is d GD to DFj 
*• 9 - J* wherefor ED is equal c to DG ; and DF is common to the two tri- 
angles EDF, GDF. therefor the two fides ED, DF arc equal to 
the two fides GD, DF ; and the angle EDF is equal to the angle 
f 4-i- GDF, wherefor the bafe EF is equal to the bafe FG f , and die tri- 
angle EDF to die triangle GDF, and the remaining angles to the 
remaining angles, each to each, which arc fubtended by the equal 

fides. 



A. 
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fides. therefor the angle DFG Is equal to the angle DFE, and the B 0 0 * VI - 

angle at G to the angle at E. but the angle DFG is equal to the 

angle ACB; therefor the angle ACB is equal to the angle DFE. and 

the angle B AC is equal to the angle EDF 8 ; wherefor alfo the re- g- Hyp. 

maining angle at B is equal to the remaining angle at E. Therefor 

the triangle ABC is equiangular to the triangle DEF. Wherefor if 

two triangles &c. Q^E. D. 

PROP. VII. THEOR. 

TF two triangles have one angle of the one equal to one 
^ angle of the other, and the fides about two other angles 
proportionals; then if each of the remaining angles be 
either lefs, or not lefs than a right angle; or if one of 
them be a right angle: the triangles (hall be equiangular, 
and (hall have thofe angles equal about which the lides 
are proportionals. 



Let the two triangles ABC, DEF have one angle in the one equal 
to one angle in the other, viz. the angle BAC to the angle EDF, and 
the fides about two other angles ABC, 

DEF proportionals, fo that AB is to 
BC, as DE to EF ; and, in the firft 
cafe, let each of the remaining angles at 
C, F be lefs than a right angle. The 
triangle ABC fhall be equiangular to the triangle DEF, viz. the angle 
ABC fhall be equal to the angle DEF, and die remaining angle at C 
to die remaining angle at F. 

For if the angles ABC, DEF be not equal, one of them (hall be 
greater than the other; let ABC be the greater, and at die point B in 

* the 
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Book VI. ^ ftraight line AB make the angle ABG equal to the angle * DEF. 
^7^33^. and becaufe the angle at A is equal to the angle at D, and the angle 
ABG to the angle DEF ; the remaining 
•». 5 a. 1. angle AGB Ihall be equal b to the re- 
maining angle DFE. therefor the tri- 
angle ABG is equiangular to the tri- 

c. 4. 6. angle DEF ; wherefor c as AB is to 

BG, lo is DE to EF ; but as DE to EF, lb, by Hypothefis, is AB to 

d. 11. j. BC; therefor as AB to BC, lb is AB to BG d ; and becaufe AB has 

e. 9. j. the lame ratio to each of BC, BG; BC Ihall be equal e to BG, and 

f. j. 1. therefor the angle BGC is equal to the angle BCG f . but the angle 

BCG is, by Hypothefis, lels than a right angle; therefor alfo the angle 
BGC is lefs than a right angle, and the adjacent angle AGB mull be 

g. i|. 1. greater than a right angle®. But it was proved that the angle AGB is 
equal to the angle at F ; therefor the angle at F is greater than a right 
angle, but, by the Hypothefis, it is Ids than a right angle ; which is 
abfurd. Therefor the angles ABC, DEF are not unequal, that is, they 
are equal, and the angle at A is equal to the angle at D; wherefor 
the remaining angle at C is equal to the remaining angle at F. there- 
for the triangle ABC is equiangular to the triangle DEF. 

Next, let each of the angles at C, F be not lefs than a right angle, 
the triangle ABC Ihall likewife in this 
cafe be equiangular to the triangle 
DEF. 

The fame conftru&ion being made, B- 

O ' p £ Jf 

in like manner it Ihall be prosed that 

BC is equal to BG, and the angle at C equal to the angle BGC. 
but the angle at C is not lefs than a right angle; therefor the angle 
BGC is not lels dun a right angle, wherefor two angles of the tri- 
angle 




G 




Digitized by Goo* 




O F E U C L I D. . 193 

unglc BGC arc together not lefs than two right angles; which is im-® 00 * VI - 
pofllble 1 ’; and therefor the triangle ABC fhall be proved to be eqtfi- 
angular to the triangle DEF, as in the firft cafe. 

Laftly, Lef one of the angles at C, F, viz. the angle at C be a 
right angle ; like wife in this cafe the tri- 
angle ABC fhall be equiangular to the 
triangle DEF. 

For if they be not equiangular, make 
at the point B of the ftraight line AB 
the angle ABG equal to the angle DEF ; 
and it (hall be proved, as in the firft 
cafe, that BG is equal to BC. but the 

angle BCG is a right angle, therefor f ~ ■ U q f. j. 1.' 

the angle BGC is alio* a right angle; 

whence two of the angles of the triangle BGC are together not lefs 
than two right angles; which is impoffibleN therefor the triangle ABC 
fhall be equiangular to the triangle DEF. Whercfor if two triangles &c. 

Q^E. D. 

PROP. VIII. THEOR. 




I N a right angled triangle, if a perpendicular be drawn 
from the right angle to the bafe; the triangles on each 
fide of it fhall be fimilar to the whole triangle, and to 
one another. 



Let ABC be a right angled triangle having the right angle BAC; 
and from the point A let AD be drawn perpendicular to the bafe BC. 
the triangles ABD, ADC fhall be fimilar to the whole triangle ABC, 
and to one another. 

B b Bccaufe 
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B o o i VI. Bccaufe the angle BAC is equal to the angle ADB, each of them 
being a right angle, and that the angle at B is common to the two tri- 
angles ABC, ABD; the remaining angle 
ACB fhall be equal to the remaining angle 
». 3a. 1. BAD 3 , therefor the triangle ABC isequi- 
angular to the triangle ABD, and the (ides 
about their equal angles fhall be propor- 
b. 4. 6. donals b , wherefor they are fimiiar to one 
c. i.Def. 6. another', in the like manner it fhall be demon ftrated that the triangle 
ADC is fimiiar to the triangle ABC. 

Alfo the triangles ABD, ADC fhall be fimiiar to one another. 

Bccaufe the right angle BDA is equal to the right angle ADC, and 
alfo the angle BAD to the angle at C, as has been prosed; the re- 
maining angle at B fhall be equal to the rentalhing angle DAC. there- 
for the triangle ABD is equiangular and fimiiar c to the triangle ADC. 
Therefor in a right angled &c. E. D. 

Cor. From this it is manifeft that die perpendicular drawn from 
the right angle of a right angled triangle to the bafe, is a mean pro- 
portional between the figments of the bafe: and alfo that each of the 
fidcs is a mean proportional between the bafe, and the fegment of it 
adjacent to that fide, bccaufe in die triangles BDA, ADC. BD fc to 
DA, as DA to DC b ; and in the triangles ABC, DBA, BC n? to BA, 
as BA to BD 1 ’; and in the triangles ABC, ACD, BC is to CA, as 
CA to CD b . 

PROP. IX. PROB. 

F ROM a given ftraight line co cut off* any part re- 
quired. 




Let 
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Let AB be the given ftraight lines it « required to cut off any E 0 0 * Vi 
part from it. 

From the point A draw a ftraight line AC making any angle with 
AB ; and in AC take any point D, and take AC which is the fame mul- 
tiple of AD that AB is of the part which is to be cut 
off from it; join BC, and draw DE parallel to it. 

AE fhall be the fame part of AB that AD is of 
AC ; that is, AE fhall be the part required to be 
cut off. 

Becaulc ED is parallel 00 one of the fides of the 
triangle ABC, viz. to BC, as CD is to DA, fo is * J} U s. a. 6 . 

BE to EA; and, by ajnapofiuon 11 , CA is to AD, as BA to AE. butl». 18. y.' 

CA is a multiple of AD, therefor c BA is the lame multiple of AE. c. D. j. 
whatever part therefor AD is of AC, AE is the fame part of AB. 
wherefor from the ftraight line AB the pan required is cut off Which 
vds to be done. 




PROP. X. PROB. 



T O divide a given ftraight line ftmilarly to a given di- 
vided ftraight line, i. e. into parts that fhall have 
the lame ratios to one another which the parts of the di- 
vided given ftraight line have. 

Let AB be tire ftraight line given to be di- \ 
sided, and AC the divided line; it is required 
to divide AB ftmilarly to AC. 

Let AC be divided in die points D, E ; and 
let AB, AC be placed lb as to contain any 
angle, and join BC, and through the points D, * 

B b 2 E draw 
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Boo* vi. £ draw a DF, EG parallels to it; and through D draw DHK paraF 
». j,. lei to AB. therefor each of the figures FH, HB is a parallelogram; 
b. 34 . i. wherefor DH is equal b to FG, and HK to GB. and bccaufe HE is 
parallel to KC one of the Tides of the triangle A. 
c. a. 6. DKC, as CE to ED, fo (hall c KH be to HD. 

but KH is equal to BG, and HD to GF; pf 




therefor as CE to ED, lb is BG to GF. again, q 
becaufe FD is parallel to EG one of the fidcs jj 
of the triangle AGE, as ED to DA, fo (hall 
GF be to FA. but it has been proved that CE is to ED, as BG 
to GF ; as therefor CE to ED, lb is BG to GF ; and as ED to DA, 
lo GF to FA. therefor the given ftraight line AB is divided Gmilarly 
to AC. Which was to be done. 

PROP. XI. PROB. 

T O find a third proportional to two given ftraighc 
lines. 



Let AB, AC be the two given ftraight fines, and let them be placed 
lb as to contain any angle; it is required to find a 
third proportional to AB, AC. 

Produce AB, AC to the points D, E ; and make 
BD equal to AC, and having joined BC, through D 
*• 3t- t-draw DE parallel to it 5 . 

Becaufe BC is parallel to DE a fide of the tri- 
b. a. 6. angle ADE, AB (hall b be to BD, as AC to CE. 

but BD is equal to AC, as therefor AB to AC, io is AC to CE. 
Wherefor to the two given ftraight lines AB, AC a third proportional 
CE is found. Which was to be done. 




PROP. XII. 
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PROP. XII. PROB. 

T O find a fourth proportional to three given ftraight 
lines. 



Let A, B, C be the three given ftraight lines; it is required to find 
a fourth proportional to A, B, C. 

Take two ftraight lines DE, DF containing any angle EDF ; and 
upon thcle make DG equal to A, GE 
equal to B, and DH equal to C; and 
having joined GH, draw EF parallel * 
to it through the point E. and becaufe 
GH is parallel to EF one of the fidcs 
of the triangle DEF, DG fltall be to 
GE, as DH to HF b . but DG is equal 
to A, GE to B, and DH to C; therefor as A is to B, fo C is to HF. 
YVherCfor to the three given ftraight lines A, B, C a fourth propor- 
tional HF is found. Which was to be done. 




a. 31. 1. 



b. a. 6. 



PROP. XIII. PROB. 

T O find a mean proportional between two given 
ftraight lines. 



Let AB, BC be the two given ftraight lines; it is required to find 

a mean proportional between them. D 

Place AB, BC in a ftraight line, and 
upon AC deferibe the fcmicirclc ADC, 
and from the point B draw 3 BD at right / 
angles to AC, and join AD, DC. Ii C 

Bccaufe 
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Boo* vi. Becaufe the angle ADC in a femicircle is a right angle 1 *, and bc- 
^"^^'^caufe in the right angled triangle ADC, 

DB is drawn from the right angle per- 
pendicular to the bale, DB fhall be a 
mean proportional between AB, BC the 
c. Cor. 8. 6. fegments of the bafe c . therefor between 
the two given ftraight lines AB, BC, a 
mean proportional DB is found. Which was to be done. 

PROP. XIV. THEOR. 

T^QJJAL parallelograms which have one angle of the 
J — j one equal to one angle of the other, have their fidcs 
about the equal angles reciprocally proportional: and 
parallelograms that have one angle of the one equal to 
one angle of the other, and their Tides about the equal 
angles reciprocally proportional, are equal to one ano- 
ther. 

Let AB, BC be equal parallelograms which have the angles at B 
equal, and let the fidcs DB, BE be placed in the fame ftraight line; 
wherefor alfo FB, BG fhall be in one ^ p 

a- m- t. ftraight line*, the fidcs of the parallelo- 
grams AB, BC about the equal angles, fhall 
he reciprocally proportional; that is, DB 
fhall be to BE, as GB to BF. 

Complcat the parallelogram FE; and 
bccaufe the parallelogram AB is equal to BC, and FE is another pa- 
fa. 7 . j. rallclogram, AB fhall be to FE, as BC to FE b . but as AB to FE, 
c. 1 . 6. fo is the bafe DB to BE C ; and as BC to FE, fa is the bafe GB to BF ; 

ihcrcfor 
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therefor as-DB to BE, fo is GB to BF d . Wherefor the fide* of the ® 90 ' v *' 
parallelograms AB, BC about their equal angles are reciprocally pro- 
portional. 

But let the fades about the equal angles be reciprocally proportio- 
nal, viz. as DB to BE, fo GB to BF ; the parallelogram AB fhall be 
equal to the parallelogram BC. 

Bccaufc as DB is to BE, fo GB to BF ; and as DB to BE, fo is the 
parallelogram AB to the parallelogram FE; and as GB to BF, fb is 
parallelogram BC to parallelogram FE; therefor as AB to FE, fb 
BC to FE J . wherefor the parallelogram AB is equal c to the paral- c. 9- j. 
lclogram BC, Therefor equal parallelograms &c. E. D. 



PROP. XV. THEOR. 




bout the equal angles reciprocally proportional: and tri- 
angles which have one angle in the one equal to one 
angle in the other, and their Tides about the equal angles 
reciprocally proportional, are equal to one another. 



Let ABC, ADE be equal triangles which have the angle BAC 
equal to the angle DAE; the fides about jj 

die equal angles of die triangles fhall be re- 
ciprocally proportional; that is, CA fhall be 
to AD, as EA to AB. 

Let the triangles be placed fo that their 
fides C A, AD be in one flraight line; where- C E 

for alfo EA and AB fhall be in one flraight line’; and join BD. *• M- >• 
Bccaufc the triangle ABC is equal to the triangle ADE, and ABD 

is 
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Boo* VI. ; s another triangle ; therefor as the triangle CAB is to triangle BAD 
fo is triangle EAD to triangle DAB b . but as triangle CAB to triangle 
c. 1.6. BAD, fo is the bafe CA to AD C ; and as triangle EAD to triangle 
DAB, fo is the bafe EA to AB C ; as therefor CA to AD, fo is EA 
<!■ »!• 5 - to AB ct . wherefor the fides of the triangles 
ABC, ADE about the equal angles arc re- 
ciprocally proportional. 

But let the fides of the triangles ABC, 

* ADE about the equal angles be reciprocally 
proportional, viz. CA to AD, as EA to 
AB; the triangle ABC lhall be equal to die triangle ADE. 

Having joined BD as before, bccaufc as CA to AD, fo is EA to 
AB; and as CA to AD, fo is triangle BAC to triangle BAD C ; and 
as EA to AB, fo triangle EAD to triangle BAD C ; therefor d as tri- 
angle BAC to triangle BAD, fo is triangle EAD to triangle BAD; 
that is, the triangles BAC, EAD have the lame ratio to the triangle 
t. 9. 5. BAD. wherefor the triangle ABC is equal e to the triangle ADE. 
Therefor equal triangles &c. E. D. 

PROP. XVI. THEOR. 

TF four ftraight lines be proportionals, the redangle 
contained by the extremes is equal to the redanglc 
contained by the means: and if the redangle contained 
by the extremes be equal to the redangle contained by. 
the means, the four ftraight lines lhall be proportionals. 

Let the four ftraight lines AB, CD, E, F be proportionals, viz. 
as AB to CD, fo E to F ; the reftangle contained by AB, F lhall 
be equal to the rcifi angle contained by CD, E. 

From 



B D 
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From the points A, C draw * AG, CH at right angles to AB, CD; Bo 0 * vi- 
and make AG equal to F, and CH equal to E, and compleat die paral- 
Idograms BG, DH. bccaufe as AB to CD, fo is E to F ; and that E 
is equal to CH, and F to AG; AB lhall b be to CD, as CH to AG. •>• 7- !■ 
therefor the fides of the parallelograms BG, DH about the equal angles 
are reciprocally proportional ; but parallelograms which have their tides 
about equal angles reciprocally proportional, arc equal to one ano- 
ther c ; therefor the parallelogram BG is equal to the parallelogram DH. *• M * 6 - 
and the parallelogram BG is contained by the ftraight lines AB, F, 
bccaufe AG is equal to F; and the parallelogram DH is contained 
by CD and E, becaufe CH is equal to 

E. therefor the reflangle contained by 
the ftraight lines AB, F is equal to that 
which is contained by CD and E. 

And if the reftangle contained by 
the ftraight lines AB, F be equal to 
that which is contained by CD, E; 

thefe four lines (hall be proportionals, viz. AB lhall bfc to CD, as E 
to F. 

The fame conftruAion being made, bccaufe die reftangle contained 
by die ftraight lines AB, F is equal to that which is contained by 
CD, E, and that the rceftanglc BG is contained by AB, F, bccaufe 
AG is equal to F ; and the rectangle DH by CD, E, becaule CH is 
equal to E; therefor the parallelogram BG is equal to the parallelo- 
gram DH; and they arc equiangular, but the fides about the equal 
angles of equal parallelograms arc reciprocally proportional 0 , wherefor 
as AB to CD, lb is CH to AG; and CH is equal to E, and AG to 

F. as therefor AB is to CD, lb E to F. Wherefor if four &c. Q^E. D. 

C c PROP. XVII. 
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Boo* VI. 

PROP. XVII. THEOR. 

I F three ftraight lines be proportionals, the re&angle 
contained by the extremes is equal to the fquare of 
the mean: and if the redangle contained by the extremes 
be equal to the fquare of the mean, the three ftraight 
lines fhall be proportionals. 



». 7 



Let the three ftraight lines A, B, C be proportionals, viz. as A to 
B, fo B to C; the rectangle contained by A, C fhall be equal to the 
fquare of B. 

Take D equal to B; and becaufe as A to B, fo B to C, and that 
j. B is equal to D; A fhall be a to B, as D to C. but if four ftraight 

lines be proportionals, the rcftanglc — 

contained by the extremes is equal 
to that which is contained by the 



b. 16. 6. means b . therefor the reftangle con- 



B 

D 

C 






D 



A. 



B 



tained by A, C is equal to that 
contained by B, D. but the rec- 
tangle contained by B, D is the 
fquare of B ; becaufe B is equal to D. therefor the reftanglc contained 
by A, C is equal to the fquare of B. 

And if die reftanglc contained by A, C be equal to the fquare of 
B; A fhall be to B, as B to C. 

The fame conftruftion being made, becaufe the rcftanglc contained 
by A, C is equal to die fquare of B, and the fquare of B is equal to 
the reftanglc contained by B, I), becaufe B is equal to D; the reft- 
angle contained by A, C fhall be equal to that contained by B, D. 
but if die rcftangle contained by the extremes be equal to diat con- 
tained 
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tained by the means, die four ftraight lines fhall be proportionals b . 
therefor A is to B, as D to C ; but B is equal to D ; wherefor as A 
to B, lo B to C. Therefor if three ftraight lines See. E. D. 

PROP. XVIII. PR OB. 

U PON a given ftraight line to deferibe a re<5HlineaI fi- 
gure fimilar, and ftmilarly fituated unto a given rec- 
tilineal figure. 

Let AB be the given ftraight line, and CDEF the given rectilineal 
figure of four fidcs ; it is required upon the given ftraight line AB to 
deferibe a rectilineal figure fimilar and fimilarly fituated unto CDEF. 

Join DF, and at the points A, B in the ftraight line AB make a 
the angle BAG equal to the angle at C, and the angle ABG equal to 
the angle CDF ; therefor the re- 
maining angle CFD is equal to the 
remaining angle AGB b . wherefor 
the triangle FCD is equiangular to 
the triangle G AB. again, at the 
points G, B in the ftraight line 
GB make 3 the angle BGH equal to the angle DFE, and the angle 
GBH equal to FDE; therefor the remaining angle FED is equal to 
the remaining angle GHB, and the triangle FDE equiangular to the 
triangle GBH. therefor becaufc the angle AGB is equal to the angle 
CFD, and BGH to DFE, the whole angle AGH fhall be equal to 
the whole CFE. by the fame reafon, the angle ABH is equal to the 
angle CDE; alio die angle at A is equal to the angle at C, and the 
angle GHB to FED. therefor die rectilineal figure ABHG is equi- 
angular to CDEF. but likewiie thefe figures have their fidcs about the 

C c 2 equal 
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given ftraight line 



K 




Book VI. equal angles proportionals, becaule the triangles GAB, FCD being 
equiangular, BA (hall c be to AG, as DC to CF ; and becaufc AG 
is to GB, as CF to FD; and as GB to GH, fo, by rcafon of the cqui- 
d. aa. j. angular triangles BGH, DFE, is FD to FE; ex aequali d , AG fhall 
be to GH, as CF to FE. in the fame manner it Avail be proved that 
AB is to BH, as CD to DE. and GH is to FIB, as FF, to ED C . 
Whcrcfor becaule the fcftilincal figures ABHG, CDEF arc equi- 
angular, and have their fidcs about the equal angles proportionals, 
*. 1 . Def. 6. they are fimilar to one another c . 

Next, Let it be required to delcribe upon a 
AB, a rcCHlineal figure fimilar, and 
fimilarly fituated unto the rectili- 
neal figure CDKEF of five fidcs. 

Join DE, and upon the given 
ftraight line AB delcribe the rec- 
tilineal figure ABHG fimilar and 
fimilarly fituated unto the quadrilateral figure CDEF, by the former 
cafe, and at the points B, H in the ftraight line BH, make the angle 
HBL equal to die angle EDK, and the angle BFIL equal to the angle 
DEK ; therefor the remaining angle at K is equal to the remaining 
angle at L. and becaufe the figures ABHG, CDEF arc fimilar, the 
angle GHB is equal to the angle FED, and BHL is equal to DEK; 
whcrcfor the whole angle GHL is equal to the whole angle FEK. 
by die lame reafon, die angle ABL is equal to the angle CDK. there- 
for the five fided figures AGHLB, CFEKD arc equiangular, and 
becaufe the figures AGHB, CFED arc fimilar, GH is to HB, as FE 
to ED; and as FIB to HL, lo is ED to EIC c ; dicrefor ex aequali **, 
GH is to HL, as FE to EK. by the fame rcalon, AB is to BL, as 
CD to DK. and BL is to LII, as c DK to KE, becaule the triangles 

BLII, 



j/ 

D 
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BLH, DKE are equiangular, therefor bccaulc die five fided figures Boo* VI, 
AGHLB, CFEKD are equiangular, and have their fides about the 
equal angles proportionals, they fliall be fimilar to one anodier. and 
in the lame manner a fix fided rectilineal figure may be deferibed upon 
a given ftraight line fimilar to one given, and lb on. Which was to 
be done. 

PROP. XIX. THEOR. 

S Imilar triangles are to one another in the duplicate 
ratio of their homologous Tides. 



Let ABC, DEF be fimilar triangles having the angle B equal to the 
angle E, and let AB be to BC, as DE to EF, fo that the fide BC be 
homologous to EF. die triangle ABC fliall have to the triangle DEF, 
the duplicate ratio of that which BC has to EF. 

Take BG a third proportional to BC, EF a , fo that BC be to ET, a. 1 ,. 6 . 
as EF to BG, and join GA. then, becaufe as AB to BC, fo DE to 
EF; alternately b , AB fliall be to 
DE, as BC to EF. but as BC 
to EF, fo is EF to BG ; therefor c 
as AB to DE, fo is EF to BG. 
wherefor the fides of the triangles 
ABG, DEF which arc about the 
equal angles are reciprocally proportional, but triangles which have 
the fides about two equal angles reciprocally proportional arc equal to 
one another d . therefor the triangle ABG is equal to the triangle DEF. d. 1 5. 6 . 
and bccaule as BC is to EF, fo EF toBG"; and if three ftraight lines 
be proportionals, the firft is faid ' to have to the third the duplicate 10. Def. j, 
ratio of that which it has to the fecond ; BC therefor fliall have to 




D 




b. 16. J. 



c. 11. 5 . 
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j^^^BG die duplicate ratio of that which BC has to EF. but as BC to 
f. i. 6.BG, fo is f the triangle ABC to the triangle ABG. therefor the tri- 
angle ABC has to the triangle ABG, 
the duplicate ratio of that which BC 
has to EF. but the triangle ABG 
is equal to the triangle DEF; 
wherefor alfo the triangle ABC has 
to the triangle DEF the duplicate 
ratio of that which BC has to EF. 

Q^E. D. 

Cor. From this it is manifeft, that if three ftraight lines be propor- 
tionals, as the firft is to the third, fo is any triangle upon the firft to 
a fimilar and fimilarly deferibed triangle upon the fccond. 





G C E F 

dierefor fimilar triangles 8cc. 



PROP. XX. THEOR. 

S Imilar Polygons are divided into the fame number 
of fimilar triangles, which have the fame ratio that 
the whole Polygons have to one another ; and the poly- 
gons have to one another the duplicate ratio of that which 
their homologous fides have. 

Let ABCDE, FGHKI . be fimilar polygons, and let AB be the ho- 
mologous fide to FG. the polygons ABCDE, FGHKI. can be div ided 
into the fame number of fimilar triangles, whereof each to each fhall 
have the fame ratio which the polygons have; and the polygon ABCDE 
fhall have to die polygon FGHKL the duplicate ratio of diat which 
the fide AB has to the fide FG. 

Join BE, EC, GI., LII. and becaulc the polygon ABCDE is fi- 
milar to the polygon FGIIKL, the angle DAE is equal to die angle 

GFL a , 
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GFL", and BA is to AE, as GF to FL 3 . wherefor becauic the tri- Bo °* VI * 
angles ABE, FGL have an angle in one equal to an angle in the other, 
and their fides about thefc equal angles proportionals, the triangle ABE 
ft all be equiangular b , and 
therefor fimilar to the tri- 
angle FGL c ; wherefor the 
angle ABE is equal to the 
angle FGL. and, becaufe 
the polygons are fimilar, the 

whole angle ABC is equal 3 to the whole angle FGH; therefor the 
remaining angle EBC 'is equal to the remaining angle LGH. and be- 
caufe the triangles ABE, FGL arc fimilar, EB is to BA, as LG to 
GF 3 ; and alfo, bccaufe the polygons arc fimilar, AB is to BC, as 
FG to GH 3 ; therefor, ex aequali* 1 , EB is to BC, as LG to GH ; <J. 12. 5. 
that is, the fides about the equal angles EBC, LGH arc proportionals; 
therefor b the triangle EBC is equiangular to the triangle LGH, and 
fimilar to it c . by the fame reafon the triangle ECD likewile is fimilar 
to thc ( triangle LHK. therefor the fimilar polygons ABC DE, FGHKL 
arc divided into the fame number of fimilar triangles. 

Alio thclc triangles ftall have, each to each, die lame ratio which 
the whole polygons have to one another, the antecedents being ABE, 

EBC, ECD, and the conlequcnts FGL, LGH, LHK. and the polygon 
ABCDE ftall have to the polygon FGHKL the duplicate ratio of that 
which the fide AB has to the homologous fide FG. 

Becauic the triangle ABE is fimilar to the triangle FGL, ABE 
ftall have to FGL the duplicate ratio e of that which the fide BE has to e. 19. 6. 
the fide GL. by the lame realbn, the triangle BEC has to GLH the 
duplicate ratio of that w hich BE has to GL. therefor as the triangle 
ABE to the triangle FGL, fo f is the triangle BEC to the triangle GLH. f. 1 *. j. 

Again, 
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Book VI. Again, bccaufc the triangle EBC is fimilar to the triangle LGH, EBC 
{hall have to LGH, the duplicate ratio of that which the fide EC has 
to the fide LH. by the fame rcafon, the triangle ECD fhall have to 
the triangle LIIK, the duplicate ratio of that which EC has to LH. 
as therefor the triangle EBC 
to the triangle LGH, fo 
f. si. 5. is f the triangle ECD to 
the triangle LHK. but it 
has been proved that like- 
wife the triangle EBC 
is to the triangle LGH, as the triangle ABE to the triangle 
FGL. Therefor as the triangle ABE is to the triangle FGL, fo 
triangle EBC to triangle LGH, and triangle ECD to triangle 
LHK. and therefor as one of the antecedents to one of the confe- 
6- ts. 5. quents, fo arc all the antecedents to all the confequentsS. Whcrcfor 
as the triangle ABE to the triangle FGL, fo is the polygon ABCDE 
to the polygon FGHKL. but the triangle ABE has to the triangle 
FGL, the duplicate ratio of that which the fide AB has to the ho- 
mologous fide FG. Therefor alfo the polygon ABCDE has to the 
polygon FGHKL die duplicate ratio of that which AB has to the 
homologous fide FG. Whcrcfor fimilar polygons &c. E. D. 

Cor. i. In like manner it may be proved that fimilar four fided 
figures, or of any number of fidcs arc one to another in the dupli- 
cate ratio of their homologous fidcs, and it has already been proved in 
triangles. Therefor univerfally, fimilar rcAilineal figures are to one 
another in die duplicate ratio of their homologous fides. 

Cor. 2 . And if to AB, FG two of the homologous fides a third 
b, lo.Def. j. proportional M be taken, AB fhall have h to M the duplicate ratio of 
that which AB has to FG. but die four fided figure or polygon upon 

AB 
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AB has to the four fided figure or polygon upon FG likewife the du- Bo 0 * VL 
plicate ratio of that which AB has to FG. therefor as AB is to M, 
fo is the figure upon AB to the figure upon FG, which alfo was proved 
in triangles'. Therefor, univerfally, it is manifeft, that if three ftraight i. Cor. 19. 4 . 
lines be proportionals, as the firft is to the third, lo is any reft i lineal fi- 
gure upon the firft, to a fimilar and Gmilarly deferibed rectilineal fi- 
gure upon the fecond. 

PROP. XXI. THEOR. 

R Ectlineal figures which are fimilar to the fame rec- 
tilineal figure, are alfo fimilar to one another. 

Let each of the rectilineal figures A, B be fimilar to die rectilineal 
figure C. the figure A fhall be fimilar to the figure B. 

Becaufe A is fimilar to C, they fhall be equiangular, and alfo have 
their Tides about the equal angles proportionals 1 , again, becaufe B is fi- a. 1. Dcf. 4 . 
milar to C, they fhall be equiangu- 
lar, and have their fides about the 
equal angles proportionals 11 , there- 
for the figures A, B are each of 
them equiangular to C, and have the fides about the equal angles of 
each of them and of C proportionals. Whcrcfor the rectilineal figures 
A andB are equiangular b , and have their fides about the equal angles b. 1. Ax. 1. 
proportionals". Therefor A is fimilar 1 to B. E. D. c. u. $• 



D d PROP. XXII. 
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». u.6. 



b, 11. j 

c. 31. { 
4.2. Cor. ao.6 



PROP. XXII. THEOR. 

I F four ftraight lines be proportionals, die fimilar recti- 
lineal figures fimilarly defcribed upon them (hall allb 
be proportionals, and if the fimilar rectilineal figures li- 
milarly defcribed upon four ftraight lines be proportionals, 
thefe ftraight lines (hall be proportionals. 

Let the four ftraight lines AB, CD, EF, GH be proportionals, viz. 
AB to CD, as EF to GH, and upon AB, CD let the fimilar rectili- 
neal figures KAB, LCD be fimilarly defcribed; and upon EF, GH 
the fimilar rectilineal figures MF, NH, in like manner, the rectilineal 
figure KAB Ihall be to LCD, as MF to NH. 

To AB, CD take a third proportional 1 X; and to EF, GH a 
third proportional O. and bccaufe AB is to CD, as EF to GH, allb 



K 




A BCD 




• CD fhall be b to X, as GH to O; wherefor ex aequali c , as AB to X, 
’ fo EF to O. but as AB to X, lb is d the rectilineal KAB to the recti- 
lineal LCD, and as EF to O, fo is d die rectilineal MF to the recti- 
lineal NH. therefor as KAB to LCD, fo c is MF to NH. 

And 
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And if the rectilineal KAB be to LCD, as MF to NH; the ftraight B 0 0 * VI - 
line AB flxall be to CD, as EF to GH. 

Make * as AB to CD, lb EF to PR, and upon PR defiribe f the *• '** 6 : 
rectilineal figure SR fimilar and fimilarly fituated to either of the figures 
MF, NH. therefor becaufe as AB to CD, ib EP to PR, and that upon 
AB, CD are deferibed the fimilar and fimilarly fituated reCtilineals 
KAB, LCD, and upon EF, PR, in like manner, the fimilar reCtili- 
ncals MF, SR; KAB fhall be to LCD, as MF to SR; but, by the 
Hypothefis, KAB is to LCD, as MF to NH ; and therefor the recti- 
lineal MF having the fame ratio to each of the two NH, SR, they 
fhall be equal e to one another, they are alfo fimilar, and fimilarly fi- g. 9. j. 
tuated; therefor GH is equal to PR. and becaufc as AB to CD, fb 
is EF to PR, and that PR is equal to GH; AB fhall be to CD, as 
EF to GH. If therefor four ftraight lines &c. E. D. 

PROP. XXIII. THEOR. 



U Quiangular parallelograms have to one another the 
-L* ratio which is compounded of the ratios of their 
fides. 



Let AC,, CF be equiangular parallelograms, having the angle 
BCD equal to the angle ECG. the ratio 
of the parallelogram AC to the parallelo- 
gram CF, fhall be the fame with the ratio 
which is compounded of the ratios of their 
fides. 

Let BC, CG be placed in a ftraight line, 
then fhall DC and CE be alfo in a ftraight 
line*; and compleat the parallelogram DG, 

D d a 




KLM 
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Boot VI. anc ] j taking any flraight line K, make b as BC to CG, fo K to L; and 
as DC to CE, (o make b L to M. therefor the ratios of K to L, and 
L to M are the fame with the ratios of the fides, viz. of BC to CG, 
and DC to CE. But the ratio of K to M is that w hich is faid to be 
e. A. Dtf. j. compounded c of the ratios of K to L, and L to M. wherefor alfo K has 
to M, the ratio compounded of the ratios of 
the fides. and bccaufc as BC to CG, fo is 
the parallelogram AC to the parallelogram 
d. i.6-CH d ; but as BC to CG, fo is K to L; K 
*. it. j. fhall be c to L, as the parallelogram AC to 
the parallelogram CH. again, becaufe as DC 
to CE, fo is the parallelogram CH to the pa- 
rallelogram CF ; but as DC to CE, fo is L 
to M; L fhall c be to M, as the parallelogram CH to the parallelo- 
gram CF. therefor fincc it has been proved that as K to L, fo is the 
parallelogram AC to the parallelogram CH; and as L to M, fo the 
f. a a. j. parallelogram CH to the parallelogram CF; cx aequali f , K. fhall be 
to M, as the parallelogram AC to the parallelogram CF. but K has 
to M the ratio which is compounded of the ratios of die fides; there- 
for alfo the parallelogram AC has to the parallelogram CF the ratio 
w hich is compounded of the ratios of the fides. Wherefor equiangular 
parallelograms &c. E. D. 

PROP. XXIV. THEOR. 

T HE parallelograms about the diameter of any paral- 
lelogram, are fimilar to the whole, and to one ano- 
ther. 

Let ABCD be a parallelogram, whofe diameter is AC ; and EG, 

HK. 
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HK the parallelograms about the diameter, the parallelograms EG, B “Vj 1, 
HK lhall be fimilar both to the whole parallelogram ABCD, and to 
one another. 

Becaufe DC, GF arc parallels, the angle ADC lhall be equal * to «. 29. ». 
the angle AGF. by the fame reafon, bccaulc BC, EF arc parallels, 
the angle ABC is equal to the angle AEF. and each of the angles 
BCD, EFG is equal to the oppolite angle DAB b , A E B b. 34. 1. 

and therefor are equal to one another; whcrc- 
for the parallelograms ABCD, AEFG arc cqui- G, 
angular, and bccaufe the angle ABC is equal to / 
the angle AEF, and the angle BAC common [_ 
to the two triangles BAC, EAF, they lhall be c- ^ ^ C 

quiangular to one another ; therefor c as AB to BC, lb is AE to EF. «• 4- <• 
and bccaufe die oppofitc fidcs of parallelograms are equal to one ano- 
ther 1 *, AB lhall d be to AD, as AE to AG; and DC to CB, as GF d - 7 - !■ 
to FE; and alio CD to DA, as FG to GA. therefor the fidcs of 
the parallelograms ABCD, AEFG about the equal angles arc propor- 
tionals; and they are therefor fimilar to one another', by the famce. i.Def. 6, 
reafon, the parallelogram ABCD is fimilar to the parallelogram FHCK. 

Whcrcfor each of the parallelograms GE, KH is fimilar to DB. but 
rectilineal figures which are fimilar to the fame rcffilincal figure, are 
alfo fimilar to one another f , dicrefor the parallelogram GE is fimilar f. 21.6. 
to KH. Whcrcfor in every 8cc. E. D. 

PROP. XXV. PROB. 

T O deferibe a rectilineal figure which lhall be fimilar 
to one, and equal co another given rectilineal ii- 
gure. 

Let 
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Boot VI. Let ABC be the given rectilineal figure, to which the figure to be 
deferibed is required to be fimilar, and D that to which it mull be 
equal. It is required to deferibe a rectilineal figure fimilar to ABC 
and equal to D. 

*. Cor. 4 j. i. Upon the ftraight line BC deferibe 1 the parallelogram BE equal to 
the figure ABC ; and upon CE deferibe * the parallelogram CM equal 
to D, having the angle FCE equal to the angle CBL. therefor BC 
b. and CF are in a ftraight linc b , as alfbLE and EM. between BC and 

c. ij. 6. CF find c a mean proportional GH, and upon GH deferibe d the 
**• l8 ' 6 ‘ ceftilincal figure KGH fimilar and fimilarly fituated to the figure ABC. 
and bccaufe BC is to GH, as GH to CF, and if three ftraight lines be 



A 




«.j.cor.3o.«. proportionals, as thefirftis to the third, fo is e the figure upon the firft 
to the fimilar and fimilarly defcribed figure upon the fecond; therefor 
as BC to CF, lo lhall the rectilineal figure ABC be to KGH. but as 

f. i. 6 . BC to CF, fo is f the parallelogram BE to the parallelogram EF. 
therefor as the rectilineal figure ABC is to KGH, fo is the parallelo- 

g. ti. j. gram BE to the parallelogram EF®. and the rectilineal figure ABC is 

equal to die parallelogram BE ; dierefor the rectilineal figure KGH is 

h. 14. j. equal h to the parallelogram EF. but EF is equal to the figure D, 

wherefor alfo KGH is equal to D; and it is fimilar to ABC. There- 
for the rectilineal figure KGH has been deferibed fimilar to the fi- 
gure ABC, and equal to D. Which was to be done. 

PROP. XXVI. 
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Bo 01 VI. 

PROP. XXVI. THEOR. 

F two fimilar parallelograms have a common angle, and 
be fimilarly fkuated, they fhall be about the fame dia- 
meter. 

Let the parallelograms ABCD, AEFG be fimilar and fimilarly fi- 
tuated, and have the angle DAB common. ABCD and AEFG fhall 
be about the feme diameter. 

For if not, let, if poffible, the parallelogram BD have its diameter 
AHC in a different ftraight line from AF die diameter of the paral- 
lelogram EG, and let GF meet AHC in H ; 
parallel to AD or BC. therefor becaufc the 
parallelograms ABCD, AKHG are about the 
fame diameter, they fhall be fimilar to one a- 
nothcr \ wherefor as DA to AB, fo is b 
G A to AK. but becaufc ABCD and AEFG 
are fimilar parallelograms, as DA is to AB, 

fo GA to AE. therefor c as GA to AE, lb GA to AK; wherefore, n.j. 

GA has the feme rado to each of the ftraight lines AE, AK; and AK 
fhall be equal d to AE, the leffer to the greater, which is impoffible. d. 9. y. 
therefor ABCD and AKHG arc not about dje fame diameter; where- 
for ABCD and AEFG muft be about the feme diameter. Therefor 
if two fimilar &c. E. D. 

‘ To underftand the three following propofidons more eafily, it is 
‘ to be obferved, 

‘ I . That a parallelogram is faid to be applied to a ftraight line, 

* when it is deferibed upon it as one of its fides. Ex. gr. the parallc- 
‘ Ingram AC is feid to be applied to the ftraight line AB. 

‘ 2. But 



and thro’ H draw HK 
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‘ 2. But a parallelogram AE is laid to be applied to a ftraight line 
AB, deficient by a parallelogram, when AD the bafe of AE is lefs 
than AB, and therefor AE is left than the parallelogram AC de- 
feribed upon AB in the fame angle, and between the lame parallels, 
by the parallelogram DC ; and DC is there- EC G 

for called the defeft of AE. 

‘ 3. And a parallelogram AG is faid to 
be applied to a llraight line AB, exceeding 



D B 



by a parallelogram, when AF the bafe of AG is greater than AB, 
and therefor AG exceeds AC the parallelogram dclcribed upon AB 
in the fame angle, and between the fame parallels, by the parallelo- 
gram BG.’ 

PROP. XXVII. THE OR. 



O F all parallelograms applied to the fame ftraight line, 
and deficient by parallelograms fimilar and fimilarly 
fituated to that which is deferibed upon the half of the 
line; the greateft is that which is applied to the half, 
which is fimilar to its defeat. 



Let AB be a ftraight line divided into two equal parts in C ; and 
let the parallelogram AD be applied to the half AC, which is therefor 
deficient from the parallelogram upon tire whole line AB by the paral- 
lelogram CE upon the other half CB. the parallelogram AD fhall be 
the greateft of all the parallelograms applied to any other parts of AB 
which are deficient by parallelograms that arc fimilar and fimilarly fi- 
tuated to CE. 

Let AF be any parallelogram applied to AK any other part of AB 
than the half, fo as to be deficient from the parallelogram upon the 

whole 
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whole line AB by the parallelogram KTI fimilar and funilarly fituated Boo* Vi. 
to CE ; AD fhall be greater than AF. 

Firft, Let AK the bafe of AF be greater than AC the half of 
AB; and bccaufe CE is funilar to die paralle- 
logram KH, they fhall be about the fame dia- 
meter 3 . draw their diameter DB, and compleat 
the fcheme. therefor bccaufe the parallelogram 
CF is equal ’’ to FE, add KH to both, and the 
whole CH fhall be equal to the whole KE. but 
CH is equal c to CG, bccaufe the bafe AC is 
equal to the bafe CB; therefor CG is equal to KE. to each of thcle 
add CF ; the whole AF fhall be equal to the gnomon CHL. there- 
for CE or the parallelogram AD is greater than the parallelogram AF. 

Next, Let AK the bafe of AF be lelfer than 
AC, and, the fame conftruftion being made, the 
parallelogram DH fhall be equal to DG C , for 
HM is equal to MG d , bccaufe BC is equal to 
CA; wherefor DH fhall be greater than LG. but 
DH is equal b toDK ; dicrcfor DK is greater than 
LG. to each of thefe add AL; and the whole 
AD fhall be greater than the whole AF. There- J^— 
for the parallelogram applied &c. E. D. 




d. 34. !. 
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G/'V'W PROP. XXVIII. PROB. 

T O a given ftraight line to apply a parallelogram that 
fhall be equal to a given redi lineal figure, and be 
deficient by a parallelogram limilar to a given parallelo- 
gram. but the given rectilineal figure to which the paral- 
lelogram to be applied is to be equal, muft not be greater 
than the parallelogram applied to the half of the given 
line whofe defect is limilar to the defied of that which is 
to be applied; that is, to the given parallelogram. 

Let AB be the given ftraight line, and C the given rofti lineal fi- 
gure, to which die parallelogram to be applied is required to be equal, 
which figure muft not be greater than the parallelogram applied to the 
half of the fine having its defeft from that upon the whole line fimi- 
lar to the defeft of that which is to be 
applied ; and let D be the parallelogram 
to which this defeft is required to be fi- 
milar. It is required to apply a paral- 
lelogram to the ftraight line AB, which 
Ihall be equal to the figure C, and be 
deficient from the parallelogram upon 
the whole line by a parallelogram fimi- 
lar to D. 

». jo i. Divide AB into two equal parts a in 
b. >8. 6. the point E, and upon EB deferibe the parallelogram EBFG fimilar b 
and fimilarly fituated to D, and compleat the parallelogram AG, 
which muft either be equal to C, or greater than it, by the determi- 
nation. and if AG be equal to C, then what was required is already 

done; 
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done; for upon the ftraight line AB the parallelogram AG Is ap-®°°* VI - 
plied equal to the figure C, and deficient by the parallelogram EF fi- 
milar to D. but if AG be not equal to C, it is greater than it; and 
EF is equal K> AG, therefor EF alfo is greater titan C. Make c thec. 55. 6 . 
parallelogram KLMN equal to the excels of EF above C, and fimi- 
lar and limilarly fituated to D; but D is fimilar to EF, therefor d alfo d. 21. 4 . 
KM is fimilar to EF. let KL be die homologous fide to EG, and 
LM to GF. and becaule EF is equal to C and KM togetlier, EF 
fhall be greater than KM; therefor the ftraight line EG is greater 
than KL, and GF than LM. make GX equal to LK, and GO equal 
to LM, and compleat the parallelogram XGOP. therefor XO is equal 
and fimilar to KM ; but KM is fimilar to EF ; wherefor allb XO is 
fimilar to EF, and therefor XO and EF arc about the fame diame- 
ter'. let GPB be their diameter, and compleat the Ichemc. then be-e. »i. 6 . 
caufe EF is equal to C and KM together, and XO a part of the one 
is equal to KM a part of the other, the remainder, viz. the gnomon 
ERO fhall be equal to the remainder C. and becaule OR is equal l (, 3lJ . 
to XS, by adding SR to each, the whole OB fhall be equal to the 
whole XB. but XB is equal s to TE, becaule the bale AE is equal to g. 36. 1. 
the bale EB; wherefor allb TE is equal to OB. add XS to each, 
and the whole TS fhall be equal to the whole, viz. to the gnomon 
ERO. but it has been proved that the gnomon ERO is equal to C, 
and therefor allb TS lhall be equal to C. Wherefor the parallelogram 
TS equal to the given rectilineal figure C, is applied to the given ftraight 
line AB deficient by the parallelogram SR fimilar to the given one D, 
becaule SR 'is fimilar to EF 1 '. Which was to be done. h. ■u,. t. 
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PROP. XXIX. PROB. 

T O a given ftraight line to apply a parallelogram that 
(hall be equal to a given rectilineal figure, exceeding 
by a parallelogram fimilar to another given. 



Let AB be the given ftraight line, and C the given reflilincal fi- 
gure to which the parallelogram to be applied is required to be equal, 
and D the parallelogram to which the excels of the one to be applied 
above that upon the given line is required to be fimilar. It is required 
to apply a parallelogram to the 
given ftraight line AB which fhall 
be equal to die figure C, exceed- 
ing by a parallelogram fimilar 
to D. 

Divide AB into two equal parts 
in die point E, and upon EB 
*. 1 8. 6 . deferibe a the parallelogram EL 
fimilar and fimilarly fituated to 

b. 2 f . 6 . D. and make b the parallelogram GH equal to EL and C together, 

and fimilar and fimilarly fituated to D ; wherefor GH lhall be fimilar 

c. ai. 6 . to EL C . let KH be the fide homologous to FL, and KG to FE. and 

becaufe the parallelogram GII is greater than EL, the fide KH fhall 
be greater than FL, and KG dian F'E. produce FL and FE, and 
make FLM equal to KH, and FEN to KG, and compleat die paral- 
lelogram MN. MN is therefor equal and fimilar to GH ; but GH is 
fimilar to EL ; wherefor MN is fimilar to EL., and EL and MN fhall 
J. 26 . 6 . be about the fame diameter 11 , draw their diameter FX, and compleat 
the fcheme. becaufe therefor GH is equal to EL and C togcdier, and 

diat 
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that GH is equal to MN T ; MN /hall be equal to EL and C. take B °_° *_ VI - 
away the common part EL; the remainder, viz. the gnomon NOL 
/hall be equal to C. and bccaufc AE is equal to EB, the parallelo- 
gram AN /hall be equal e to the parallelogram NB, that is to BM . ' 
add NO to each; and the whole, viz. the parallelogram AX /hall be 
equal to the gnomon NOL. but the gnomon NOL is equal to C; 
therefor aHo AX is equal to C. Wherefor to the ftraight line AB there 
is applied the parallelogram AX equal to the given rectilineal C, exceed- 
ing by the parallelogram PO, which is fimilar to D, bccaufe PO is fi- 



X. 

I. 



milar to ELfi. Which was to be done. 



g. 34. 6. 



PROP. XXX. PROB. 

T O cut a given ftraight line in extreme and mean 
ratio. 



Let AB be the given ftraight line; it is required to cut it in extreme 
and mean ratio. 

Upon AB deferibe * the fquarc BC, and to AC apply the parallclo- a. 46. 1. 
gram CD equal to BC exceeding by the figure 
AD fimilar to BC b . but BC is a Iquare, there- 
for al/o AD is a Iquare. and bccaufc BC is 
equal to CD, by taking the common part CE 
from each, the remainder BF /hall be equal to 
the remainder AD. and thefc figures arc equi- 
angular, therefor their fides about die equal 
angles /hall be reciprocally proportional c . where- 
for as FE to ED, fo AE to EB. but FE is equal to AC J , that isd. 34. 1. 
to AB ; and ED is equal to AE. therefor as BA to AE, fo is AE to 
EB. but AB is greater than AE; wherefor AE is greater than EB e . 14. s - 

thcrc- 
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Boot vi. therefor the ftraight line AB is cut in extreme and mean ratio in E f . 

f. 3. Dcf. 6. Which was to be done. 



Otherwife, 

Let AB be the given ftraight line; it is required to cut it in ex- 
treme and mean ratio. 

Divide AB in the point C, fo that the rectangle contained by AB, 

g. 11. a. BC be equal to the fquarc of ACS. therefor becaule — ^ — — 

the rectangle AB, BC is equal to the fquarc of AC, 

h. 17.6.3s BA to AC, lo lhall AC be to CB h . therefor AB is cut in ex- 

treme and mean ratio in C f . Which was to be done. 



PROP. XXXI. THEOR. 

I N right angled triangles the reftilincal figure deferibed 
upon the fide oppolite to the right angle, is equal to 
the fimilar, and fimilarly deferibed figures upon the fides 
containing the right angle. 



Let ABC be a right angled triangle, having the right angle BAC. 
the rcffilincal figure deferibed upon BC lhall be equal to the fimilar 
and fimilarly dclcribcd figures upon BA, AC. 

Draw the perpendicular AD; therefor becaule in the right angled 
triangle ABC, AD is drawn from 
the right angle at A perpendicular to 
the bafe BC, the triangles ABD, ADC 
lhall be fimilar to the whole triangle 
*. 8 . 6. ABC, and to one another 1 . and becaule 
the triangle ABC is fimilar to ABD, as 
4- 6- CB to BA, fo lhall BA be to BD b . and becaufc thefe three ftraight lines 

are 
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are proportionaU, as the firft to the third, fo Qiali the figure upon the * • 0 K Vl 
firft be to die fimilar, and firailarly delcribcd figure upon the fceond'. 
dierefor as CB to BD, lo is the figure upon CB to die fimilar and fi- 
milarly delcribcd figure upon BA. and, inverfely J , as D8 to BC, fod. B. 5. 
is the figure upon BA to that upon BC. by die fame rcalon, as DC 
to CB, fo is the figure upon CA to that upon CB. Where for as BD 
and DC together to BC, lo are the figures upon BA, AC to that 
upon BC e . but BD and DC together are equal to BC. Therefor the e . 34. j.' 
figure delcribcd on BC is equal * to the fimilar and fimilarly deferibed f. a. 5. 
figures on BA, AC. wherefor in right angled triangles &c. Q^E. D. 

PROP. XXXII. THF.OR. 

I F two triangles which have two fides of the one pro- 
portional to two fides of the other, be joined at one 
angle fo as to have their homologous fides parallel to one 
another j the remaining fides lhall be in a llraight line. 

Let ABC, DCE be two triangles which have the two fides BA, 

AC proportional to the two CD, DE, viz. BA to AC, as CD to DE; 
and let AB be parallel to DC, and AC to DE. BC and CE lhall be 
in a ftraight line. 

Elccaule AB is parallel to DC, and the ftraight line AC meets them, 
the alternate angles BAC, ACD lhall 
be equal’; by the lame rcalon the 
angle CDE is equal to the angle ACD; 
wherefor allb BAC is equal to CDE. 
and becaufe the triangles ABC, DCE 
have one angle at A equal to one at 

D, and the lldcs about thefe angles proportionals, viz. BA to AC, as 

CD 
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Boo* VI. CD to DE, the triangle ABC fliall be equiangular b to DCE. there- 
for the angle ABC is equal to the angle DCE. and the angle BAC 
■was proved to be equal to ACD. 
therefor the whole angle ACE is e- 
qual to the two angles ABC, BAC. 
add the common angle ACB, and the 
angles ACE, ACB lhall be equal to the 
angles ABC, BAC, ACB. but ABC, 
c. 33. 1. BAC, ACB are equal to two right angles c ; therefor alfo the angles 
ACE, ACB are equal to two right angles, and fincc at the point C in 
the ftraight line AC, the two ftraight lines BC, CE, which are on the 
oppofitc fides of it, make die adjacent angles ACE, ACB equal to two 
4 - 14. 1. right angles; therefor 11 BCandCEarc in a ftraight line. Wherefor if 
two triangles &c. Q;_ E. D. 




PROP. XXXIII. TIIEOR. 



I N equal circles, angles whether at the centres or circum- 
ferences have the fame ratio which the circumferences 
on which they ftand have to one another, as alfo have 
the fedtors. 



Let ABC, DEF'be equal circles; and at their centres the angles 
BGC, EHF, and the angles BAC, EDF at their circumferences, as the 
circumference BC to the circumference EF, fo fliall the angle BGC be 
to die angle EHF, and the angle BAC to die angle EDF; and 
alfo the fector BGC to the feftor EHF. 

Take any number of circumferences CK, KL each equal to BC, 
and any number whatever FM, MN each equal to EF; and join GK, 
GL, HM, FIN. Bccaufe the circumferences BC, CK, KL arc all o- 

qual. 
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qual, die angles BGC, CGK, KGL fhall alfo be all equal \ there - Booe yi ' 
for what multiple foever the circumference BL is of the circumference ^7^^ 
BC> the lame multiple is the angle BGL of the angle BGC. by the fame 
ration, whatever multiple the circumference EN is of the circumference 
EF, the fame multiple is the angle EHN of the angle EHF. and if 
the circumference BL be equal to the circumference EN, likewife the 
angle BGL lhall be equal a to the angle EHN ; and if the circumfe- 
rence BL be greater than EN, likewife the angle BGL fhall be greater 
than EHN ; and if lefs, lcflcr. there being then four magnitudes, the 
two circumferences BC, EF, and the two angles BGC, EHF ; of the cir- 




cumference BC, and of the angle BGC, have been taken any multiples 
whatev er, viz. the circumference BL, and the angle BGL ; and of the 
circumference EF, and of the angle EHF, any equimultiples what- 
ever, viz. the circumference EN, and the angle EHN. and it has been 
proved that if the circumference BL be greater than EN, the angle 
BGL is greater than EHN ; and if equal, equal ; and if lefs, lcffcr. 
as therefor the circumference BC to the circumference EF, fo b is the b. j, Dcf.j.' 
angle BGC to the angle EHF. but as the angle BGC is to the angle 
EHF, fo is c the angle BAC to the angle EDF, for each is double c. 1$. j. 
of each d . therefor as the circumference BC is to EF, fo is the angled . ao 3. 
BGC to the angle EHF, and the angle BAC to the angle EDF. 

F f Alfo 
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Boo * VI. Alfo, as the circumference BC to EF, fo fhall the fetfor BGC be 
to (] 1C fefto,- EHF. Join BC, CK, and in the circumferences BC, CK 
take any points X, O, and join BX, XC, CO, OK. then becauic in 
the triangles GBC, GCK die two fides BG, GC arc equal to the two 
CG, GK, and that they contain equal angles; the bafe BC dull be 
• «. 4- 1. equal e to the bafe CK, and the triangle GBC to the triangle GCK. 
and becaufe the circumference BC is equal to the circumference CK, 
the remaining part of the whole circumference of the circle ABC, 
fhall be equal to the remaining part of the whole circumference of the 
«. 37. 3. fame circle, whcrcfor the angle BXC is equal to the angle COK J ; 
f. u.Dcf. 3. and the fegment BXC is dicrcfor limilar to the fegment COK f ; and 




*• = 4 - J- circles upon equal firaight lines, arc equal 8 to one another, therefor 
the fegment BXC is equal to the fegment COK. and the triangle BGC 
is equal to the triangle CGK; therefor die w hole, the feftor BGC is 
equal to the whole, the feftor CGK. by the fame rcafon the feftor 
KGL is equal to each of the floors BGC, CGK. in the fame man- 
ner the feftors EHF, FHM, MHN fhall be proved equal to one ano- 
ther. therefor what multiple foever the circumference BL is of the cir- 
cumference BC, the fame multiple is the feftor BGL of the feftor 
BGC. by the fame rcafon, whatever multiple the circumference EN 
is of EF, die fame multiple is the feftor EHN of the fetfor EHF. 

and 
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and if the circumference BL be equal to EN, the feftor BGL is equal B 0 0 * VI - 
to the feftor EHN ; and if the circumference BL be greater than 
EN, the feftor BGL is greater than the feftor EHN; and if lefs, 
leilcr. fincc tlien there are four magnitudes, the two circumferences 
BC, EF, and the two feftors BGC, EHF, and of the circumference 
BC and feftor BGC, the circumference BL and feftor BGL are any 
equimultiples whatever; and of the circumference EF and feftor EHF, 
the circumference EN and feftor EHN are any equimultiples what- 
ever; and that it has been proved if the circumference BL be greater 
than EN, the feftor BGL is greater than the feftor EHN; and if 
equal, equal ; and if lefs, lefler. Therefor b as the circumference BC is b. $. Dtf. ; . 
to the circumference EF, fo is the feftor BGC to the feftor EHF. 

Whercfor in equal circles &c. E. D. 

PROP. B. THEOR. 

I F the angle of a triangle be bifle&ed by a ftraight line, 
which likewife cuts the bafe ; the redangle contained 
by the Tides of the triangle {hall be equal to the redangle 
contained by the fegments of the bafe, together with the 
fquare of the ftraight line which bifleds the angle. 



Let ABC be a triangle, and let the angle 
BAC be biftefted by the ftraight line AD; 
the rcftanglc BA, AC fhall be equal to the 
rcftangle BD, DC together with the Iquarc 
of AD. 

Defcribc the circle a ACB about the tri- 
angle, and produce AD to the circumference 
in E, and join EC. then bccaufc the angle 

F f 2 



A 
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Boo* VI. BAD is equal to the angle CAE, and the angle ABD to the angle b 
AEC, for they arc in the fame fegment; 
the triangles ABD, AEC ihall be equiangu- 
lar to one another, therefor as BA to AD, 
c. 4. 6. fo is c EA to AC, and the rcftanglc BA, ® 

<J. 16. 6. AC ihall be equal d to the re&anglc EAD, 

«• 3. a- tliat is c to die rcftangle ED, DA together 
with the fquarc of AD. but the reftanglc 
ED, DA is equal to the rcftangle f BD, DC. 

Therefor the reftanglc BA, AC is equal to the rcAanglc BD, 
DC together with the fquare of AD. Whcrefor if the angle &c. 
Qi E. D. 




PROP. C. THEOR. 



TF from an angle of a triangle a ftraight line be drawn 
^ perpendicular to the bafe; the reftangle contained by 
the lides of the triangle (hall be equal to the re&angle 
contained by the perpendicular and the diameter of the 
circle deferibed about the triangle. 



Let ABC be a triangle, and AD the 
perpendicular from the angle A to the 
bafe BC; the rcAangle BA, AC ihall be 
equal to the reftangle contained by AD 
and the diameter of the circle deicribed a- 
bout the triangle. 

»• S- 4 - Defcribc a the circle ACB about the 
triangle, and draw its diameter AE, and 
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join EC. becaufe the right angle BDA is equal b to the angle ECA 
in a fcmicircle, and the angle ABD to the angle AEC in the fame b. 31. 3. 
fegment c ; the triangles ABD, AEC are equiangular, therefor as d BA '• 
to AD, fo is EA to AC, and the rectangle BA, AC ihall be 
equal e to the rcftangle EA, AD. If therefor from an angle Sec. «• i*-* 5 - 
Q^E. D. 



THE 



Digitized by Google 






THE 



ELEMENTS 

O F 

EUCLID. 

BOOK XI. 



DEFINITIONS. 

A *• 

/l Solid b that which hath length, breadth, and thicknefs. 

II. 

That which bounds a folid b a fupcrficics. 

III. 

A ftraight line is perpendicular, or at right angles, to a plane, when 
it makes right angles with every ftraight line in that plane which 
meets it. 

IV. 

A plane is perpendicular to a plane, when the ftraight lines in one of 
the planes which arc perpendicular to the common ledtion of the 
two planes, are perpendicular to the other plane. 

The 
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V. Boo* XX. 

The inclination of a ftraight line to a plane is the acute angle It eon- 
tains with a ftraight line drawn from the point in which the inclined 
line meets the plane, to the point in which a perpendicular to the 
plane, drawn from any point of the inclined line above the plane, 
meets the fame plane. 



VI. 



The inclination of a plane to a plane is the acute angle contained by 
two ftraight lines drawn from any the fame point of their com- 
mon feftion at right angles to it, one upon one plane, and the 
other upon the other plane. 

VII. 

Two planes arc faid to have the lame, or like inclination to one ano- 
ther, which two other planes have, when the faid angles of inclina- 
tion are equal to one another. 

VIII. 

Parallel planes are fuch which do not meet one another tho’ produced. 

IX. 



A folid angle is that which is made by the meeting of more than 
two plane angles, which arc not in the fame plane, in one point. 

X. 

* The tenth Definition is omitted for rcalbns given in the Notes.’ 

XI. 

Similar (olid figures are fuch as have all their folid angles equal, each' 
to each, and which are contained by the fame number of fimilar 
planes. 

XII. 



A Pyramid is a folid figure which is contained by planes that are confti- 
tuted betwixt one plane and one point above it in which they meet. 

A Prifin. 
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Boo* XI. XIII. 

A Prifm is a folid figure contained by plane figures of which two that 
arc oppofite, are equal, fimilar, and parallel to one another; and 
the others parallelograms. 

XIV. 

A Sphere is a folid figure deferibed by the revolution of a femicircle a- 
bout the diameter, which remains unmoved. 

XV. 

The axis of a fphere is the fixed ftraight line about which the femi- 
circle revolves. 

XVI. 

The centre of a fphere is die fame with that of the femicircle. 

XVII. 



The diameter of a fphere is any ftraight line which pafles through 
the centre, and is terminated both ways by the fuperficies of the 
fphere. 

XVIII. 

A Cone is a folid figure dclcribcd by the revolution of a right angled 
triangle about one of the fides containing the right angle, which 
fide remains fixed. 

If the fixed fide be equal to the other fide containing the right angle, 
the Cone is called a right angled Cone ; if it be Ids than the other 
fide, an obtufe angled, and if greater, an acute angled Cone. 

XIX. 

The axis of a Cone is the fixed ftraight line about which the triangle 
revolves. 



XX. 



The bale of a Cone is the circle deferibed by that fide containing the 
right angle, which revolves. 



A Cylinder 
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xxi. Bo °* XI - 

A Cylinder is a folid figure deicribed by the revolution of a right 
angled parallelogram about one of its fidcs which remains fixed. 

XXII. 

The axis of a cylinder is the fixed flraight line about which the pa- 
rallelogram revolves. 

XXIII. 

The bafes of a cylinder arc the circles deicribed by the two revolving 
oppofite fides of the parallelogram. 

XXIV. 

Similar cones and cylinders arc fuch whofc axes and the diameters of 
their bafes are proportionals. 

XXV. 

A Cube is a folid figure contained by fix equal fquares. 

XXVI. 

A Tetrahedron is a folid figure contained by four equal and equila- 
teral triangles. 

XXVII. 

An Oftahedron is a folid figure contained by eight equal and equila- 
teral triangles. 

XXVIII. 

A Dodecahedron is a folid figure contained by twelve equal pentagons 
which are equilateral and equiangular. 

XXIX. 

An Icofahcdron is a folid figure contained by twertty equal and equi- 
lateral triangles. 

DEF. A. 

A Parallelepiped is a folid figure contained by fix quadrilateral fi- 
gures whereof every oppofite two are parallel. 

G g PROP. I. 
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Book XI. 



PROP. I. THEOR. 



^\NE part of a ftraight: line cannot be in a plane and 
another part above it. 



If it be poflible, let AB part of the ftraight line ABC be in the 
plane, and the part BC above it. and fincc 
the ftraight line AB is in die plane it can 
be produced in that plane, let it be produ- 
ced to D. therefor there are two ftraight 
lines ABC, ABD that have a common fegment AB, which is impof. 

*.Cor. n. z. fible \ 

PROP. II. THEOR, 

TWO ftraight lines which cut one another are in one 
A plane, and three ftraight lines which meet one ano- 
ther are in one plane. 




L*r two ftraight lines AB, CD cut one another in E ; AB, CD 
(hall be in one plane, and three ftraight lines EC, 

CB, BE which meet one another, are in one 
plane. 

Let any plane pafs through the ftraight line 
EB, and let the plane be turned about EB, pro- 
duced if ncceOary, until it pafs thro’ the point C 
then becaufe the points E, C are in this plane, 

». 7. D«f. i. the ftraight line EC (hall be in it*, by the fame reafon, the ftraight 
line BC fhall be in the fame; and, by the Hypothecs EB is in it. 
therefor the three ftraight lines EC, CB, BE are in one plane, but 

ia 
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in the plane in which EC, EB are, in the lame are b CD, AB. there- ® 0 0 * XI - 
for AB, CD are in one plane. Whercfor two ftraight lines 8cc. 

Q;.E. D. 

PROP. III. THEOR. 

TF two planes cut one another, their common fe&ion 
fhall be a ftraight line. 



Let two planes AB, BC cut one another, and let the line DB be 
their common feftion ; DB fhall be a ftraight line. 

If it be not, from the point D to B draw in the 
plane AB the ftraight line DEB, and in the plane 
BC the ftraight line DFB. then two ftraight lines 
DEB, DFB have the fame extremities, and therefor 
(hall include fpacc betwixt them; which is impof- 
fible 1 . therefor BD the common feftion of the 
planes AB, BC cannot but be a ftraight line. Whercfor if two planes &c, 
Q;,E. D. 

PROP. IV. THEOR. 




1, 10. Ax. 1.' 



I F a ftraight line ftand at right angles to each of two 
ftraight lines in the point of their interfetflion, it fhall 
alfo be at right angles to the plane which pafles through 
them, i. e. the plane in which they are. 



Let the ftraight line EF ftand at right angles to each of the ftraight 
lines AB, CD in E the point of their interfaftion. EF fhall alfo be at 
right angles to the plane palling thro’ AB, CD. 

Take the ftraight lines AE, EB, CE, ED all equal to one another; 

G g a and 
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Book XI- and thro’ E draw, in the plane in which are AB, CD, any llraight 
line GEH; that from any point F In EF, draw FA, FG, FD, FC, 
FH, FB. and bccaufe the two llraight lines AE, ED arc equal to the 
i. i j. i. two BE, EC, and that they contain equal angles 3 AED, BEC, the bafe 
\j. 1. AD fltall be equal b to the bale BC, and the angle DAE to the angle 
EBC- and the angle AEG is equal to the angle BEH therefor the 
triangles AEG, BEH have two angles of one equal to wo angles of the 
other, each to each, and the fides AE, EB, adjacent to the equal angles, 
e. a 6 . 1. equal to one another; wherefor they lhall have their other fides equal 1 . 
GE is therefor equal to EH, and AG to BH. 
and becaufc AE is equal to EB, and FE com- 
mon and at right angles to them, the bafe AF 
lhall be equal b to the bafe FB ; by the fame 
reafon CF is equal to FD. and bccaufe AD is 
equal to BC, and AF to FB, the two fides FA, 

AD are equal to die two FB, BC, each to each ; 
and the bafe DF was proved equal to the bafe 
J. 8 . 1. FC; therefor the angle FAD is equal d to the 

angle FBC. again, it was proved that AG is equal to BH, and alio 
AF to FB; FA then and AG, are equal to FB and BH, and the 
angle FAG has been proved equal to the angle FBH; therefor the 
bale GF is equal b to the bafe FH. again, bccaufe it was proved that 
GE is equal to EH, and EF is common; GE, EF lhall be equal to 
HE, EF; and the bale GF is equal to the bale FH; therefor the 
angle GEF is equal d to the angle HEF, and each of thefe angles 
t. ic.Def. 1. lhall be a right * angle. Therefor FE makes right angles with GH 
any llraight line drawn thro’ E in die plane palling thro’ AB, CD. 
In like manner it lhall be proved that FE makes right angles widi e- 
very llraight line which meets it in that plane. But a llraight line is 

at 
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at right angles to a plane when it makes right angles with every ftraight Boor XI. 
line which meets it in that plane f . therefor EF is at right angles to 
the plane in which arc AB, CD. Wherefor if a ftraight line &c. 

Q^E. D. 



PROP. V. THEOR. 

I F three ftraight lines meet all in one point, and a ftraight 
line ftands at right angles to each of them in that point ; 
thefe three ftraight lines Ihall be in one and the fame 
plane. 



Let the ftraight line AB ftand at right angles to each of the ftraight 
lines BC, BD, BE, in 13 the point where they meet; BC, BD, BE 
Ihall be in one and the fame plane. 

If not, let, if it be poftible, BD and BE be in one plane, and BC 
be above it; and let a plane pals through AB, 

BC, whole common fettion with the plane, 
in which BD and BE arc, (hall be a ftraight 
a line; let this be BF. therefor the three 
ftraight lines AB, BC, BF arc all in one 
plane, viz. that which palfes through AB, BC. 
and becaufc AB ftands at right angles to 
each of the ftraight lines BD, BE, it Ihall alfo be at right angles b to b. 4 . »r. 
the plane palling through them; and therefor Ihall make right angles c c. 3 . Dtf. ti. 
with every ftraight line in that plane which meets it; but BF which 
is in that plane meets it. therefor the angle ABF is a right angle; 
but the angle ABC, by the Hypothefis, is alfo a right angle; therefor 
die angle ABF is equal to the angle ABC, and they arc both in the 
' lame plane, which is impofliblc. therefor the ftraight line BC is not 

above 
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Boo* XI. above the plane in which are BD and BE. wherefor the three draught 
lines BC, BD, BE arc in one and the fame plane, therefor if three 
flraight lines &c. Ch E. D. 

PROP. VI. THEOR. 

I F two flraight lines be at right angles to the fame plane, 
they fhall be parallel to one another. 

Let the flraight lints AB, CD be at right angles to the lame plane; 
AB fha.ll be parallel to CD. 

Let them meet the plane in the points B, D, and draw the flraight 
line BD, to which draw DE at right angles, in die lame plane ; and 
rtiake DE equal to AB, and join BE, AE, AD. 
then becaufc AB is perpendicular to the plane, It 
*. 3. 11. fhall make right angles a with every flraight line 
which meets it, and is in that plane, but BD, BE, 
which are in that plane, do each of diem meet 
AB. therefor each of die angles ABD, ABE is 
a right angle, by the fame reafbn, each of the 
angles CDB, CDE is a right angle, and becailfe 
AB is equal tb DE, and BD common, the two fidcs AB, BD, are e- 
qiial to the two ED, DB; and they contain right ahgles; therefor 
b. 4. 1. the bale AD is equal b to die bafe BE. again, becaufe AB is equal 
to DE, and BE to AD ; AB, BE arc equal to ED, DA, and, in the 
triangles ABE, EDA, the bafe AI 2 is common ; therefor the angle 
c. 8. 1. ABE is equal c to the angle EDA. but ABE is a right angle; diere- 
for EDA is alfo a right angle, and ED perpendicular to DA. but it 
is alfo perpendicular to each of the two BD, DC. wherefor ED it 
at right angles to each of the three flraight lines BD, DA, DC in 

the 




Digitized by Google 




OF EUCLID. 

the point in which they meet, therefor thefe three ftraight lines' arc B ® 0 * XI. 
all in the fame plane* 1 , but AB is in the plane in which arcBD, DA, 
becaufc any three Anight lines which meet one another are m one 
plane 0 , therefor AB, BD, DC arc in one plane, and each of the angles «. a. n. 
ABD, BDC is a right angle; therefor Allis parallel 1 to CD. Where* f. a8. i. 
for if two ftraight lines &c. E. D. 

PROP. VII. THEOR. 

I F two ftraight lines be parallel, the ftraight line drawn 
from any point in the one to any point in the other 
fhall be in the fame plane in which the parallels are. 

Let AB, CD be parallel ftraight lines, and take any point E in 
the one, and the point F in the other, the ftraight line which joins E 
and F fhall be in the fame plane in which the parallels arc. 

If not, let it be, if poffible, above the plane, as EGF; and in the 
plane ABCD in which the parallels arc, A E B 

draw the ftraight line EHF from E to F j 
and fince EGF alfo is a ftraight line, the 
two ftraight lines EHF, EGF (hall include 
fpace betwixt them, which is impoffiblc \ C F D *• l * 

Therefor the ftraight line joining the points 

E, F is not above the plane in which the parallels AB, CD are, 
and is therefor in that plane. Wherefor if two ftraight lines &c. 

Q;. E. D. 

prop. vrn. 
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Book XI. 

k/V\_; PROP. VIII. THEOR. 

TF two ftraight lines be parallel, and one of them is at 
right angles to a plane; the other alfo {hall be at 
right angles to the fame plane. 

Let AB, CD be two parallel ftraight lines, and let one of them 
AB be at right angles to a plane; the other CD (hall be at right 
angles to the fame plane. 

Let AB, CD meet the plane in the points B, D, and join BD. 
therefor AB, CD, BD are in one plane, in the plane, to which AB 
is at right angles, draw DE at right angles to BD, and make DE c- 
qual to AB, and join BE, AE, AD. and bccaufe 
AB is perpendicular to the plane, it (hall be 
perpendicular to every ftraight line which meets 
>. 3. Def. 11. ft) and is in that plane 3 , therefor each of the 
angles ABD, ABE, is a right angle, and bccaufe 
the ftraight line BD meets the parallel ftraight 
lines AB, CD, the angles ABD, CDB (hall toge- 
"b- *9- 1. tlicr be equal l ’ to two right angles, and ABD 

is a right angle; therefor alfo CDB is a right angle, and CD perpen- 
dicular to BD. and bccaufe AB is equal to DE, and BD common, 
the two AB, BD, arc equal to the two ED, DB, and the angle ABD 
is equal to the angle EDB, bccaufe each of them is a right angle; 

c. 4. 1. therefor the bafe AD is equal c to the bafe BE. again, bccaufe AB 

is equal to DE, and BE to AD; the two AB, BE arc equal to die 
two ED, DA; and the bafe AE is common to the triangles ABE, 

d. 8.1. EDA; wherefor the angle ABE is equal J to the angle EDA. and 

ABE is a right angle? and therefor EDA is a right angle, and ED 

perpendicular 
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perpendicular to PA* but it is alfo perpendicular to BD; therefor ED 

is perpendicular e to the plane which partes through BD, DA, and e . 4. n. 

fhall { make right angles with every ftraight line in that plane which f. 3. Def. 1 1. 

meets it. but DC is in the plane parting through BD, DA, becaufe all 

three are in the plane in which arc the parallels AB, CD. wherefor 

ED is at right angles to DC; and therefor CD is at right angles to 

DE. but CD is alfo at right angles to DB; CD then is at right angles 

to the two ftraight lines DE, DB in the point of their interfeftion D; 

and therefor is at right angles to the plane parting thro’ DE, DB, 

which is the fame plane to which AB is at right angles. Therefor if 

two ftraight lines &c. Q;_ E. D. 

PROP. IX. THEOR. 

T WO ftraight lines which are each of them parallel 
to the feme ftraight line, and not in the feme plane 
with it, are parallel to one another. 

Let AB, CD be each of them parallel to EF, and not in the fame 
plane with it; AB fhall be parallel to CD. 

In EF take any point G, from which draw*, in the plane parting 
through EF, AB, the ftraight line GH at 
right angles to EF ; and in the plane parting 
through EF, CD draw GK at right angles 
to the fame EF. and bccaufe EF is perpen- 
dicular both to GH and GK, EF fhall be 
perpendicular a to the plane HGK parting 

through them, and EF is parallel to AB; therefor AB is at right 
angles b to the plane HGK. by the fame rcafon, CD is likewifeb. 8. 11. 
at right angles to the plane HGK. therefor AB, CD arc each of 

H h them 
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Boos XI- t hcm at right angles to the plane HGK. but if two ftraight lines 
he at right angles to the fame plane, they (hall be parallel * to one a- 
nother. therefor AB is parallel to CD. Whercfor if two ftraight 
lines &c. E. D. 

PROP. X. THEOR. 

I F two ftraight lines which meet one another be paral- 
lel to two others thac meet one another, and are not 
in the fame plane with the firft two; the firft two and the 
ocher two (hall contain equal angles. 

Let the two ftraight lines AB, BC which meet one another be pa- 
rallel to the two ftraight fines DE, EF that meet one another, and 
are not in the fame plane with AB, BC. the 
angle ABC ihall be equal to the angle DEF. 

Take BA, BC, ED, EF all equal to one a- 
nothcr; and join AD, CF, BE, AC, DF. bccaufe 
therefor BA is equal and parallel to ED, AD 
•- 33. 1. fliall * be both equal and parallel to BE. 
by the fame reafon, CF fliall be equal and pa- 
rallel to BE. therefor AD and CF are each 
of them equal and parallel to BE. but ftraight lines that are parallel 
to the fame ftraight fine, and not in the fame plane with it, are paral- 
c b ax* ! kl b to onc anot ^ cr * therefor AD is parallel to CF; and it is equal * 
to it, and AC, DF join them towards the fame parts; and therefor * 
AC is equal and parallel to DF. and becaufe AB, BC are equal to 
4.8. i. DE, EF, and the bafe AC to the bafe DF ; the angle ABC fhaii be 
equal d to the angle DEF. Therefor if two ftraight lines &c. E. D. 

PROP. XL 
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PROP. XI. PROB. 



2 43 

Boo* xr. 




'O draw a ftraight line perpendicular to a plane, from 
a given point above it. 

Let A be the given point above the plane BH. It is required to 
draw from the point A a ftraight line perpendicular to the plane BH. 

In the plane draw any ftraight line BC, and from the point A 
draw 3 AD perpendicular to BC. If then AD be alfo perpendicular*. i». i.' 
to the plane BH, the thing required is already done; but if it be not, 
from the point D draw b in the plane BH, A b. it. i- 

the ftraight line DE at right angles to BC j 
and from the point A draw AF perpendicu- 
lar to DE ; and through F draw c GH pa- 
rallel to BC. and becaufe BC is at right 
angles to ED and DA, BC fliall be at right 
angles d to the plane pafling through ED, 

DA. and GH is parallel to BC; but if two ftraight lines be parallel, 
one of which is at right angles to a plane, the other fhall be at right 
angles * to the fame plane; wherefor GH is at right angles to thee. 8. tr. 
plane through ED, DA, and fhall be perpendicular r to every line in f. 3. Def. 11. 
that plane which meets it. but AF which is in die plane through ED, 

DA meets it. therefor GH is perpendicular to AF, and confcquently 
AF is perpendicular toGH. and AF is perpendicular to DE; there- 
for AF is perpendicular to each of the ftraight lines GH, DE. but if 
a ftraight 1'ine ftands at right angles to each of two ftraight lines in 
the point of their interfeftion, it fhall alfo be at right angles to the 
plane palling through diem, but the plane pafling through ED, GH 
is the plane BH; therefor AF is perpendicular to the plane BH. 

\ H h 2 therefor 

\ 



c. 31. t. 



d. 4. it. 
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Book XI. therefor from the given point A above the plane BH, the ftraight line 
Ap j s drawn perpendicular to that plane. Which was to be done. 

PROP. XII. PROB. 

T O ere<ft a ftraight line at right angles to a given plane, 
from a point given in the plane. 



Let A be the point given in the plane; it is required to creft a 
ftraight line from the point A at right angles to 
the plane. 

a. it. ii. From any point B above the plane draw " 

b. 3 1 ■ i BC perpendicular to it; and from A draw b AD 

parallel to BC. becaufc therefor AD, CB arc two 
parallel ftraight lines, and one of them BC is at 
right angles to the given plane, the other AD fhall alfo be at right 

c. 8. ii. angles to it c . therefor a ftraight line has been erefted at right angles 

to a given plane from a point given in it. Which was to be done. 




PROP. XIII. TMEOR. 



F ROM the fame point in a given plane there cannot 
be two ftraight lines at right angles to the plane, 
upon the fame fide of it. and there can be but one per- 
pendicular from a point above a plane, unto that plane. 



For, if it be pofliblc, let the two ftraight lines AB, AC be at right 
angles to- a given plane from the fame point A in the plane, and up- 
on the fame fide of it; and let a plane pafs through BA, AC; the 
» 3 u. common feftion of this with the given plane fhall be a ftraight a line 
parting through A. let DAE be their common feftion. therefor the 

ftraight 



Digitized by 




OF EUCLID. 245 

fhaight lines AB, AC, DAE are in one plane, and becaufe CA is at ® 0 0 * XI- 
right angles to the given plane, it (hall make B Q 

right angles with every ftraight line in diat \ / 

plane which meets it. but DAE which is in \ / 

that plane meets CA; therefor CAE is a right \/ 

angle, by the lame reafbn BAE is a right D A E 
angle, wherefor the angle CAE is equal to the angle BAE ; and they 
are in one plane, which is impoflible. and from a point above a plane 
there can be but one perpendicular unto that plane; for if there could 
be two, they would be parallel b to one another, which is abfurd, i». 6 . 11. 
Therefor from the fame point &c. E. D. 



PROP. XIV. THEOR. 



P LANES to which the fame ftraight line is perpen- 
dicular, are parallel to one another. 



Let the ftraight line AB be perpendicular to each of the planes 
CD, EF; thcle planes lhall be parallel to one anodicr. 

If they be not, they (hall meet one another when produced; let 



them meet; their common feftion fhall be a 
ftraight line GH, in which take any point K, 
and join AK, BK. then becaufe AB is perpen- 
dicular to the plane EF, it fliall be perpendi- 
cular a to the ftraight line BK which is in that 
plane, therefor ABK is a right angle, by the 
fame rcalon, BAK is a right angle; wherefor 
the two angles ABK, BAK of the triangle ABK 
are equal to two right angles, which is impof- 




fiblc \ 
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2 A 6 the elements 

Book XI. fible b , therefor the planes CD, EF tho’ produced do not meet one 
another ; that is, they arc parallel 6 . Therefor planes &c. E, D. 

PROP. XV. THEOR. 

F two ftraight lines which meet one another, be paral- 
lel to two ftraight lines which meet one another, but 
are not in the fame plane with the firft two; the planes 
which pafs through thefe ftraight lines lhall be parallel, 
i. e. the plane through the firft two, and the plane through 
the other two. 



Let AB, BC two ftraight lines which meet one another, be paral- 
lel to DE, EF that meet one another, but are not in the fame plane 
with AB, BC. the planes through AB, BC, and DE, EF fhall not 
meet tho’ produced. 

• ii. 1 1. From the point B draw BG perpendicular * to the plane which paf- 
fes through DE, EF, and let it meet that plane in G ; and through 
•ji-t'G draw GH parallel * to ED, and GK parallel to EF. and bccaufe 
BG is perpendicular to the plane through 

DE, EF, it fhall make right angles with j ^ --P 

every ftraight line in that plane which | K. 

«. 3 . Def. ii. meets it a « but die ftraight lines GH, 

GK in diat plane meet it. therefor each 
of the angles BGH, BGK is a right angle. 

•9* «>• and bccaufe BA is parallel * to GH (for 

each of diem is parallel to DE, and arc not both in the fame plane 
b. 19. i. with it) the angles GBA, BGH are together equal b to two right 
angles, and BGH is a right angle, therefor alfo GBA fhall be a right 
angle, and GB be perpendicular to BA. by the lame realbn, GB is 

perpendicular 
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perpendicular to BC. therefor bccaufe the ftraight line GB Hands at ® • 0 * XI- 
right angles to the two ftraight lines BA, BC, that cut one another in 
B, GB lhall be perpendicular £ to the plane through BA, BC. and it c. 4.11.' 
is perpendicular to the plane through DE, EF; therefor BG is per* 
pendicular to each of the pfcmcs through AB, BC and DE, EF. but 
thole planes to which the fame ftraight line is perpendicular, are pa- 
rallel d to one another, therefor the plane through AB, BC is parallel to d. 14. it.' 
the plane through DE, EF. Whercfor if two ftraight lines &c. 

Qi E. D. 

PROP. XVI. THEOR. 

r two parallel planes be cut by another plane, their 
common fe&ions with it lhall be parallel. 

* 

Let the parallel planes AB, CD be cut by the plane EFHG, and 
let their common feftions with it be EF, GH. EF lhall be parallel 
to GH. 

For, if it is not, EF, GH lhall meet, if produced, cither on die fide 
of FH, or EG. firft let them be produced 
on the fide of FH, and meet in the point K. 
therefor becaufe EFK is in the plane AB, 
every point in EFK lhall be in that plane; 
and K is a point in EFK ; therefor K is 
in the plane AB. by the fame reafon K 
is alio in the plane CD. whercfor the 
planes AB, CD produced meet one ano- 
ther; but they do not meet, fince they arc parallel by the Hypodiefis. 
dicrefor the ftraight lines EF, GH do not meet when produced on the 
fide of FH. in the fame manner it lhall be proved that EF, GH do 

not 
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Boo* XL n ot meet when produced on the fide of EG. but ftraight lines which 
arc in the fame plane and do not meet, tho’ produced either way, are 
parallel, therefor EF is parallel to GH. \Vherefor if two parallel 
planes &c. Qi, E. D. 

PROP. XVII. THEOR. 

I F two flraight lines be cut by parallel planes, they fhall 
be cut in the fame ratio. 



Let the flraight lines AB, CD be cut by the parallel planes GH, 
KL, MN, in the points A, E, B; C, F, D. as AE is to EB, fo fhall 
CF be to FD. 

Join AC, BD, AD, and let AD meet the plane KL in the point X; 
and join EX, XF. becaufe the two parallel 
planes KL, MN are cut by the plane EBDX, 
a> t6 ,, . the common feftions EX, BD arc parallel a . 
by the fame rcafon, bccaufe the two paral- 
lel planes GH, KL are cut by the plane 
AXFC, the common feftions AC, XF are K 
parallel, and bccaufe EX is parallel to BD 
a fide of the triangle ABD, as AE to EB, 
b. s. 6. fo is b AX to XD. again, becaufc XF is ^ 

parallel to AC a fide of the triangle ADC, as AX to XD, fo is CF 
«. ii. j. to FD. and it was proved that AX is to XD, as AE to EB. therefor c 
as AE to EB, fo is CF to FD. Whcrcfor if two flraight lines &c. 
Q^E. D. 




PROP. XVIII. 
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a 49 

loot xx. 
U'VVy 



I F a ftraight line be at right angles to a plane, every 
plane which pafles through it (hall be at right angles 
to that plane. 





D 


G / 


t H 








K 


\ 






\ 



Let the ftraight line AB be at right angles to the plane CK. every 
plane which pafles through AB Ihall be at right angles to the plane CK. 

Let any plane DE pals through AB, and let CE be the common 
feftion of the planes DE, CK ; take any point F in CE, from which 
draw FG in the plane DE at right angles 
to CE. and becaufe AB is perpendicular 
to the plane CK, it Ihall be perpendicular 
«o every ftraight line in that plane which 

meets it*. therefor it is perpendicular to \j j | \J •• s- Dtf. n. 

CE, and ABF Ihall be a right angle ; but q j; pj 

GFB is likewife a right angle; therefor 

AB is parallel b to FG. and AB is at right angles to the plane CK; b. 28. 1. 
therefor FG is alio at right angles to the fame plane', but one plane c. 8. 11. 
is at right angles to another plane when die ftraight lines in one of 
the planes, which are at right angles to their common feftion, are at 
right angles to the other plane d ; and any ftraight line FG in die < 1 - 4- Dcf. 1 1 . 
plane DE, which is at right angles to CE the common feflion of the 
planes, has been proved to be perpendicular to the odicr plane CK; 
therefor the plane DE is at right angles to the plane CK. In like 
manner, it Ihall be proved that all the planes which pafs through AB 
are at right angles to the plane CK. Therefor if a ftraight line &c. 

Qi E. D. 

I i PROP. XIX. 



Digitized by Google 




2 5 * 

Book XT. 

UYV 



THE ELEMENTS 



PROP. XIX. THEOR. 

I F two planes which cut one another be each of them 
perpendicular to a third plane; their common fection 
fhall be perpendicular to the fame plane. 

Let the two planes AB, BC be each of them perpendicular to a 
third plane, and let BD be the common feftion of the firft two. BD 
fhall be perpendicular to the third plane. 

If it be not, from the point D draw, in the plane AB, the ftraight 
line DE at right angles to AD the common feftion of the plane AB 
with the third plane; and in the plane BC draw DF at right angles to 
CD the common feftion of the plane BC with the 
third plane, and bccaufe the plane AB is perpen- 
dicular to the third plane, and DE is drawn in the 
plane AB at right angles to AD their common 
feftion, DE fhall be perpendicular to the third 
*. 4 Def. u. plane 5 , in the fame manner, it fhall be proved that 
DF is perpendicular to the third plane, wherc- 
for from the point D two ftraight lines ftand at 
right angles to the third plane, upon the fame fide A. 
it. of it, which is impoffible b . therefor from the point D there cannot 
be any ftraight line at right angles to the third plane, except BD the 
common feftion of the planes AB, BC. BD therefor is perpendicular 
to the third plane. Wherefor if two planes 8cc. E. D. 

PROP. XX. THEOR. 

I F a folid angle be contained by three plane angles,. ’ 
every two of them are greater than the third. 

Let 
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Let the (olid angle at A be contained by the three plane angles Bo °* xr - 
BAC, CAD, DAB. every two of them (hall be greater than the 
third. 

If the angles BAC, CAD, DAB be all equal, it is evident that 
any two of them arc greater than the third, but if they are not, let 
BAC be that angle which is not lefler than any of the other two, and 
is greater than one of them DAB; and at the point A in the ftraight 
line AB, make in the plane which pafles thro’ j} 

BA, AC, the angle BAE equal 4 to the angle / \ *. j 3 . t . 

DAB; and make AE equal to AD, and / \ 

through E draw BEC cutting AB, AC in the / A~, X \ 

points B, C, and join DB, DC. and bccaufe DA g — — ~E C 

is equal to AE, and AB is common, the two 
DA, AB arc equal to the two EA, AB, and the angle DAB is equal 
to the angle EAB. therefor the bafe DB is equal b to the bafe BE. *>• 4- i* 
and bccaufe BD, DC arc greater c than CB, and one of them BD has c> a0 - '• 
been proved equal to BE a part of CB, the odicr DC (hall be greater 
than the remaining part EC. and becaufe DA is equal to AE, and AC 
common, but the bafe DC greater than the bafe EC ; the angle D AC 
(hall be greater d than the angle EAC; and, by the conftruftion, died, aj. 1 . 
angle DAB is equal to the angle BAE; wherefor the angles DAB, 

DAC are together greater than the angle BAC. but BAC is not lefler 
than either of die angles DAB, DAC, dicrcfor BAC with cither 
of them is greater than die other. Wherefor if a folid angle &c. 

Q. E. D. 

PROP. XXI. THEOR. 

E VERY folid angle is contained by plane angles which 
together are lefs than four right angles. 
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Booi XI. Firft, Let the (olid angle at A be contained by three plane angles 
B AC, CAD, DAB. thefe three fhall together be lefler than four right 
angles. 

Take in each of the ftraight lines AB, AC, AD any points B, C, 
D, and join BC, CD, DB. then, becaufc the (olid angle at B is con- 
tained by the three plane angles CBA, ABD, DBC, any two of them 
«. 90. 1 1. whatever are greater a than the third ; therefor p 

the angles CBA, ABD arc greater than the /\ 

angle DBC. by the fame rcafbn, the angles BCA, ''v 

ACD are greater than the angle DCB; and 
the angles CDA, ADB greater than BDC. 
wherefor the fix angles CBA, ABD, BCA, 

ACD, CDA, ADB arc greater than the three angles DBC, BCD, 
CDB. but the three angles DBC, BCD, CDB arc equal to two right 
b. j9. i. angles b . therefor the fix angles CBA, ABD, BCA, ACD, CDA, ADB 
are greater than two right angles, and bccaule the three angles of 
each of the triangles ABC, ACD, ADB are equal to two right angles, 
the nine angles of thefe three triangles, viz. the angles CBA, BAC, 
ACB, ACD, CDA, DAC, ADB, DBA, BAD, (hall be equal to fix 
right angles, of thefe the fix angles CBA, ACB, ACD, CDA, ADB, 
DBA arc greater than two right angles, therefor the remaining three 
angles BAC, DAC, BAD which contain the folid angle at A, are lefler 
than four right angles. 

But let the folid angle at A be contained by any number of plane 
angles BAC, CAD, DAE, EAF, FAB; thele (hall together be lefs 
than four right angles. 

Let the planes in which the angles are be cut by a plane, and let the 
common feftions of it with thefe planes bcBC,CD,DE, EF,FB. and be- 
caufe the folid angle at B is contained by three plane angles CBA, ABF, 

FBC, 
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FBC, of which any two arc greater a than die third, the angles CBA, 
ABF are greater than the angle FBC. by the fame rcafon, the two 
plane angles at each of the points C, D, E, F, viz. thofe angles which 
arc at the bafe of the triangles, whofe common vertex is A, ftiall be 
greater than the third angle at the fame point, 
which is one of the angles of the polygon 
BCDEF. therefor all the angles at the bales of 
the triangles arc togcdier greater than all the 
angles of the polygon, and becaufe all the angles 
of the triangles arc together equal to twice as 
many right angles as there are triangles b ; that is, 
as there are fides in the polygon BCDEF ; and 
that all the angles of the polygon together with 
four right angles arc likewile equal to twice as many right angles as 
there are fides in the polygon c j all the angles of the triangles lhall be 
equal to all the angles of the polygon together with four right angles. 
But all the angles at the bales of the triangles are greater than all die 
angles of the polygon, as has been proved, therefor the remaining 
angles of the triangles, viz. thole at the vertex, which contain the lo- 
lid angle at A, are Idler than four right angles, therefor every Iblid 
angle &c. E. D. 




PROP. XXII. THEOR. 

I F every two of three plane angles be greater than the 
third, and if the llraight lines which contain them be 
all equal; a triangle may be made of the llraight lines 
that join the extremities of thefe equal llraight lines. 



Let ABC, DEF, GHK. be three plane angles, whereof every two 

are 
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Book XI. 
a. 30 . 1 1. 



b. 33. 1. 



c. 1. Cor. j j. 1, 
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Book XI. arc grater than the third, and arc contained by die equal ftraight 
Unes AB, BC, DE, EF, GH, HK; if their extremities be joined by 
the ftraight lines AC, DF, GK, a triangle may be made of three 
ftraight lines equal to AC, DF, GK; that is, every two of them fhall 
be greater than the diird. 

If the angles at B, E, H are equal, AC, DF, GK fhall be equal*, 
and any two of them greater than the third, but if the angles 




arc not all equal, let the angle ABC be not Idler than cither of 
the two at E, H ; therefor the ftraight line AC fhall not be left 
fc. 4.0124.1. for than either of the other two DF, GK b ; and it is plain that 
AC together with cither of the other two fhall be greater dian the 
third, alio DF with GK fhall be greater than AC. for, at the 
c. 23. i. point B in die ftraight line AB make c the angle ABL equal to die 
angle GHK, and make BL. equal to one of the ftraight lines AB, BC, 
DE, EF, GH, HK, and join AL, LC. dicn becaufc AB, BL are 
equal to GH, HK, and the angle ABL to die angle GHK, the bafe 
AL fhall be equal to the bafe GK. and becaule the angles at E, H 
are greater than the angle ABC, of which GHK is equal to ABL, 
the remaining angle at E fhall be greater dian the angle LBC. and 
bccaufe the two fides LB, BC arc equal to the two DE, EF, and 
the angle DEF greater than the angle LBC, the bale DF fhall be 
<t. 24. 1. greater J than the bafe LC. and it has been proved diat GK is equal 

to 
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10 AL; therefor DF and GK are greater than AL and LC. but AL $ 0 XI* 
and LC are greater e than AC ; much more then arc DF and GK 
greater than AC. Wherefor every two of the ftraight lines AC, DF, 

GK are greater than the third, and therefor a triangle can be made 
{ wfaofe lides fhall be equal to AC, DF, GK. E. D. f. **. f ; 

PROP. XXIII. PROB. 

T O make a folid angle concained by three given plane 
angles, every two of which is greater than the third, 
and all three together are lefler than four right angles. 



Let the three given plane angles be ABC, DEF, GHK, of which 
every two arc greater than the third, and all of them together Idler 




than four right angles. It is required, to make a (olid angle contained 
by three plane angles equal to ABC, DEF, GHK, each to each. 

From the ftraight lines which contain die angles, cut off AB, 

BC, DE, EF, Gil, HK all equal to one another; and join AC, DF, 

GK. then a triangle can be made a of three (Vraight lines equal b to 
AC, DF, GK. let this be the triangle LMN, lo that AC be equal to 
LM, DF to MN, and GK to LN ; and about the mangle LMN do 
Icribc c a circle, and find its centre X, which will be cither widiin the c. 5. 4. 
triangle, or in one of its lides, or without it. 

Firfl, 
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Boo* XI. Firft, Let the centre X be within the triangle, And join LX, MX, 
NX. AB fhall be greater than LX. if it be not, AB muft either be 
equal to LX or lefler than it ; fir ft let it be equal, therefor becaufi 
AB is equal to LX, and AB is equal to BC, and LX to XM, AB and 
BC fhall be equal to LX and XM, each to each ; and the bale AC is, 
by conftruftion, equal to the bafe LM ; wherefor the angle ABC is c- 
A. 8 . i.qual to the angle LXM d . by the fame reafon the angle DEF is c- 
qual to the angle MXN, and the angle GHK 
to the angle NXL. therefor the three angles 
ABC, DEF, GHK are equal to the three 
angles LXM, MXN, NXL. but the three 
angles LXM, MXN, NXL are equal to four 
e. a. cor. if. i. right angles c ; therefor alfo die three angles 
ABC, DEF, GHK arc equal to four right 
angles, but, by the Hypodiefts, dicy are lef- 
fer than four right angles; which is abfurd. therefor AB is not equal 
to LX. but neither (hall AB be lefler than LX. for, if poflible, let 
it be lefler, and upon the ftraight line LM, on the fide of it on which 
is die centre X, deferibe the triangle LOM, whofe fides LO, OM are 
equal to AB, BC ; and becaufe the bafe LM is equal to the bafe AC, 
the angle LOM (hall be equal to the angle ABC d . and AB, that is 
LO, by the Hypothcfis, is lefler than LX; wherefor LO, OM fhall 
fall within the triangle L.XM ; for, if they did fall upon its fidcs, or 
f. at. t. without it, dicy fliould be equal to, or greater than LX, XM f . there- 
for the angle LOM, that is, the angle ABC is greater than the angle 
LXM f . in the fame manner it fhall be prosed, that the angle DEF 
is greater than the angle MXN, and the angle GHK greater than the 
angle NXL. dicrcfor the three angles ABC, DEF, GHK are greater 
dian die diree angles LXM, MXN, NXL; that is, than four right 

angles. 
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angles, but the fame angles ABC, DEF, GHK are lefler than four Boo* xi. 
right angles; which is abfurd. therefor AB is not lefler than LX, and 
it has been proved that it is not equal to LX ; wherefor AB is greater 
titan LX. 

Next, Let the centre X of the circle fall in one of the fides of 
the triangle, via. in MN, and join XL. AB 
fhall be greater titan LX. for, if it be not, 

AB is eidter equal to LX or lefler than it. 
firft, let it be equal to LX. therefor AB and 
BC; that is, DE and EF are equal to MX 
and XL, that is to MN. but, by the con- 
ftruftion, MN is equal to DF ; therefor DE, 

EF are equal to DF, tvhich is impoflible*. 

wherefor AB is not equal to LX; nor is it lefs; for then, much 
more, an abfurdity would follow, therefor AB is greater than LX. 

But let die centre X of the circle fall without the triangle LMN, 
and join LX, MX, NX. Likewife in this cafe AB lhall be greater than 
LX. for if not, it is either equal to LX, or 
lefler than it. firft, let it be equal ; it fhall be 
proved, in the fame manner as in the firft cafe, 
that the angle ABC is equal to the angle MXL, 
and GHK to LXN ; therefor the whole angle 
MXN is equal to the two angles ABC, GHK. 
but ABC and GHK are together greater dian 
the angle DEF ; therefor alfo the angle MXN 
is greater than DEF. and becaufe DE, EF 

are equal to MX, XN, and the bafe DF to the bafe MN, the angle 
MXN fhall be equal d to the angle DEF. and it has been proved d. 8. 1 . 
that it is greater dian DEF, which is abfurd. therefor AB is not c- 

K k qual 
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Boo i XI. qttal to LX- nor yet is it lefTer; for then, as has been prored in the 
firft cafe, the angle ABC fhail be greater than die angle MXL, and 
the angle GHK greater tlian the angle LXN. at the point B in the 
ftraight line AB make the angle CBP equal to the angle GHK, and 
make BP equal to HK, and join CP, AP- and becaufe CB is equal 
to GH; CB, BP lhall be equal to GH, HK, and they contain equal 

K 



F 

angles; wherefor the bale CP is equal to the bafe GK, that is to LN. 
and in the Ifofceles triangles ABC, MXL, bccaufe the angle ABC is 
greater than the angle MXL, the angle MLX at the bat: fhail be 
5. 3*. i. greater e than the angle ACB at the bale, by 
the fame reafon, bccaufc the angle GHK, or 
CBP, is greater than the angle LXN, the angle 
XLN (ball be greater than the angle BCP. 
therefor the whole angle MLN fhail be greater 
than the whole angle ACP. and becaufe ML, M 
LN are equal to AC, CP, each to each, but the 
angle MLN greater than the angle ACP, the 
*>• 34. 1. bafe MN fhail be greater h than the bole AP. 

and MN is equal to DF ; therefor alfb DF is greater than AP. and 
bccaufe DE, EF arc equal to AB, BP, but the bafe DF greater than 
l-sj. «■ the bafe AP, the angle DEF fhail be greater k than the angle ABP. 
and ABP is equal to die two angles ABC, CBP, that is to the two 

angles 



R 
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angles ABC, GHK; therefor the angle DEF is greater than the two !oi>I a 
angles ABC, GHK; but it is alfb Icffer than thcfe two; which is im- 
■pofftble. therefor AB is not lefler titan LX; and it has been proved 
that it is not equal to it; therefor AB is greater than LX. 

From the point X ereft * XR at right angles to the plane of the >• u. u. 
circle LMN. and becaufe it has been proved in all the cafes, that AB 
is greater than LX, find a fquarc equal to the excels of the Iquare 
of AB above the fquarc of LX, and make RX equal to the fide of 
it, and join RL, RM, RN. becaufe RX is perpendicular to the plane 
of the circle LMN, it fliall m be perpendicular to each of the ftraight m. 3. Dtf. n. 
lines LX, MX, NX. and becaufe LX is equal to MX, and XR com- 
mon, and at right angles to each of them, the bale RL fhall be equal 
to the bafe RM. by the fame rcafbn, RN is equal to each of the 
two RL, RM. therefor die three ftraight lines RL, RM, RN are all 
equal, and becaufe the fquare of XR is equal to the exccfs of the 
fquarc of AB above the fquare of LX ; the fquare of AB fliall be equal 
to the fquares of LX, XR. but the Iquare of RL is equal n to the fame n. 47. 1. 
fquarcs, becaufe LXR is a right angle, therefor the fquare of AB is 
equal to the fquarc of RL; and the ftraight line AB to RL. but to 
AB each of BC, DE, EF, GH, HK is equal, and to RL each of the 
two RM, RN is equal, wherefor AB, BC, DE, EF, GH, HK are each 
of diem equal to each of die ftraight lines RL, RM, RN. and be- 
caufe RL, RM, are equal to AB, BC, and the bafe LM to the bafe 
AC; the angle LRM fhall be equal 0 to the angle ABC. by die 0.8. t. 
fame rcafbn, die angle MRN is equal to the angle DEF, and NRL 
to GHK. Therefor there is made a folid angle at R, which is con- 
tained by three plane angles LRM, MRN, NRL, which are equal 
to the three given plane angles ABC, DEF, GHK, each to each. 

Which was to be done. 

K k 2 PROP. A. 
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Book XI. 

PROP. A. THE OR. 

I F each of two folid angles be contained by three plane 
angles, which are equal to one another, each to each; 
the planes in which are the equal angles, have the fame 
inclination to one another. 

Let there be two folid angles at die points A, B; and let the 
angle at A be contained by the three plane angles CAD, CAE, 
EAD; and the angle at B by the three plane angles FBG, FBH, 
HBG; of which the angle CAD is equal to the angle FBG, and 
CAE to FBH, and EAD to HBG. the planes in which are the c- 
qual angles, fliall have the fame inclination to one another. 

In die ftraight line AC take any point K, and from K draw in the 
plane CAD the flraight line KD 
at right angles to AC, and in the 
plane CAE die flraight line KL 
at right angles to the fame AC. 
therefor the angle DKL is the in- 
*. 6. Dcf. ii . clination a of the plane CAD to 

the plane CAE. in BF take BM equal to AK, and from the point 
M draw in the planes FBG, FBH the lhaight lines MG, MN at right 
angles to BF ; dicrefor the angle GMN is the inclination of the plane 
FBG to the plane FBH. join LD, NG ; and bccaufe in the triangles 
KAD, MBG, the angles KAD, MBG arc equal, as alfo the right 
angles AKD, BMG, and the fides AK, BM, adjacent to the equal 
V. 26 1. angles, equal to otic another, KD fhall be equal 11 to MG, and AD 
to BG. by the fame rcafon, in the triangles KAL, MBN, KL is c- 
qual to MN, and AL to BN. and in the triangles LAD, NBG, LA, 

AD 
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AD are equal to NB, BG, and they contain equal angles; therefor Bo °* XI - 
the bafe LD is equal c to the bale NG. lalHy, in the triangles KLD, c . 4. 1. 
MNG, the Tides DK, KL are equal to GM, MN, and the bale LD 
to the bafe NG ; therefor the angle DKL is equal d to the angle d 8. 1. 
GMN. but the angle DKL is the inclination of the plane CAD to 
the plane CAE, and the angle GMN is the inclination of the plane 
FBG to the plane FBH, which planes have therefor the lame inclina- 
tion 1 to one another, and in the lame manner it (hall be demonlhratcd, e. 7. Dc£ 1 1. 
that the other planes in which the equal angles arc, have the fame in- 
clination to one another, therefor if two lolid angles &c. E. D. 

PROP. B. THEOR. 

I F two folid angles be contained, each by three plane 
angles which are equal to one another, each to each, 
and alike fituated ; thefe folid angles fhall be equal to one 
another. 

Let there be two folid angles at A and B, of which the folid angle 
at A is contained by the three plane angles CAD, CAE, EAD; and 
that at B, by the three plane angles FBG, FBH, HBG; of which 
CAD is equal to FBG; CAE to FBH; and EAD to HBG. the 
folid angle at A, lhall be equal to the lolid angle at B. 

Let the folid angle at A be applied to the folid angle at B; and 
firft, the plane angle CAD being applied to B 

the plane angle FBG, lo as the point A 
may coincide with the point B, and the 
ftraight line AC with BF, AD lhall coin- 
cide with BG, bccaufc the angle CAD is - D G 

equal to the angle FBG. and bccaufc the inclination of die plane CAE 

to 
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Boo* XI. to t}j e plane CAD is equal 

die plane FBG, die plane CAE /hall coin- 
cide with the plane FBH, bccaufc the planes 
CAD, FBG coincide with one another, and 
bccaufe the ftraight lines AC, BF coincide, 
and that die angle CAE is equal to the 
angle FBH, AE fliall coincide with BH. and AD coincides with BG, 
wherefor the plane EAD coincides with the plane HBG. therefor 
die folid angle A coincides widi the folid angle B, and confequcntly 
b. 8. Ax. 1 . diey arc equal b to one another. Q^E. D. 




PROP. C. THEOR. 

S OLID figures which are contained by the fame num- 
ber of equal and fimilar planes alike licuaced, and 
none of whofe folid angles are contained by more than 
three plane angles ; are equal and fimilar to one ano- 
ther. 



Let AG, KQ_be two folid figures contained by die lame number 
of fimilar and equal planes, alike 
fituated, viz. let the plane AC be 




fimilar and equal to the plane 
KM ; die plane AF to KP; BG Di 
to LQj GD to QN; DE to 
NO; and laftly, FH fimilar and 
equal to PR. the folid figure AG fliall be equal and fimilar to the 
folid figure KQ^ 

Bccaufe the folid angle at A is contained by the diree plane angles 
BAD, BAE, EAD which, by the Hypothcfis, are equal to the plane 

angles 
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angles LKN, LKO, OKN which contain the folid angle at K, each® 80 * Xl - 
to each; the folid angle at A {hall be equal a to the folid angle at K. 
in the fame manner, the other folid angles of the figures are equal to 
one another. If then the fofid figure AG be applied to the foEd figure 
KQ^, firft the plane figure AC being applied to the plane figure KM; 
the ftraight line AB coinciding with KL, the figure AC {hall coincide 
with the figure KM, becaufe they are equal and fimilar. therefor the 
ftraight fines AD, DC, CB fliall coincide with KN, NM, ML, each 
with each ; and the points A, D, C, B w ith the points K, N, M, L. 
and the (olid angle at A fliall coincide 3 with the folid angle at K; 
wherefor the plane AF fliall coincide with the plane KP, and the fi- 
gure AF with the figure KP, becaufc they arc equal and fimilar unto 
one another, therefor the ftraight lines AE, EF, FB fhall coincide 
with KO, OP, PL; and the points E, F with the points O, P. In 
the fame manner, the figure AH fhall coincide with the figure KR, 
and the ftraight line DPI with NR, and the point H with the point R. 
and becaufe the folid angle at B is equal to the folid angle at L, it 
{hall be proved in the lame manner, that the figure BG fliall coincide 
with the figure LQ_, and the ftraight line CG with MQ_, and the 
point G with the point therefor becaufe all the planes and fidcs of 
ihc folid figure AG coincide with the planes and fidcs of the folid fi- 
gure KQ_, AG {hall be equal and fimilar to KQ^ and in the fame 
m inner, any other folid figures whatever which arc contained by the 
fame number of equal and fimilar planes, alike fituated, and none of 
whofe folid angles are contained by more than three plane angles, {hall 
be proved to be equal and fimilar to one another. E. D. 



PROP. XXIV. 
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PROP. XXIV. THEOR. 

I F a folid be contained by fix planes, two and two of 
which are parallel; the oppofite planes fhall be fimi- 
lar and equal parallelograms. 

Let the folid CDGH be contained by the parallel planes AC, GF ; 
BG, CE ; FB, AE. its oppofite planes fhall be fimilar and equal paral- 
lelograms. 

Bccaufe the two parallel planes BG, CE arc cut by the plane AC, their 
*. 1 6. n. common feftions AB, CD are parallel’, again, becaufc the two parallel 
planes BF, AE arc cut by the plane AC, their common lections AD, 
BC arc parallel 1 , and AB is parallel to CD; therefor AC is a paral- 
lelogram. in like manner, it fhall be proved 
that each of the figures CE, FG, GB, BF, ^ 

AE is a parallelogram, join AH, DF; and 
becaufo AB is parallel to DC, and BH to CF ; 
the two ftraight lines AB, BH, which meet 
one another, are parallel to DC and CF which I 
meet one another and are not in the fame plane with the other two; 

b. to. it. wherefor they fhall contain equal angles 11 ; die angle ABH is therefor 
equal to the angle DCF. and bccaufe AB, BH are equal to DC, CF, 
and the angle ABH equal to die angle DCF, the bale AH fhall be 

c. 4. 1. equal c to the bale DF, and the triangle ABH to the triangle DCF. 

d. 34. 1. and the parallelogram BG is double J of the triangle ABH, and the 
parallelogram CE double of the triangle DCF ; therefor the parallelo- 
gram BG is equal and fimilar to the parallelogram CE. in the fame 
manner, it fhall be proved that the parallelogram AC is equal and fi- 
milar 
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mllar to the parallelogram GF, and the parallelogram AE to BF. B 0 ° * XL 
Therefor if a folid &c. Q,E. D. 

PROP. XXV. THEOR. 

F i 1 a folid parallelepiped be cut by a plane parallel to 
two of its oppofite planes ; it fhall divide the whole 
into two folids, the bafe of one of which {hall be to the 
bafe of the other, as the one folid is to the other. 

Let the folid parallelepiped ABCD be cut by the plane EV which 
is parallel to the oppofite planes AR, HD, and divides the whole into 
the two folids ABFV, EGCD; as the bafe AEFY of the firft is to 
the bale EHCF of the other, fo fhall the folid ABFV be to the fo- 
lid EGCD. 

Produce AH both ways, and take any number of ftraight lines 
HM, MN each equal to EH, and any number AK, KL each equal 
to EA, and complcat the parallelograms LO, KY, HQ., MS, and the 




folids LP, KR, HU, MT. therefor becaufe the ftraight lines LK, KA, 

AE are all equal, the parallelograms LO, KY, AF- fhall be equal 1 .*. 3 6 . 1. 
and likewife the parallelograms KX, KB, AG; as alfo b the paralle-k- «»• 
lograms LZ, KP, AR, becaufe they arc oppofite planes, by the fame 
reafon, the parallelograms EC, HQ_, MS are equal 3 ; and the paral- 

L 1 lclograms 
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Boo* XI. felograms HG, HI, IN, as alfo b HD, MU, NT. therefor three plane* 
h. 24.11. of the {olid LP, are equal and fimilar to three planes of the folld KR, 
as alio to three planes of the {olid AV. but the three planes oppofite 



Sfvr 




c a s 



to thefe three are equal and fimilar b to them in die fcveral folids, and 
none of their {olid angles arc contained by more than three plane 
c.C. 11. an g}es. dicrcfor the three lolids LP, KR, AV are equal c to one a* 
nothcr. by the fame reafon, the three folids ED, HU, MT arc equal 
to one another, therefor what multiple foever the bafe LF is of the 
bafe AF, the fame multiple is the folid LV of the folid AV. by the 
fame rcalbn, whatever multiple the bale NF is of the bafe HF, the 
fame multiple is the {olid NV of the folid ED. and if die bafe LF be 
equal to the bafe NF, the folid LV is equal c to the folid NV ; and if 
the bale LF be greater than the bafe NF, the folid LV is greater than 
the folid NV ; and if lefs, lefTer. fince then there are four magnitudes, 
viz. the two bafes AF, FH, and the two folids AV, ED, and of the 
bale AF and folid AV, the bafe LF and folid LV are any equimul- 
tiples whatever; and of the bafe FH and folid ED, the bafe FN and 
folid NV arc any multiples whatever; and it has been proved, that if 
the bafe LF is greater than the bafe FN, the folid LV is greater than 
4 . j.Dcf. j. the folid NV; and if equal, equal; and if lefs, lcffer. Therefor J as 
the bafe AF is to the bafe FH, fo is the folid AV to the folid ED. 
Wherefor if a folid &c. E. D. 

PROP. XX VL 
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>00* xr. 

. PROP. XXVI. PROB. 

AT a given point in a given ftraight line, to make a 
-*~V folid angle equal to a given folid angle contained by 
three plane angles. 

Let AB be a given ftraight line, A a given point in it, and D a gi- 
ven iblid angle contained by the three plane angles EDC, EDF, FDC. 
it is required to make at the point A in the ftraight line AB a folid 
angle equal to the folid angle D. 

In the ftraight line DF take any point F, from which draw * FG *• 11. 11.; 
perpendicular to the plane EDC, meeting that plane in G; join DG, 
and at the point A in the ftraight 

line AB make b the angle BAL j %. *|. rl 

equal to the angle EDC, and in 
the plane BAL make the angle 
BAR equal to the angle EDG; 
then make AK equal to DG, and 

from the point K erc<ft c KH at «.is.it; 

right angles to the plane BAL; and make KH equal to GF. the Ib- 
lid angle at A which is contained by the three plane angles BAL, 

BAH, HAL fhall be equal to die folid angle at D contained by the 
three plane angles EDC, EDF, FDC. 

Take the equal ftraight lines AB, DE, and join HB, KB, FE, GE. 
and becaufc FG is perpendicular to the plane EDC, it fhall make 
right angles d widi every ftraight line in that plane which meets it. d. j.Dtf. u! 
therefor each of the angles FGD, FGE is a right angle, by the fame 
rcafon, HKA, HKB arc right angles, and bccaufe KA, AB are equal 
to GD, DE, each to each, and contain equal angles, die bafe BK 

L 1 2 fhall 
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Book XI. ]ye equal c to the bafe EG. and KJH is equal to GF, and HKB, 
FGE are right angles, therefor HB is equal * to FE. again, becaufc 
AK, KH arc equal toDG, GF, and contain right angles, the bafe AH 
{hall be equal to the bale DF ; and AB is equal to DE; therefor HA, 
AB are equal to FD, DE, and the bafe HB is equal to the bafe FE; 

f. 8. i. therefor the angle BAH is equal f to the angle EDF. by the fame 

realbn, the angle HAL is equal 
to the angle FDC. becaule if 
AL and DC be made equal, and 
KL, HL, GC, FC be joined, 
lince the whole angle BAL is e- 
qual to the whole EDC, and 
the parts of them BAR, EDG 
* arc, by the conftruftion, equal, 

equal to the remaining angle GDC. and becaufc KA, AL are equal 
to GD, DC, and contain equal angles, the bale KL (hall be equal e 
to the bafe GC. and KH is equal to GF, fo that LK, KH are equal 
to CG, GF, and they contain right angles; therefor the bafe HL h 
equal to the bale FC. again, becaule HA, AL arc equal to FD, DC, 
and the bale HL to the bafe FC, the angle HAL (hall be equal f to 
.the angle FDC. therefor becaule the three plane angles BAL, BAH, 
HAL which contain the folid angle at A, arc equal to die three plane 
angles EDC, EDF, FDC which contain the folid angle at D, each to 
each, and are fituated in the fame order; the folid angle at Alhall be 

g. B. i«. equal 8 to the folid angle at D. Therefor at a given point in a given 

ftraight line a folid angle has been made equal to a given folid angle 
contained by three plane angles. Which was to be done. 




PROP. XXVII. 
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Book XI. 

PROP. XXVII. PROB. 

T O defcribe from a given ftraight line a folid paralle- 
lepiped fimilar, and fimilarly ficuaced to one given. 

Let AB be the given ftraight line, and CD the given folid paralle- 
lepiped. It is required from AB to defcribe a folid parallelepiped fimi- 
lar, and fimilarly fituated to CD. 

At the point A of the given ftraight line AB make a a folid angle e- *. »6. 1 1. 
qual to the folid angle at C, and let BAK, KAH, HAB be the three plane 
angles which contain it, fb that 
BAK be equal to the angle ECG, 
and KAH to GCF, and HAB 
to FCE. and as EC to CG, fb 
make b BA to AK, and as GC 
to CF, fo make b KA to AH; 
wherefor ex aequali c , as EC to 
CF, fb fhall BA be to AH. compleat the parallelogram BH, and the 
folid AL. and bccaufe, as EC to CG, fb BA to AK, the fidcs about 
the equal angles ECG, BAK are proportionals; therefor the paralle*- 
logram BK is fimilar to EG. by the fame reafon the parallelogram ' 
KH is fimilar to GF, and HB to FE. wherefor three parallelograms 
of the folid AL arc fimilar to three of die folid CD ; and the three 
oppofite ones in each folid arc equal d and fimilar to thefe, each to d. 
each, alfo, bccaufe the plane angles which contain the folid angles of 
the figures are equal, each to each, and fituated in the fame order, the 
folid angles fhall be equal®, each to each. Therefor the folid AL is fi- e . b. u. 
milar f to die folid CD. wherefor from a given ftraight line AB a folid f. 11. Dtf. n. 

parallelepiped 







E 
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Book Xt parallelepiped AL has been deferibed fimilar, and fimilarly fituated to 
the given one CD. Which was to be done. 

PROP. XXVIII. THEOR. 

F ' a folid parallelepiped be cut by a plane palling through 
the diagonals of two of the oppolite planes; it lhall be 
cut into two equal parts. 

Let AB be a folid parallelepiped, and DE, CF the diagonals of 
the oppofitc parallelograms AH, GB, viz. thofc which are drawn be- 
twixt the equal angles in each, and becaufe CD, FE arc each of them 
parallel to GA, and not in the fame plane with it, CD, EF fhall be 
L it. parallel*; wherefor the diagonals CF, DE are in the plane in which 
the parallels arc, and fhall themfelves be paral- 
b. «6. ii. lei b . and the plane CDEF fhall cut the folid 
AB into two equal parts. 

«. 34. t. Bccaufe the triangle CGF is equal c to the tri- 
angle CBF, and the triangle DAE to DHE; and 
4 . 34. 11. that the parallelogram CAis equal 11 and fimilar to 
the oppofitc one BE; and the parallelogram GE 
to CH: the prifm contained by the two triangles CGF, DAE, and 
tm, c. 11. the three parallelograms CA, GE, EC, fhall be equal e to the prifin 
contained by the two triangles CBF, DHE, and the three parallelo- 
grams BE, CH, EC; becaufe they are contained by the fame number 
of equal and fimilar planes, alike fituated, and none of their folid angles 
are contained by more than three plane angles. Therefor die folid 
AB is cut into two equal parts by the plane CDEF. Q* E. D. 

‘ N.B. The 
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‘N. B. The infilling ftraight line* of a parallelepiped mentioned ** °* Xt 
‘ in the next and fome following Propofitions, are the Tides of the pa* 

• rallelograms betwixt the bafe and the oppofitc plane parallel to it.’ 

PROP. XXIX. THEOR. 

S OLID parallelepipeds upon the fame bafe, and of the 
fame altitude, whofe infilling ftraight lines are termi- 
nated in the fame ftraight lines in the plane oppoftte to 
the bafe, are equal to one another. 

Let the folid parallelepipeds AH, AK be upon the fame bafe AB, 
and of the fame altitude, and their infilling ftraight lines AF, AG, 

LM, LN ; CD, CE, BH, BK be terminated in the fame ftraight lines 
FN, DK. the folid AH (hall be equal to the folid AK. 

Firft, Let the parallelograms DG, HN which arc oppofitc to the 
bafe AB have a common fide HG. bccaufc therefor the folid AH 
is cut by die plane AGHC parting dirough 
the diagonals AG, CH of the oppofitc 
planes ALGF, CBHD, AH lhall be cut 
into two equal parts " by the plane AGHC. 
therefor die folid AH is double of the 

prifin which is contained by the triangles ALG, CBH. by the fame 
rcafbn, becaulc the folid AK is cut by the plane LGHB dirough the 
diagonals LG, BH of the oppofitc planes ALNG, CBKH, the folid 
AK is double of the fame prifm which is contained by the triangles 
ALG, CBH. Therefor the folid AH is equal to the folid AK. 

But let the parallelograms DM, EN oppofitc to the bale have no 
common fide, then bccaufc CH, CK are parallelograms, CB (hall be 
equal b to each of the oppofitc Tides DH, EK; wherefor DH is equal k* s.' 

to 




a. at. i u 
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Boo* XI. t 0 EK. add, or take away the common part HE ; DE (hall be equal 
to HK. whcrefor alfo the triangle CDE is equal c to the triangle 
4. } 6 . i. BHK. and the parallelogram DG is equal d to the parallelogram 
HN. by the fame reafon, the triangle AFG is equal to the triangle 
•. 14 . it. LMN. and the parallelogram CF is equal e to the parallelogram BM, 
and CG to BN ; for they are oppofite. Therefor the prifm which i* 
contained by the two triangles AFG, CDE, and the three parallelogram* 




t c. it. AD, DG, GC is equal { to the prifm contained by the two triangle* 
LMN, BHK, and the three parallelograms BM, MK, KL. If there- 
for the prifin LMN, BHK be taken from the fblid whofe bafe is the 
parallelogram AB, and FDKN the one oppofite to it; and if from 
this fame folid there be taken the prifm AFG, CDE; the remaining 
folid, viz. the prallclcpiped AH, fhall be equal to the remaining pa- 
rallelepiped AK. Therefor folid parallelepipeds &c. E. D. 

PROP. XXX. THEOR. 

S OLID parallelepipeds upon the fame bafe, and of 
the fame altitude, whofe infifting ftraight lines are 
not terminated in the fame ftraight lines in the plane op- 
poftte to the bafe, are equal to one another. 

Let the parallelepipeds CM, CN be upon the fame bafe AB, and 
of the fame altitude, but their infifting ftraight lines AF, AG, LM, 

LN, 
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LN, CD, CE, BH, BK not terminated in the fame ftraight lines, the® 00 * XI - 
folids CM, CN (hail be equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one ano- 
ther in the points O, P, Q., R; and join AO, LP, BQ_, CR. and 
becaufe the plane LBHM is parallel to the oppofite plane ACDF, and 
that the plane LBHM is that in which are the parallels LB, MHPQ_, 
in which alfo is the figure BLPQj and the plane ACDF is that in 
which are the parallels AC, FDOR, in which alfo is the figure CAOR ; 



therefor the figures BLPQ_, CAOR arc in parallel planes, in like 
manner, becaufe the plane ALNG is parallel to die oppofite plane 
CBKE, and that the plane ALNG is that in which are the parallels 
AL, OPGN, in which alfo is the figure AI.PO; and the plane CBKE 
is diat in which are die parallels CB, RQEK, in which alfo is the 
figure CBQR; therefor the figures ALPO, CBQR are in parallel 
planes, and the planes ACBL, ORQP are parallel; therefor die lb- 
lid CP is a parallelepiped, but die (olid CM whole bale is ACBL, 
and FDHM the parallelogram oppofite to it, is equal 3 to the lolid*. 29- n. 
CP whole bafe is the parallelogram ACBL, and ORQP the one op- 
pofite to it; becaufe they arc upon the fame bafe, and their infilling 

M m firaight 
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Boo* XL fought lines AF, AO, CD, CR; LM, LP, BH, BQ_are in the fame 
flraight lines FR, MQ^ and the folid CP is equal * to the folid CN, 




for they are upon the fame bafe ACBL, and their infilling flraight lines 
AO, AG, LP, LN ; CR, CE, BQ_, BK are in the fame ftraight lines 
ON, RK. therefor the folid CM is equal to the folid CN. Wherefor 
folid parallelepipeds 8cc. Q^E. D. 



PROP. XXXI. THEOR. 

S OLID parallelepipeds which are upon equal bafes, 
and of the fame altitude, are equal to one another. 



Let the folid parallelepipeds AE, CF, be upon equal bales AB, CD, 
and of the lame altitude; the folid AE lhall be equal to the folid CF. 

Firll, Let the infilling llraight lines be at right angles to die bafes 
AB, CD, and let the bafes be placed in the fame plane, and fo as that 
the fidcs CL, LB be in a flraight line; therefor the flraight line LM 
which is at right angles to the plane in which the bafes are, in die 
*. 13. 11. point L, lhall be common a to the two folids AE, CF; let die other 
infilling lines of the folids be AG, I 1 K, BE; DF, OP, CN. and firll, 

ler 
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let the angle ALB be equal to the angle CLD; then AL, LD (hall® 00 * XI - 
be in a ftraight line*, produce OD, HB, and let them meet in Q_, 
and compleat the folid parallelepiped LR whole bale is the parallelo- 
gram LQ_, and LM one of its infilling ftraight lines, therefor becaule 
the parallelogram AB is equal to CD, as the bale AB is to the bale 
LCL, lo lliall b the bale CD be to the fame LCK and becaule . the b. 7. $. 
lolid parallelepiped AR is cut by the plane LMEB which is parallel 
to the oppofitc planes AK, DR; as the bafe AB is to the bafe LQ_, 



fo lhall c the folid AE be to the 
lolid LR. by the lame realbn, 
becaule the folid parallelepiped 
CR is cut by the plane LMFD 
which is parallel to the oppofitc 
planes CP, BR ; as the bale CD 
to the bafe LQ_, fo is the folid 



R 



c. aj. it. 
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CF to the lolid LR. but as the bafe AB to the bafe LQ_, fo the bale 
CD to the bafe LQ_, as before was proved, therefor as die folid AE 
to the folid LR, fo is the folid CF to the folid LR ; and therefor the 
folid AE is equal d to the folid CF. d. 9. f. 

But let the folid parallelepipeds SE, CF be upon equal bales SB, 

CD, and of the fame altitude, and let their infilling ftraight lines be 
at right angles to the bafes; and place the bafes SB, CD in the fame 
plane, fo that CL, LB be in a ftraight line; and let the angles SLB, 

CLD be unequal; the folid SE lhall be equal to the folid CF. pro- 
duce DL, TS until they meet in A, and from B draw BH parallel to 
DA; and IctHB, OD produced meet in Q_, and compleat the folids 
AE, LR. therefor the folid AE whofe bafe is the parallelogram LE, 
and the oppofitc to it AK, is equal c to the folid SE whofe bafe ise. 39. it. 
LE, and SX oppofitc to it; for they are upon the fame bafe LE, and of 
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Book XI. of the fame altitude, and their infilling ftraight lines, viz. LA, LS, 
BH, BT; MG, MV, EK, EX are in the fame ftraight lines AT, GX. 
and becaufe the parallelogram 
f- iS- »• AB is equal f to SB, for they 
arc upon the fame bale LB, and 
between the fame parallels LB, 0 
AT ; and that the bafe SB is 
equal to the bafe CD ; therefor 
the bale AB fhall be equal to 
the bafe CD. and the angle ALB is equal to the angle CLD, therefor, 
by the firft cafe, the lolid AE is equal to the folid CF ; but the (olid 
AE is equal to the (olid SE, as was demonftrated ; therefor the folid 
SE is equal to the lolid CF. 

But if the infilling ftraight lines AG, HK, BE, I JV1 ; CN, RS, 
DF, OP, be not at right angles to the bales AB, CD ; likewife in 
this cafe the folid AE fhall be equal to the folid CF. from the 
points G, K, E, M; N, S, F, P, draw the ftraight lines GQ_, 
g. xi. ii. KT, EV, MX; NY, SZ, FI, PU, perpendicular « to the plane 




.M E 




in which are die bales AB, CD; and let them meet it in die points 
Q., T, V, X; Y, Z, I, U, and join QJ, TV, VX, XQj YZ, ZI, 
IU, UY. therefor becaufe GQ_, KT arc at right angles to die fame 
K 6. ii- plane, they fhall be parallel h to one another, and MG, EK are pa- 
rallel; therefor the planes MQ^, ET of which one pafTes dirough 

MG, 
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MG, GQ_, and the other through EK, KT which are parallel to 0 0 0 * XI - 

MG, GQ_, and not in the fame plane with them, lhall be parallel ‘ to 

one anotlicr. by the fame reafon, the planes MV, GT arc parallel to 

one another, therefor the folid QE is a parallelepiped, in like manner, 

it lhall be proved that die lolid YF is a parallelepiped, but, from what 

ha6 been demonftrated, the folid EQJs equal to the lolid FY, bccaufc 

dicy are upon equal bafes MK, PS, and of the fame altitude, and have 

their infilling Untight lines at right angles to die bafes. and the folid EQ_ 

is equal 1 to the folid AE ; and the folid FY to die folid CF ; becaufe they k. 39. or 

arc upon the lame bales and of die fame altitude, therefor die folid AE 3011 

is equal to die folid CF. Wherefor folid parallelepipeds See. Q^E. I>. 

PROP. XXXII. THEOR. 

S OLID parallelepipeds which have the fame altitude, 
are to one another as their bafes. 



Let AB, CD be folid parallelepipeds of the fame altitude, they 
lhall be to one another as their bales; that is, as the bafe AEto the 
bafe CF, fo the folid AB to the folid CD. 

To die ftraight line FG apply the parallelogram FH equal 1 to a. Cor . 4 j. 1 . 

AE, fo that die angle FGH B D K. 

be equal to the angle LCG; \/j \ n , 
and compleat the folid paral- Nl 1 I ^ ^ 
lelepipcd GK upon the bafe 
FH, and one of whofc in- 
filling lines is FD, whereby 

diey lhall be of the fame altitude, therefor the folid AB is equal b to b - 3'- 
the folid GK, becaufe they are upon equal bafes AE, FH, and of the 
fame altitude* and becaufe die folid parallelepiped CK is cut by the 

plane 
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THE ELEMENTS 

plane DG which is parallel to its oppofite planes, the bale HF lhall c 
be to the bafe FC, as the fo- 
lid HD to the folid DC. but 
the bafe HF is equal to the 
bafe AE, and the folid GK 
to the fblid AB. therefor as 
the bafe AE to the bafe CF, 
fo is the folid AB to the fblid CD. Whcrcfor folid parallelepipeds &c. 
Qt E. D. 

Cor. From this it is manifeft, that prifms upon triangular bales, of 
the fame altitude, are to one another as their bales. 

Let the prifms w hole bales arc the triangles AEM, CFG, and NBO, 
PDQ^the triangles oppofite to them, have the lame altitude; and com- 
pleat the parallelograms AE, CF, and the folid parallelepipeds AB, 
CD, in the fir ft of which let MO be one of the infilling lines, 
and GQ_in the other, and becaule the folid parallelepipeds AB, CD 
have the lame altitude, they fliall be to one another as the bafe AE 
is to the bafe CF ; whcrcfor the prilrns, which arc their halfs, i lhall 
be to one another as the bafe AE to the bafe CF ; that is, as the tri- 
angle AEM to the triangle CFG. 



PROP. XXXIII. THE OR. 

eiMiLAR folid parallelepipeds are one to another in the 
^ triplicate ratio of their homologous Tides. 

Let AB, CD be fimilar folid parallelepipeds, and the fide AE ho- 
mologous to the fide CF. the folid AB lhall have to the folid CD, 
the triplicate ratio of that which AE has to CF. 

Produce 
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Produce AE, GE, HE, and in thefc produced take EK equal to B *_ XI - 
CF, EL equal to FN, and EM equal to FR; and complcat the pa- 
rallelogram KL, and the folid KO. beeaufe KE, EL arc equal to CF, FN, 
and the angle KEL equal to the angle CFN, becaule the angle AEG 
is equal to CFN, by reafon the folids AB, CD are fimilar; the paral- 
lelogram KL lhall be fimilar and equal to the parallelogram CN. by 
the fame reafon, the parallelogram MK is fimilar and equal to CR, 
and alio OE to FD. therefor three parallelograms of the folid KO 
are equal and fimilar to three parallelograms of the folid CD. and the 
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three oppofitc ones in each folid 
are equal a and fimilar to thefo. 
therefor the folid KO is equal b 
and fimilar to the folid CD. 
complcat the parallelogram GK, 
and complcat the folids EX, LP 
upon the bafes GK, KL, fo that 
EH be an infilling ftraight line 
in each of them, whereby they 
lhall be of the fame altitude with the folid AB. and becaule the lo- 
lids AB, CD arc fimilar, and by permutation, as AE is to CF, fo is 
EG to FN, and fo is EH to FR; and FC is equal to EK, and FN 
to EL, and FR to EM; therefor as AE to EK, fo is EG to EL, 
and fo is HE to EM. but as AE to EK, fo c is the parallelogram c. 1.6. 
AG to the parallelogram GK ; and as GE to EL, fo c is GK to KL ; 
and as HE to EM, fo c is PE to KM. therefor as the parallelogram AG 
to the parallelogram GK, fo is GK to KL, and PE to KM. but as 
AG to GK, fo is the folid AB to the folid EX; and as GK to KL, J. aj- 11. 
fo d is die folid EX to die folid PL; and as PE to KM, fo d is the 
folid PL to the folid KO. and therefor as the folid AB to die folid 

EX, 
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Book XI. 



EX, fo is EX to PL, and PL to KO. but if four magnitudes be con- 
tinual proportionals, the fir ft is (aid to have to the fourth the tripli- 
cate ratio of that which it has to the fccond. therefor the folid AB 
has to the folid KO, the triplicate ratio of that which AB has to EX. 
but as AB is to EX, fo is the 
parallelogram AG to the paral- 
lelogram GK, and the ftraight 
line AE to the ftraight line EK. 
wherefor the folid AB has to 
the (olid KO, the triplicate ra- 
tio of that which A Pi has to 
EK. and the folid KO is equal 
to the folid CD, and the ftraight 
line EK is equal to the ftraight line CF. Therefor the folid AB has 
to the folid CD, the triplicate ratio of that which the fide AE has 
to the homologous fide CP'. E. D. 

Cor. From this it is manifeft, if four ftraight lines be continual 
proportionals, as die firft is to the fourth, fo is die folid parallelepiped 
deferibed from the firft to die fimilar folid fimilarly deferibed from the 
fccond ; becaufe the firft ftraight line has to the fourdi, the triplicate 
ratio of diat which it has to the fccond. 



B X 




PROP. D. TPIEOR. 

S OLID parallelepipeds which are contained by paral- 
lelograms that arc equiangular to one another, each 
to each, that is, whofe folid angles are equal, each to 
each-, have to one another the ratio which is the lame 
with the ratio compounded of the ratios of their fidcs. 



Let 
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Let AB, CD bo folid parallelepipeds, of which AB is contained ® 0 0 K XI. 
by the parallelograms AE, AF, AG which are equiangular, each to 
each, to the parallelograms CH, CK, CL which contain die folid CD. 
the ratio which the folid AB has to the folid CD lhall be the fame 
with that which is compounded of the ratios of the Tides AM to DL, 

AN to DK, and AO to DH. 

Produce MA, NA, OA to P, Q_, R, fo that AP be equal to DL, 

AQ^to DK, and AR to DH; and compleat the folid parallelepiped 




AX contained by the parallelograms AS, AT, AV fimilar and equal to 
CH, CK, CL, each to each, therefor die folid AX is equal a to die a. c. u. 
folid CD. compleat likcwifo the folid AY whole bafe is AS, and AO 
one of its infilling flraight lines. Take any (Iraight line a, and as MA to 
AP, fo make a to b; and as N A to AQ_, fo make b to c; and as 
OA to AR, fo c to d. dicrefor bccaufe die parallelogram AE is equi- 
angular to AS, AE lhall be to AS, as the flraight line a to c, as is de- 
monitrated in the 23. Prop. Book 6 . and the folids AB, AY, being 
betwixt the parallel planes BOY, EAS, arc of the fame altitude, there- 
for the folid AB is to the folid AY, as b the bafe AE to the bale AS ;b. 32. n. 
that is, as the flraight line a is to c. and the folid AY is to the folid 
AX, as c the bale OQ_is to the bafe QR; that is, as the llraight lincc. 2 j. n. 

N n OA 
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Boo i XI. 0 a to AR; that is, as the ftraight line c to the ftraight line d. 

therefor bccaulc the (olid AB is to the (olid AY, as a is to c, and the 
(olid AY to the folid AX, as c is to d ; ex aequali, the (olid AB lhall 
be to the folid AX, or CD which is equal to it, as the ftraight line 
d. Def. a. j. a is to d. but the ratio of a to d is (aid to be compounded d of the 




ratios of a to b, b to c, and c to d, which arc the fame with the ra- 
tios of the fides MA to AP, NA to AQ^, and OA to AR, each to 
each, and the fides AP, AQ_, AR arc equal to the fides DL, DK, 
DH, each to each. Therefor the folid AB has to the folid CD the ra- 
tio which is the fame with that which is compounded of the ratios of 
the fides AM to DL, AN to DK, and AO to DH. Q^E. D. 

PROP. XXXIV. THEOR. 

T HE bafes and altitudes of equal folid parallelepipeds, 
are reciprocally proportional; and if the bafes and 
altitudes be reciprocally proportional, the folid parallele- 
pipeds are equal. 

Let AB, CD be equal folid parallelepipeds; their bafes (hall be re- 
ciprocally proportional to their altitudes; that is, as the bale EH is to 

v the 
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the bafe NP, fo (hall the altitude of the folid CD be to the altitude of B »oi XI- 



the folid AB. 






Firft, Let the infixing ftraight lines AG, EF, LB, HK ; CM, NX, OD, 
PR be at right angles to the bafes. 
as the bale EH to the bale NP, 
lb (hall CM be to AG. if the bale 
EH be equal to the bale NP, then 
becaufe the folid AB is likewile 
equal to the folid CD, CM lhall be 
equal to AG. becaufc if the bafes EH, NP be equal, but the altitudes 
AG, CM be not equal, neither lhall the folid AB be equal to the folid 
CD. but the folids are equal, by the Hypothefis. therefor the altitude 
CM is not unequal to the altitude AG; that is, they are equal, where- 
for as the bafe EH to the bale NP, fo is CM to AG. 

Next, let the bafes EH, NP not be equal, but EH greater than the 
other, lince then the folid AB is e- 
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qual to the folid CD, CM lhall be 
greater than AG. for if it be not, 
neither alfo, in this cafe, Ihould the 
folids AB, CD be equal, which, by 
the Hypothefis, arc equal. Make then JJ 
CT equal to AG, and compleat the 
folid parallelepiped CV whofe bafe 
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is NP, and altitude CT. Becaufe the folid AB is equal to the folid CD, 
the folid AB lhall be to the folid CV, as 11 die folid CD to the folid *• ">• *• 
CV. but as the folid AB to the folid CV, fo b is the bafe EH to die b - 3»- "• 
bafe NP; for the folids AB, CV are of the fame altitude; and as the 
folid CD to CV, fo c is the bafe MP to die bafe PT, and fo d is the £ Jfjj' 1 ' 
ftraight line MC to CT; and CT is equal to AG. therefor as the 

N n 2 bafe 
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bale EH to the bafc NP, fo is MC to AG. wherefor the bafes of 
the folid parallelepipeds AB, CD arc reciprocally proportional to their 
altitudes. 

Let now the bafes of the folid parallelepipeds AB, CD be recipro- 
cally proportional to their altitudes; viz. as the bafc EH to the bafe 
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NP, fo the altitude of die folid CD ^ 

to the altitude of die folid AB ; [ \G |\F 

the folid AB fhall be equal to the 
folid CD. let the infilling lines be, 
as before, at right angles to the 
bales' then, if the bafc EH be 
equal to die bafe NP, fince EH is to NP, as die altitude of the folid 
CD is to the altitude of the folid AB, die altitude of CD fhall be 
e. A. j. equal e to the altitude of AB. but folid parallelepipeds upon equal 
f. jj. n. bales, and of the fame altitude are equal r to one another; dicrcfor 
die folid AB is equal to the folid CD. 

But let the bafes EH, NP be unequal, and let EH be the greater of 
the two. therefor, fince as the bale 
EH to the bale NP, fo is CM the 
alutude of the folid CD to AG the 
altitude of AB, CM fhall be grea- 
ter e than AG. take again, CT e- 
qual to AG, and compleat, as be- 
fore, the folid CV. and, bccaufo 
the bafc EH is to the bafe NP, A E 
as CM to AG, and that AG is c- 
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qual to CT, the bafc EII fhall be to the bale NP, as MC to CT. 
b. 3». 11. but as the ball- EH is to NP, fo b is the folid AB to die folid CV; 
for the folids AB, CV arc of die fame alutude; and as MC to CT, 

fo 
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fo is the bafe MP to the bafe PT, and the folid CD to the folid c CV. 0 * XI. 
and therefor as the folid AB to the folid CV, fo is the folid CD to 
the folid CV ; that is, each of the folids AB, CD has the fame ratio 
to the folid CV ; and therefor the folid AB is equal to the folid CD. 

Second general Cafe. Let the infilling llraight lines FE, BL, GA, 

KH ; XN, DO, MC, RP not be at right angles to the bales of the 
folids ; and from die points F, B, K, G ; X, D, R, M draw perpen- 
diculars to the planes in which are the bafes EH, NP, meeting thefe 
planes in the points S, Y, V, T; Q_, I, U, Z; and complcat the lo- 
lids FV, XU, which lhall be parallelepipeds, as was proved in the lad 





part of Prop. 3 1 11 of this Book. In this cafe likewife, if the folids 
AB, CD be equal, their bafes lhall be reciprocally proportional to dieir 
altitudes, viz. the bafe EH to the bafe NP, as the altitude of the fo- 
lid CD to the altitude of the folid AB. Becaufe die folid AB is equal 
to the folid CD, and that the folid BT is equal E to the folid BA, for g- »9- « 
they arc upon the fame bafe FK, and of the lame altitude; and the 3 °' 
folid DC equal 8 to the folid DZ, being upon the fame bafe XR, and 
of die fame altitude; the folid BT lliall be equal to the folid DZ. but 
the bafes are reciprocally proportional to the altitudes of equal folid 
parallelepipeds whole infilling llraight lines are at right angles to their 
bafes, as before was proved, therefor as the bafe FK to die bafe XR, 

lb 
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Boo*' XL fo is the altitude of the {olid DZ to the altitude of the folid BT. 

^ bafe FK is equal to die bafe EH, and the bafe XR to the 
bale NP. wherefor as the bafe EH to the bafe NP, fo is the altitude 
of the folid DZ to the altitude of the folid BT. but the altitudes of 
the folids DZ, DC, as alio of the folids BT, BA arc the fame. 
Therefor as the bafe EH to the bafe NP, lb is the altitude of the 




folid CD to the altitude of the folid AB; that is, the bafes of the 
folid parallelepipeds AB, CD are reciprocally proportional to their al- 
titudes. 

Next, Let die bafes of the folids AB, CD be reciprocally proportio- 
nal to their altitudes, viz. the bale EH to the bafe NP, as the alti- 
tude of the folid CD to the altitude of the folid AB; the folid AB 
{hall be equal to the folid CD. the lame conftru&ion being made, 
becaufe as the bafe EH to the bafe NP, fo is the altitude of the fo- 
lid CD to the altitude of the folid AB; and that the bale EH is equal 
to the bale FK; and NP to XR ; the bafe FK lhall be to the bale 
XR, as the altitude of the folid CD to the altitude of AB. but the 
altitudes of the folids AB, BT are the fame, as alfo of CD and DZ ; 
therefor as the bafe FK to the bale XR, fo is the altitude of the fo- 
lid DZ to the altitude of the folid BT. wherefor the bales of the fo- 
lids BT, DZ are reciprocally proportional to their altitudes; and their 

infilling 
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infixing ftraight lines are at right angles to the bafes ; wherefor, as was B 0 0 * XT. 
before proved, the lolid BT is equal to the folid DZ. but BT is c- 
qual 8 to the folid BA, and DZ to the folid DC, becaufe they are g. 39. or 
upon the fame bafes, and of the fame altitude. Therefor the folid AB 3 °' lI ' 
is equal to the folid CD. E. D. 

PROP. XXXV. THEOR. 

TF from the vertices of two equal plane angles there be 
X- drawn two ftraight lines elevated above the planes in 
which are the angles, that contain equal angles with the 
ftdes of thefe angles, each to each ; and if in the lines a- 
bove the planes there be taken any points, and from them 
perpendiculars be drawn to the planes in which the firft 
named angles are; and from the points in which they 
meet the planes, ftraight lines be drawn to the vertices of 
the angles firft named; thefe ftraight lines fhall contain 
equal angles with the ftraight lines which are above the 
planes of the angles. 

Let BAC, EDF be two equal plane angles; and from die points 
A, D let the ftraight lines AG, DM be elevated above the planes of 
the angles, making equal angles widi their fidcs, each to each; viz. 
the angle GAB equal to the angle MDE, and GAC to MDF; and 
in AG, DM let any points G, M be taken, and from them be drawn 
perpendiculars GL, MN to the planes BAC, EDF meeting thefe 
planes in the points L, N ; and join LA, ND. die angle GAL lhall 
be equal to the angle MDN. 

Make AII equal to DM, and through H draw HK parallel to 
GL. but GL is perpendicular to the plane BAC, wherefor HK is 

perpendicular 
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perpendicular a to the fame plane, from the points K, N, to the 
t. 8. u.ftraight lines AB, AC, DE, DF, draw perpendiculars KB, KC, NE, 
NF; and join HB, BC, ME, EF. Bccaufe HK is perpendicular to the 
plane BAC, the plane HBK which paffes through HK lhall be at 
v 1 8. ii. right angles b to the plane BAC; and AB is drawn in die plane BAC 
at right angles to the common fc&ion BK of die two planes ; dicre- 
c. 4. Def. ii. for AB is perpendicular c to the plane HBK, and lhall make right 
1. j. Def. n. angles d with every (iraight line in that plane which meets it. but BH 
in that plane meets it; dicrefor ABH is a right angle, by the fame 
rcafon, DEM is a right angle, and is therefor equal to the angle ABH. 



E 



and die angle HAB is equal to the angle MDE. therefor in the two 
triangles HAB, MDE there arc two angles in one equal to two 
angles in the other, each to each, and one fide equal to one fide, op- 
pofitc to one of the equal angles in each, viz. HA equal to DM; 
e. 26. x. therefor the remaining fides lhall be equal 0 , each to each, wherefor 
AB is equal to DE. In the fame manner, if HC and MF be joined, 
it lhall be demonftrated that AC is equal to DF. dicrefor bccaufe 
AB is equal to DE, BA and AC are equal to ED and DF; and the 
angle BAC is equal to die angle EDF ; wherefor die bale BC is e- 
f.4.1. qual f to the bafe EF“, and the remaining angles to the remaining 
angles, the angle ABC is therefor equal to the angle DEF. and die 

right 
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right angle ABK is equal to the right angle DEN, whence the rc- ® 0 0 * x f - 
maining angle CBK is equal to die remaining angle FEN. by the 
fame rcalon, the angle BCK is equal to the angle EFN. therefor 
in the two triangles BCK, EFN diere arc two angles in one equal 
to two angles in the other, each to each, and one fide equal to one 
fide adjacent to the equal angles in each, viz. BC equal to EF ; the 
other fides therefor arc equal to the other fides; BK then is equal to 
EN. and AB is equal to DE; wherefor AB, BK arc equal to DE, 

EN; and they contain right angles; wherefor the bafe AK is equal 
to the bale DN. and fincc AH is equal to DM, the Iquare of AH fhall 
be equal to the Iquare of DM. but the fquares of AK, KH arc equal 
to the fquare £ of AH, bccaufc AKH is a right angle, and the fquares 8- 47- 1 . 
of DN, NM arc equal to the fquare of DM, for DNM is a right 
angle, wherefor the fquares of AK, KH arc equal to the fquares of 
DN, NM; and of thefe the fquare of AK is equal to the fquare of 
DN. therefor the remaining fquare of KH is equal to the remaining 
Iquare of NM ; and the ftraight line KH to the ftraight line NM. 
and becaule HA, AK arc equal to MD, DN, each to each, and the 
bafe HK to the bafe MN, as has been proved, die angle HAK fhall 
be equal ll to die angle MDN. E. D. h. 8. 1 . 

Cor. From this it is manifeft, that if from the vertices of two e- 
qual plane angles there be delated two equal ftraight lines containing 
equal angles with the fides of the angles, each to each ; the perpendi- 
culars drawn from the extremities of them to die planes of the firft 
angles fhall be equal to one another. 

Another Demonftration of the Corollary. 

Let die plane angles BAC, EDF be equal to one another, and let 
AH, DM be two equal ftraight lines above the planes of the angles, 

O o containing 
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Boo« XL <.015^^ equal angles with BA, AC, ED, DF, each to each, viz. 

the angle HAB equal to MDE, and HAC equal to the angle MDF; 
and from H, M let HK, MN be perpendiculars to the planes BAC, 
EDF; HK fhall be equal to MN. 

Becaufe the folid angle at A is contained by the three plane angles 
BAC, BAH, HAC, which arc, each to each, equal to the three plane 




angles EDF, EDM, MDF which contain the folid angle at D; the 
folid angles at A and D fhall be equal, and coincide with one ano- 
ther; to wit, if the plane angle ABC be applied to the plane angle 
EDF, the ftraight line AH fhall coincide with DM, as was fhewn in 
Prop. B. of this Book, and becaufe AH is equal to DM, the point 
H fhall coincide with the point M. wherefor HK which is perpen- 
1. 13. j 1 . djcular to the plane BAC fhall coincide with 1 MN which is perpen- 
dicular to the plane EDF, becaufe thefe planes coincide with one ano- 
ther. therefor HK is equal to MN. E. D. 



PROP. XXXVI. 



Digitized by Google 



OF EUCLID. 



Book XI. 

PROP. XXXVI. THEOR. 

I F three flraight lines be proportionals, the folid paralle- 
lepiped defcribed from all three as its lides, is equal 
to the equilateral parallelepiped defcribed from the mean 
proportional, one of whofe folid angles is contained by 
three plane angles that are equal to the three plane angles 
that contain one of the folid angles of the other figure, 
each to each. 



Let A, B, C be three proportionals, viz. A to B, as B to C. The 
folid defcribed from A, B, C (hall be equal to die equilateral folid dc- 
feribed from B, which is equiangular to the other. 

Take a folid angle D contained by three plane angles EDF, FDG, 

GDE ; and make each of the ftraight lines ED, DF, DG equal to B, 

and coroplcat the folid pa- ^ JJ 

rallelepiped DH. makeLK 
equal to A, and at the point 
K in the flraight line LK 
make 3 a folid angle con- 
tained by the three plane 
angles LKM, MKN, NKL 
equal to the angles EDF, FDG, GDE, each to each ; and make KN 
equal to B, and KM equal to C; and compleat the folid parallelepi- 
ped KO. and becaufe as A is to B, fo is B to C, and that A is equal 
to LK, and B to each of the flraight lines DE, DF, and C to KM; LK 
lhall be to ED, as DF to KM; that is, the fidcs about the equal 
angles arc reciprocally proportional ; therefor die parallelogram LM 
is equal b to EF. and becaufe EDF, LKM are two equal plane t>. 14. 6 - 

O o 2 angles, 
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Boo* XI. angles, and the two equal flraight lines DG, KN are drawn from their 
vertices above their planes, and contain equal angles with their fides; 
the perpendiculars from the 
points G, N, to the planes 
EDF, LKMfhali be equal 
c. cor. ir. 11. « to one another, therefor 
the folids KO, DH are of 
the fame altitude; and they 
arc upon equal bafes LM, 

&■ 31. 11. EF, and therefor they arc equal d to one another, but the foiid KO 
Is deferibed from the three flraight lines A, B, C, and the (olid DH 
from the flraight line B. If therefor three flraight lines &c. Q^E. D. 



D 



A 



PROP. XXXVII. THEOR. 

I F four flraight lines be proportionals, the fimilar foiid 
parallelepipeds that are fimilarly deferibed from them 
lhall. alfo be proportionals, and if the fimilar parallelepi- 
peds fimilarly deferibed from four flraight lines be propor- 
tionals, the flraight lines lhall be proportionals. 



Let the four flraight lines AB, CD, EF, GH be proportionals, viz. 
as AB to CD, fo EF to GH ; and let the fimilar parallelepipeds AK, 
CL, EM, GN be fimilarly deferibed from them. AK lhall be to CL, 
as EM to GN. 

a. 11.6. Make a AB, CD, O, P continual proportionals, as alfo EF, GH, 
i>. 1 1. 5. Q^, R. and bccaufe as AB is to CD, fb EF to GH; CD fliall b be 
c. 22 . 5. to O, as GH to Q, and O to P, as Q_to R; therefor cx aequali c 
a. cot. jj. 11. AB is to P, as EF to R. but as AB to P, fo d is the foiid AK to 

die foiid CL; and as EF to R, fo d is the foiid EM to the foiid GN. 

therefor 
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therefor b as the folid AK to the folid CL, fo is the folid EM to the B 0 0 * XT. 
folid GN. 

But let the folid AK be to the folid CL, as the folid EM to the 
folid GN. the ftraighr line AB lhall be to CD, as EF to GH. 

Make as AB to CD, fo EF to ST, and from ST dcfcribe e a fo-*. J7 , XI , 
lid parallelepiped SV fimilar and fimilarly fituated to either of the fo- 
lids EM, GN. and bccaufe AB is to CD, as EF to ST, and that 
from AB, CD the folid parallelepipeds AK, CL are fimilarly ddcribed ; 




and in like manner the folids EM, SV from the ftraight lines EF, 

ST; AK lhall be to CL, as EM to SV. but, by the Hypothefis, AK 
is to CL, as EM to GN. therefor GN is equal f to SV. but it is f. 9. j. 
likewife fimilar and fimilarly fituated to SV ; therefor the planes which 
contain the folids GN, SV arc fimilar and equal, and their homologous 
fidcs GH, ST lhall be equal to one another, and bccaule as AB to 
*■ CD, fo EF to ST, and that ST is equal to GH ; AB lhall be to 
CD, as EF to GH. Therefor it four llraight lines &c. E. D. 

PROP. XXXVIII. 
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PROP. XXXVIII. THEOR. 

" TF a plane be perpendicular to another plane, and a 
“ ftraight line be drawn from a point in one of the 
“ planes perpendicular to the other plane, this ftraight 
“ line lhall fall on the common feftion of the planes. 

“ Let the plane CD be perpendicular to the plane AB, and AD 
“ their common feftion ; and let any point E be taken in the plane 
“ CD; the perpendicular drawn from E to the plane AB lhall fall 
“ on AD. 

“ For if it does not, let it, if poflible, fall off it, as EF ; and let it 
“ meet the plane AB in the point F; and from F draw 1 , in the plane 
“ AB, a perpendicular FG to DA, which C 
“ lhall alfo be perpendicular b to the plane 
“ CD; and join EG. therefor bccaufc FG 
“ is perpendicular to the plane CD, and the 
“ ftraight line EG in that plane meets it; 

“ FGE lhall be a right angle c . but EF is 
“ alio at right angles to the plane AB; and therefor EFG is a right 
“ angle, wherefor two of the angles of the triangle EFG are equal 
“ together to two right angles ; which is abfurd. therefor the perpen- 
“ dicqlar from the point E to the plane AB docs not fall off the 
“ ftraight line AD. it lhall therefor fall on it If therefor a plane &c. 
“ E. D.” 




PROP. XXXIX. 



Digitized by Google 




f 



O F E U C L I D. 295 

Book XL 

PROP. XXXIX. THEOR. 

I N a folid parallelepiped, if the Tides of two of the op* 
polite planes be divided each into two equal parts, the 
common fe&ion of the planes parting thro’ the points of 
divifion, and the diameter of the folid parallelepiped (hall 
cut each other into two equal parts. 

Let the Tides of the oppofitc planes CF, AH of the folid parallele* 
piped AF, be divided each into two equal parts in the points K, L, M, 

N; X, O, P, R; and join KL, MN, XO, PR. and becaufe DK, 

CL are equal and parallel, KL fhall be parallel 3 to DC. by the fame »■ 33. 
rcafon, MN is parallel to BA. and BA is parallel to DC ; therefor 



D 3 C * T 




hecaufe KL, BA are each of them parallel to DC, and not in the 
lame plane with it, KL fhall be parallel b to BA. and becaufe KL, k- 3 j 1. 
MN are each of them parallel to BA, and not in the fame plane with 
it, KL fhall be parallel b to MN ; wherefor KL, MN are in one 
plane. In like manner, it fhall be proved that XO, PR are in one 

plane. 



i 



Digitized by Google 



2p6 THE ELEMENTS 

Boo* XI. pl anc . Let YS be the common fcftion of thcfe planes KN, XR ; and 
DG the diameter of the lblid parallelepiped AF. YS and DG fhall 
meet and cut one another into two equal parts. 

Join DY, YE, BS, SG. becaufe DX is parallel to OE, the al- 
e. 29. i. ternatc angles DXY, YOE arc equal c to one another, and becaufe 
DX is equal to OE, and XY to YO, and contain equal angles, the 
d. 4. 1. bale DY fhall be equal d to the bafe YE, and the other angles (hall 
be equal; therefor the angle XYD is equal to the angle OYE, and 
1 . 14. t. DYE fhall be a flraight c line, by the fame reafon BSG is a ftraight 



D K T 




line, and BS equal to SG. and becaufe CA is equal and parallel to DB, 
b. 9.11. and alfo equal and parallel to EG; DB fhall be equal and parallel b 
to EG. and DE, BG join their extremities; therefor DE is equal 
*• 33- 1. and parallel a to BG. and DG, YS arc drawn from points in the one 
to points in the other, and are therefor in one plane, whence it is 
manifeft that DG, YS mufl meet one another; let them meet in T. 
and becaufe DE is parallel to BG, the alternate angles EDT, BGT 
(. ij. 1. fhall be equal'; and the angle DTY is equal { to die angle GTS. 
therefor in the triangles DTY, GTS there are two angles in the one 
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equal to two angles in the other, and one fide equal to one fide, viz. 

DY to GS; for they are the halfs of DE, BG. therefor the remain- 
ing fidcs arc equals, each to each, wherefor DT is equal to TG, 8- *<• »• 
and YT equal to TS. Therefor if in a folid 8cc. E. D. 



PROP. XL. THEOR. 

I F there be two triangular prifms of the fame altitude, 
the bafe of one of which is a parallelogram, and the 
bafe of the other a triangle -, if the parallelogram be 
double of the triangle, the prifms fhall be equal to one 
another. 



Let the prifins ABCDEF, GHKLMN be of die fame altitude, 
the fir ft whereof is contained by the two triangles ABE, CDF, and 
the three parallelograms AD, DE, EC; and the other by die two 




triangles GHK, LMN and the three parallelograms LH, HN, NGj 
and let one of them have a parallelogram AF, and the other a tri- 
angle GHK for its bafe; if the parallelogram AF be double of the 
triangle GHK, the prifm ABCDEF fhall be equal to the prifm 
GHKLMN. 

Compleat die folids AX, GO; and becaufe the parallelogram AF 
is double of the triangle GHK; and the parallelogram HK double a *. 34. 1. 

P P of 
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of the fame triangle; the parallelogram AF lhall be equal to HK. 
but folid parallelepipeds upon equal bafes, and of the fame altitude 
b. s i. u. are equal b to one another, therefor the folid AX is equal to the fo- 



B D MO 




e. a8. ii. lid GO. and the prilin ABCDEF is half 0 of the folid AX; and the 
prifin GHK.LMN half 0 of the folid GO. therefor the prifin 
ABCDEF is equal to the prifin GHKLMN. Whercfor if there be 
two &c. E. D. 
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BOOK XII. 



LEMMA I. 

Which is the firft Proposition of the tenth Book, and is neceflary to 
fome of the PropoGtions of this Book. 

I F from the greater of two unequal magnitudes there be 
taken more than its half, and from the remainder 
more than its half; and fo on. there fhall at length re- 
main a magnitude lefs than the lefler of the two magni- 
tudes. 

Let AB and C be two unequal magnitudes, of which AB is the 
greater, if from AB there be taken more than its half, and from the 
remainder more than its half, and Co on ; there Shall at length remain 
a magnitude lefler than C. 

P P 2 For 
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Boo* XII. For C may be multiplied (o as at length to become greater than 
AB. let it be fo multiplied, and let DE its multiple be greater than 
AB, and let DE be divided into DF, FG, GE, each c- 
qual to C. from AB take BH greater than its half, 
and from die remainder AH take HK greater than its 
half, and lo on until there be as many divifions in AB 
as there arc in DE. and let die divifions AK, KH, HB 
be as many as the divifions DF, FG, GE. and bc- 
caufe DE is greater than AB, and that EG taken from 
DE is lefler than its half, but BH taken from AB is 
greater than its half, the remainder GD fliall be greater 
than the remainder HA. again, bccaufe GD is greater 
than HA, and that GF is die half of GD, but HK is greater than 
the half of HA; the remainder FD fliall be greater than the remainder 
AK. and FD is equal to C, therefor C is greater than AK ; that is, 
AK is lefler than C. E. D. 



B C 



PROP. I. THEOR. 

S Imilar polygons inferibed in circles, are to one ano- 
ther as the fquares of their diameters. 



Let ABCDE, FGHKL be two circles, and in them the fimilar po- 
lygons ABCDE, FGHKL ; and let BM, GN be the diameters of 
the circles, as the fquarc of BM is to die fquare of GN, fo fliall the 
polygon ABCDE be to the polygon FGHKL. 

Join BE, AM, GL, FN. and bccaufe the polygon ABCDE is fi- 
1 . Dcf. 6. milar to the polygon FGHKL, the angle BAE fliall be equal 3 to the 
angle GFL, and as BA to AE, lb 3 is GF to FL. wherefor the two 
triangles BAE, GFL having one angle in one equal to one angle in 

the 
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the other, and the fides about the equal angles proportionals, are c- Bo ° * 
quiangular b ; and dierefor the angle AEB is equal toiic angle FLG. 
but AEB is equal c to die angle AMB, becauie they Hand upon thee. 21.3. 
Curie circumference ; and the angle FLG is, for the fame reafon, c- 
qual to the angle FNG. therefor alfo the angle AMB is equal to 
FNG. and the right angle BAM is equal to the right d angle GFN ; 3 ‘- 3 - 
wherefor the remaining angles in the triangles ABM, FGN are equal, 




and diey arc equiangular to one another, therefor as BM to GN, fo e e . 4.6. 
is BA to GF, and the duplicate ratio of BM to GN, (hall be the 
fame f to the duplicate ratio of BA to GF. but the ratio of the 
fquare of BM to die fquare of GN, is the duplicate 8 ratio of that g. 20. 6. 
which BM has to GN ; and the ratio of the polygon ABCDE to the 
polygon FGHKL is the duplicate 8 of that which BA has to GF. 
therefor as the fquare of BM to the fquare of GN, lb is the polygon 
ABCDE to the polygon FGHKL. wherefor fimilar polygons &c. 

Q, E. D. 

PROP. II. THEOR. 

C Ircles are to one another as the fquarcs of their dia- 
meters. 



Let ABCD, EFGH be two circles, and BD, FH their diameters. 

as 
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Book XII. a$ the fquare of BD to the fquare of FH, fo (hall the circle ABCD 
be to the circl«*EFGH. 

For, if it be not fo, the fquare of BD fhall be to the fquare of FH, 
as the circle ABCD is to fome (pace either lefs than the circle EFGH, 
or greater than it*. Firft, let it be to a (pace S left than the circle 
EFGH ; and in the circle EFGH defcribe the fquare EFGH. this Iquare 
is greater than half of the circle EFGH ; becaufe if through the 
points E, F, G, H, there be drawn tangents to the circle, the fquare 
* 4‘. i. EFGH (hall be half a of the fquare defcribed about the circle; and 



A 




die circle is left than the fquare deferibed about it; therefor the fquare 
EFGH is greater than half of the circle. Divide the circumferences 
EF, FG, GH, HE, each into two equal parts in the points K, L, M, 
N, and job EK, KF, FL, LG, GM, MH, HN, NE. therefor each 
of the triangles EKF, FLG, GMH, HNEis greater than half 
of the fegment of the circle it Hands "in ; becaufe if ftraight lines 
touching the circle be drawn through the pobts K, L, M, N, and pa- 
rallelograms upon the ftraight lines EF, FG, GH, HE be complcatcd; 
each of the triangles EKF, FLG, GMH, HNE (hall be the half a of 



* For there is fome fquare equal to the circle 
ABCD; let P be the fide of it. and to three 
ftraight lines BD, FH and P, there can be 
a fourth proportional, let this be there- 
for the fquare s of thefe four ftraight lines are 



proportionals; that is, to the fquare* of BD, 
FH and the circle ABCD it is poflible there 
can be a fourth proportional. Let this he S. 
and in like manner arc to be underftood fome 
things in fome of the following Propofi cions. 

the 
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the parallelogram in which it is. but every fegment is lefs than die B 0 0 1 xn - 
parallelogram in which it is. wherefor each of the triangles EKF, 

FLG, GMH, HNE is greater dian half of the fegment of the circle 
which contains it. and if thefe circumferences before named be divided 
each into two equal parts, and their extremities be joined by ftraight 
lines, by continuing to do this, there will at length remain fegments 
of the circle which fhall together be lefs than die excels of die circle 
EFGH above the Ipace S. becaufc, by the prccecding Lemma, if from 
the greater of two unequal magnitudes there be taken more than its 
half, and from the remainder more than its half, and fo on, there lhall 
at length remain a magnitude lefs than the lclTcr of the two magni- 
tudes. Let then the fegments EK, KF, FL, LG, GM, MH, HN, 

NE be thole that remain and are together lefs than the excels of the 
circle EFGH above S. therefor the reft of the circle, viz. the poly- 
gon EKFLGMHN lhall be greater than the fpacc S. Delcribe likc- 
wife in the circle ABCD die polygon AXBOCPDR fxmilar to the 
polygon EKFLGMHN. as, therefor, the fquare of BD is to the fquare 
of FH, fo b is the polygon AXBOCPDR to die polygon EKFLGMHN. b. t. ia. 
but the fquare of BD is alio to the fquare of FH, as the circle ABCD 
is to the fpacc S. therefor as the circle ABCD is to the Ipace S, lo 
is c the polygon AXBOCPDR to the polygon EKFLGMHN. butc. 11.5. 
the circle ABCD is greater than the polygon contained in it; where- 
for the fpace S is greater i than the polygon EKFLGMHN. butd. 14. 5. 
it is likewile Ids, as has been demonftrated ; which is impolfible. There- 
for the fquare of BD is not to the Iquarc of FH, as the circle ABCD 
is to any Ipace lcls than the circle EFGH. In the fame manner it 
lhall be demonftrated that neither is the fquare of FH to die fquare 
of BD, as the circle EFGH is to any fpace lefs than the circle ABCD. 

Nor lhall die fquare of BD be to the fquare of FH, as the drdc ABCD 

is 
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is to any fpace greater than the circle EFGH. for, if poflible, let it 
be to T a fpace greater than the circle EFGH. therefor, inverfely, as 
the fquare of FH to the fquarc of BD, fo is the fpace T to the circle 
ABCD. but as the fpace f T to the circle ABCD, fo fhall the circle 
EFGH be to fomc fpace, which mu ft be lefler d than the circle ABCD, 
bccaufe the fpace T is greater, by Hypothefis, than the circle EFGH. 



A 




therefor as the fquare of FH is to the fquarc of BD, fo is the circle 
EFGH to a fpace lefler than the circle ABCD, which has been de- 
monflrated to be impoflible. therefor the fquarc of BD is not to the 
fquare of FH, as the circle ABCD is to any fpace greater than the 
circle EFGH. and it has been demonftrated that neither is the fquarc 
of BD to the fquare of FH, as the circle ABCD to any fpace lefler 
titan the circle EFGH. wherefor as die fquarc of BD to the fquarc 



t For ^ at the foregoing Note at * it was 
explained how it was poflible there could be 
a fourth proportional to the fquares of BD, 
FH and the circle .ABCD, which was named 
S. fo io like manner there can be a' fourth 



proportional to this other fpace, named T, 
and the circles ABCD, EFGH. and the like 
is to be undcritood in fomc of the following 
F repo fit ions. 
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•f FH, fo is the circle ABCD to the circle EFGHji. 
are 8cc. E. D. 



3°5 

Circles, therefor, B ° ° * xir - 



PROP. III. THEOR. 

E VERY pyramid having a triangular bafe, can be di- 
vided into two equal and fimilar pyramids having tri- 
angular bafes, and which are fimilar to the whole pyramid ; 
and into two equal prifins which together are greater than 
half of the whole pyramid. 



Let there be a pyramid whofe bafe is the triangle ABC and its 
vertex the point D. the pyramid ABCD can be divided into two c- 
qual and fimilar pyramids having triangular bafes, and fimilar ro the 
whole; and into two equal prifins which together fhall be greater than 
half of the whole pyramid. 

Divide AB, BC, CA, AD, DB, DC, each into two equal parts in 
the points E, F, G, H, K, L, and join EH, EG, 

GH, HK, KL, LH, EK, KF, FG. Becaufe AE 
is equal to EB, and AH to HD, HE fhall be pa- 
rallel a to DB. by the fame reafon, HK is paral- 
lel to AB. therefor HEBK is a parallelogram, 
and HK equal b to EB. but EB is equal to AE ; 
therefor alio AE fhall be equal toIIK. and AH 
is equal to HD; wherefor EA, AH arc equal to 
KH, HD, each to each; and the angle EAH is 
equal c to the angle KHD ; therefor the bafe 
EH is equal to the bafe KD, and the triangle 

% Becaufe as a fourth proportional to the fquares of BD, FH and the circle ABCD is pof- 
Mc, and that it can neither be left nor greater than the circle EFGH, it mull be equal to it. 

Q.q AEH 
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Boo* XII. AEH equal d and fimilar to the triangle HKD. by the fame realon, 
a. 4. 1. the triangle AGH is equal and fimilar to the triangle HLD. and be- 
caufc die two ftraight lines EH, HG which meet one another arc pa- 
rallel to KD, DL that meet one another, and are not in the lame 
t. 10. 11. plane with them, they ftiall contain equal' angles; therefor the angle 
EHG is equal to the angle KDL. again, becaufe EH, HG are equal 
to KD, DL, each to each, and the angle EHG 
equal to the angle KDL; die bafe EG (hall be 
equal to the bale KL, and the triangle EHG 
fliall be equal d and fimilar to the triangle KDL. 
by the fame reafon, the triangle AEG is allb 
equal and fimilar to the triangle HKL. There- 
for the pyramid whofe bafe is the triangle AEG, 
f. c. 11. and its vertex the point H, is equal 1 and fimilar 
to die pyramid whole bafe is die triangle KHL, 
and its vertex the point D. and becaufe IiK is 
parallel to AB a fide of die triangle ADB, the 
triangle ADB fhall be equiangular to the triangle HDK, and their 
{. 4. 6 . fidcs fhall be proportionals 8. therefor the triangle ADB is fimilar to 
the triangle HDK. and by the lame realbn, the triangle DBC is fimi- 
lar to the triangle DKL; and the triangle ADC to the triangle HDL; 
> and alfo the triangle ABC to the triangle AEG. but the triangle AEG 
is fimilar to the triangle HKL, as before was proved, therefor die tri- 
h. 2t.6. angle ABC is fimilar ,l to the triangle HKL. and the pyramid whole 
bale is the triangle ABC, and its vertex the point D, is dicrefor fimi- 
i. B. iyandlar 1 to the pyramid whole bafe is the triangle IIKL, and its vertex 
the lame point D. but die pyramid whole bale is die triangle HKL., 
and vertex the point D, is fimilar, as has been proved, to die pyra- 
mid whole bale is the triangle AEG, and vertex die point H. wlicre- 

for 
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for the pyramid whofe bafe is the triangle ABC, and vertex the point® 00 * 

D, is fimilar to the pyramid whole bafe is the triangle AEG and ver- 
tex H. therefor each of the pyramids AEGH, HKLD is fimilar to 
the whole pyramid ABCD. and becaule BF is equal to FC, the pa- 
rallelogram EBFG fhall be double k of the triangle GFC. but when k. 41. 1. 
there are two prilms of the fame altitude, of which one has a paral- 
lelogram for its bale, and the other a triangle that is half of the pa- 
rallelogram, thele prifms are equal 1 to one another; therefor the prifm •• 4 °- > t. 
whole bafe is the parallelogram EBFG, and KH the ftraigbt line op- 
pofite to it, is equal to the prifm whofe bafe is tire triangle GFC, and 
HKL the triangle oppofitc to it; for they arc of the fame altitude, 
bccaufe they are between die parallel m planes ABC, HKL. and itm. 1;. it. 
is manifeft that each of thefe prifms is greater than either of the py- 
ramids whofe bafes arc the triangles AEG, HKL, and their vertices the 
points H, D; bccaufe if EP' be joined, the prifm whofe bafe is the 
parallelogram EBFG, and KH the firaight line oppofitc to it, is greater 
than the pyramid whofe bafe is the triangle EBF, and vertex the point 
K; but this pyramid is equal f to the pyramid whofe bafe is the tri-f.c. n. 
angle AEG, and vertex the point H; bccaufe they arc contained by 
equal and fimilar planes, wherefor the prifm whofe bafe is the paral- 
lelogram EBFG, and oppofitc fide KH, is greater than the pyramid 
whofe bafe is the triangle AEG, and vertex the point H. and the 
prifm whofe bafe is the parallelogram EBFG, and oppofitc fide KH 
is equal to the prifm whole bafe is the triangle GFC, and HKL the 
triangle oppofite to it; and the pyramid whofe bafe is the triangle 
AEG, and vertex H, is equal to the pyramid whofe bafe is the tri- 
angle HKL, and vertex D. therefor the two prifms before mention- 
ed are greater than the two pyramids whofe bafes are the triangles 
AEG, HKL, and their vertices the points H, D. Therefor tire whole 

Q_q 2 pyramid 
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ook XII. pyramid whofe bafe is the triangle ABC, and vertex the point D, is 
divided into two equal pyramids which are fimilar to one another, 
and to the whole pyramid; and into two equal prilhis; and the two 
prilins are together greater than half of the whole pyramid. E. D. 

PROP. IV. THEOR. 

I F there be two pyramids of the lame altitude, upon tri- 
angular bafes, and each of them be divided into two e- 
qual pyramids fimilar to the whole pyramid, and alfo into 
two equal prifms ; and if each of thefe pyramids be di- 
vided in the fame manner as the firft two, and fo on. as 
the bafe of one of the firft; two pyramids is to the bafe of 
the other, fo fliall all the prifms in one of them be to all 
the prifms in the other, that are produced by the fame 
number of divifions. 

Let there be two pyramids of the fame altitude upon the triangu- 
lar bafes ABC, DEF, and having their vertices in the points G, H ; and 
let each of them be divided into two equal pyramids fimilar to the 
whole, and into two equal prifms; and let each of the pyramids thus 
made be conceived to be divided in the like manner, and fb on. as 
the bafe ABC is to the bale DEF, lb lhall all the prifms in the pyra- 
mid ABCG be to all the prilins in the pyramid DEFH made by the 
fame number of divifions. 

Make the fame conllruction as in the foregoing propofition. and 
a. a. 6. becaufc RX is equal to XC, and AL to LC, XL lhall be parallel a 
to AB, and the triangle ABC fimilar to the triangle LXC. by the 
fame rcalbn, the triangle DEF is fimilar to RVF. and becaule BC is 
double of CX, and EF double of FV, BC lhall be to CX, as EF to 

FV. 
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FV. and upon BC, CX arc defcribed die fimilar and fimilarly 
ted rectilineal figures ABC, LXC; and upon EF, FV, in like man- 
ner are defcribed the fimilar figures DEF, RVF. therefor as the tri- 
angle ABC is to the triangle LXC, fo b is the triangle DEF to the tri- *>• 6- 

angle RVF, and, by permutation, as the triangle ABC to the triangle 
DEF, fo is the triangle LXC to the triangle RVF. and becaufe the 
planes ABC, OMN, as alio the planes DEF, STY are parallel c , the 5, *5* If * 
perpendiculars drawn from the points G, H to the bafes ABC, DEF, 
which, by the Hypothefis, arc equal to one another, ftiall be cut 




each into two equal d parts by the planes OMN, STY, bccaufe the j, , 7- 
ftraight lines GC, HF are cut into two equal parts in the points N, 

Y by the fame planes, therefor the prifins LXCOMN, RVFSTY 
are of the fame altitude ; and therefor as the bafe LXC to the bale 
RVF ; that is, as the triangle ABC to the triangle DEF, fo c is the e .cor. 
prifm whofc bafe is the triangle LXC, and the triangle oppofite to it 
OMN, to the prifm whofe bafe is the triangle RVF, and oppofite 
triangle STY. and bccaufe the two prifins in the pyramid ABCG arc 
equal to one another, and alfo the two prifins in the pyramid DEFH 

equal 
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Hoot XII. equal to one another, as the prifm whole bale is the parallelogram 
KJ 3 XL and oppofitc fide MO, to the prifin whofe bafe is the triangle 
f. 7. 5. LXC and OMN the triangle oppofite to it ; fo 1 is the prifm whofe 
bafe is the parallelogram PEVR, and oppofitc fide TS, to the prifm 
whofe bale is the triangle RVF, and oppofitc triangle STY. therefor, 
componcndo, as the prifins KJBXLMO, LXCOMN together are unto 
the prifm LXCOMN ; fo arc the prifms PEVRTS, RVFST Y to the 
prifm RVFSTY. and, permutando, as the prifms KBXLMO, LXCOMN 
arc to the prifms PEVRTS, RVFSTY ; fo' is the prifm LXCOMN 

G H 



T 



E V 

to the prifin RVFSTY. but as the prifm LXCOMN to the prifin 
RVFSTY, fo is, as has been proved, the bafe ABC to the bale DEF. 
therefor as the bafe ABC to the bafe DEF, fo are the two prifms in 
the pyramid ABCG to the two prifins in the pyramid DEFH. and 
likewife if the pyramids now made, for example the two OMNG, 
STYH be divided in die fame manner; as the bafe OMN is to the 
bafe STY, fo fhall the two prifins it) the pyramid OMNG be to the 
two prifms in die pyramid STYH. but die bafe OMN is to die bafe 
STY, as die bafe ABC to die bafe DEF ; therefor as the bafe ABC 

to 
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to the bafc DEF, fo arc the two prifms in the pyramid ABCG to 
the two prifms in the pyramid DEFH ; and fo arc the two prifms 
in the pyramid OMNG to the two prifms in the pyramid STYH; 
and fo arc all four to all four, and the fame thing can be (hewn of 
the prifms made by dividing the pyramids AKLO and DPRS, and of 
all made by the fame number of divilions. Ch E. D. 



Book XII. 
~KJ 



PROP. V. TPIEOR. 

PYRAMIDS of the fame altitude which have triangular 
bafes, are to one another as their bafes. 



Let the pyramids whole bales are the triangles ABC, DEF, and 
their vertices the points G, H, be of the fame altitude, as the bale 
ABC to the bafc DEF, fo (hall the pyramid ABCG be to the pyra- 
mid DEFH. 



ii H 
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For, if it be not lo, the bafe ABC lhall be to the bale DEF, as 
the pyramid ABCG to a lolid cither lefs than the pyramid DEFH, 
or greater than it*. Firft, let it be to a folid lcls than it, viz. to the 
* This can be explained the lame way aj at the note * in PropoGlion 2. in the like cafe. 
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Boo i XIL folid and divide the pyramid DEFH into two equal pyramids, fi- 
milar to the whole, and into two equal prifms. thefe two prifins lhall 
1.3. 12. be greater a than the half of the whole pyramid, and, again, let the 
pyramids made by this divifion be in like manner divided, and fo on, 
until the pyramids which remain undivided in the pyramid DEFH be, 
all of them together, Ids than the exccfs of the pyramid DEFH above 
the folid 0 ^ let thefe, for example, be the pyramids DPRS, STYH. 
therefor the prifins, which make die reft of the pyramid DEFH, are 
greater than the folid divide likewife the pyramid ABCG in die 




fame manner, and into as many parts, as the pyramid DEFH. there- 
b-4- 1*. for as the bafe ABC to the bafe DEF, fo b are the prifins in the py- 
ramid ABCG to die prifms in the pyramid DEFH. but as the bale 
ABC to die bafe DEF, fo, by Hypothcfis, is the pyramid ABCG to 
the folid Qj and therefor, as the pyramid ABCG to die folid Q^, fo 
are the prifms in the pyramid ABCG to the prifins in the pyramid 
DEFH. but the pyramid ABCG is greater dian the prifins contained 
e. 14. 5. in it; wherefor c alfo the folid Q_is greater than die prifins in the 
pyramid DEFH. but it is alfo Ids, which is impoflible. therefor the 
bafe ABC is not to the bafe DEF, as the pyramid ABCG to any fo- 
lid 
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Jid which is lefs than the pyramid DEFH. in the fame manner it Boor XII 
/hall be demonftrated, that the bale DF.F is not to the bafe ABC, as 
the pyramid DEFH to any folid which is lefs than the pyramid 
ABCG. Nor lhall die bafe ABC be to the bafe DEF, as die pyramid 
ABCG to any folid which is greater than the pyramid DEFH. for, 
if it be polfiblc, let it be to a greater, viz. the folid Z. and bccaufe 
die bafe ABC is to the bafe DEF, as the pyramid ABCG to the fo- 
lid Z ; by inverfion, as the bale DEF to the bale ABC, fo is the fo- 
lid Z to the pyramid ABCG. but as the folid Z is to the pyramid 
ABCG, fo (hall the pyramid DEFH be to fomc folid f, which muft 
be Idler J than die pyramid ABCG, bccaufo the folid Z is greater than d. 14. 5. 
the pyramid DEFH. and therefor, as the bale DEF to the bafe ABC, 
fo is the pyramid DEFH to a folid lefs than die pyramid ABCG ; die 
contrary to which has been proved, therefor the bale ABC is not to 
the bafe DEF, as the pyramid ABCG to any folid which is greater 
than the pyramid DEFH. and it has been proved that neither is the 
bale ABC to the bafe DEF, as the pyramid ABCG to any folid which 
is lefs than the pyramid DEFH. Therefor as the bafe ABC is to die 
bale DEF, fo is die pyramid ABCG to the pyramid DEFH. Where- 
for pyramids &c. E. D. 

PROP. VI. THEOR. 

P yramids of the fame altitude which have polygons 
for their bafes, are to one another as their bafes. 

Let the pyramids which have the polygons ABCDE, FGIIK.L for 
their bales, and their vertices in the points M, N, be of the fame al* 

f This coo be explained the fame way as the like at the mark f in Prop. 2. 

R r tit ude 
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Book XU ^ mc j e> 3S th c bafe ABCDE to the bafe FGHKL, fo (hall the pyra- 
ro jj A.BCDEM be to the pyramid FGHKLN. 

Divide the bafe ABCDE into the triangles ABC, ACD, ADE; 
and the bafe FGHKL into the triangles FGH, FHK, FKL. and upon 
the bafes ABC, ACD, ADE let there be as many pyramids whole 
common vertex is the point M, and upon the remaining bafes as many 
pyramids having their common vertex in the point N. therefor, be- 
a. j. ii. caule the triangle ABC is to the triangle FGH, as a the pyramid 
ABCM to the pyramid FGHN; and the triangle ACD to the tri- 
angle FGH, as the pyramid AC DM to the pyramid FGHN; and alfo 
the triangle ADE to the triangle FGH, as the pyramid ADEM to 



M N 




die pyramid FGHN; as all the firft antecedents to their common 
k.2.c<». 34.1. confequent, lo b (hall all the other antecedents be to their common 
conltqucnt; that is, as die bafe ABCDE to the bafe FGH, fo is the 
pyramid ABCDEM to the pyramid FGHN. and by the fame rcalon, 
as the bafe FGHKL to the bafe FGH, fo is the pyramid FGHKLN 
to the pyramid FGHN. and, by in verb on, as the bale FGH to die 
bafe FGHKL, fo is die pyramid FGHN to the pyramid FGHKLN. 
therefor bccaufe as die bafe ABCDE to the bale FGH, Co is the py- 
ramid ABCDEM to the pyramid FGHN; and as the bafe FGH to 
the bafe FGHKL, fo is the pyramid FGHN to the pyramid FGHKLN ; 
e. 22.5. j t flxall be, ex acquali L , as the bafe ABCDE to the bafe FGHKL, 

fo 
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To the pyramid ABCDEM to the pyramid FGHK.LN. Therefor py- ® eo * Xrr. 
ramids &c. E. D. 

PROP. VII. THEOR. 

E VERY prifm having a triangular bafe can be divided 
into three pyramids that have triangular bafes, and 
arc equal to one another. 



Let there be a prifm whofe bafe is the triangle ABC, and DEF the 
triangle oppofite to it. die prifm ABCDEF can be divided into three 
equal pyramids that have triangular bales. 

Join BD, EC, CD; and bccaule ABED is a parallelogram whole 
diameter is BD, the triangle ABD fhaH be equal * to the triangle a- 34. t. 
EBD; therefor the pyramid whofe bafe is the 

triangle ABD, and vertex the point C, is equal b b. y. 1 2. 

to the pyramid whofe bafe is the triangle EBD, 
and vertex the point C. but this pyramid is the 
lame with the pyramid whole bale is the triangle 
EBC, and vertex the point D; for they arc con- 
tained by the fame planes, therefor the pyramid 
whofe bafe is the triangle ABD, and vertex the point C, is equal to 
the pyramid whole bafe is the triangle EBC, and vertex the point D. 
again, bccaule FCBE is a parallelogram whofe diameter is CE, the 
triangle ECF is equal 1 to the triangle ECB; therefor the pyramid 
whofe bale is the triangle ECB, and vertex the point D, is equal to 
the pyramid whole bafe is the triangle ECF, and vertex the point D. 
but the pyramid w'hofc bafe is the triangle ECB, and vertex the point 
D has been proved equal to the pyramid whole bale is the triangle 
ABD, and vertex the point C. Therefor the prifin ABCDEF is di- 
ll r 2 vided 
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Boo* XII. v j i n to three equal pyramids which have triangular bafes, viz. into 
the pyramids ABDC, EBDC, ECFD. and becaulc the pyramid whole 
bafe is die triangle ABD, and vertex the point 
C, is the lame with the pyramid whole bafe is 
the triangle ABC, and vertex the point D, for 
they arc contained by the fame planes; and that 
the pyramid whole bafe is die triangle ABD, and 
vertex the point C, has been demondrated to be 
a third part of the prifm whole bafe is the tri- 
angle ABC, and DEF the oppolite triangle ; therefor the pyramid 
whofe bafe is the triangle ABC, and vertex the point D, is the third 
part of die priGn which has the fame bafe, viz. the triangle ABC, and 
its oppofite triangle DEF. E. D. 

Cor. i. From this it is manifelt that every pyramid is die third 
part of a prifm which has the fame bafe, and is of an equal altitude 
with it; for if the bafe of the prifin be any other figure than a tri- 
angle, it may be divided into prifins which have triangular bafes. 

Co R . 2 . Prilms whofe altitudes are equal, are to one another as 
their bafes; bccaufc the pyramids upon the fame bafes, and of die 
c. 6 . 1 1. fame altitude, are c to one another as their bafes. 

PROP. VIII. THEOR. 

S Imilar pyramids which have triangular bafes, have one 
to another the triplicate ratio of that which their ho- 
mologous hides have. 

Let the pyramids whole bafes are the triangles ABC, DEF, and 
tileir vertices the ppints G, H, be ftmilar and fmiilarly fituated. die 

pyramid 
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pyramid ABCG fliall have to the pyramid DEFH, die triplicate 
tio of that which the fide BC has to the homologous fide EF. 

Compleat the parallelograms ABCM, GBCN, ABGK, and the fo- 
lid parallelepiped BGML which is contained by thefe planes and tliofc 
which arc oppofite to them, and in like manner compleat the folid 
parallelepiped EHPO contained by the three parallelograms DEFP, 

HEFR, DEHX, and thofe oppofite to them, and becaufe the pyra- 
mid ABCG is fimilar to die pyramid DEFH, the angle ABC fliall be 
equal 3 to the angle DEF, and die angle GBC to die angle HEF, ne r. M . 
and ABG to DEH. and AB is b to BC, as DE to EF ; that is, the b . D .r.«. 
fides about the equal angles 
arc proportionals; wherefor 
the parallelogram BM is fi- 
milar to EP. by the fame 
rcafon, die parallelogram BN 
is fimilar to ER, and BK 
to EX. therefor the three 
parallelograms BM, BN, BK 

arc fimilar to die dircc EP, ER, EX. but the three BM, BN, BK are c- 
qual and fimilar c to the three which are oppofite to them, and the three c. 24. n. 
EP, ER, EX equal and fimilar to the three oppofite to them, wherefor 
the folids BGML, EHPO are contained by the fame number of fimilar 
planes ; and their folid angles are equal J ; and therefor the folid BGML is d. R. 1 1 . 
fimilar 3 to the folid EHPO. but fimilar folid parallelepipeds have the 
triplicate c ratio of that which their homologous fides have, therefore. 33. it. 
the folid BGML has to the lolid EHPO the triplicate ratio of that 
which die fide BC has to the homologous fide EF. but as the folid 
BGML is to the folid EHPO, fo f the pyramid ABCG to the pyra- f - *>• ?• 
mid DEFII; becaufe the pyramids arc the fixdi parts of the folids, 

die 
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die prilm, which is the half 6 of the folk! parallelepiped, being triple h 
g. 28. n. of die pyramid. Wherefor likcwifc the pyramid ABCG has to the py- 
b - 7 - l2 - ramid DEFH, the triplicate ratio of that which BC has to the homo- 
logous fide EF. E. D. 

Cor. From this it is evident, that fimilar pyramids which have 
multangular bales, arc likewife to one another in the triplicate ratio of 
their homologous fides. for, 
if they be divided into py- 
ramids that have triangular 
bafes, becaufe the fimilar po- 
lygons which are their ba- 
fes can be divided into the 
fame number of fimilar tri- 
angles homologous to the 
whole polygons; as one of die triangular pyramids in the firft mul- 
tangular pyramid is to one of the triangular pyramids in the other, lb 
lhall all the triangular pyramids in the firft be to all the triangular py- 
ramids in the other; that is, lo lhall the firft multangular pyramid be 
to the other, but one triangular pyramid is to its fimilar triangular py- 
ramid, in the triplicate ratio of dieir homologous fides; and therefor 
the firft multangular pyramid lhall have to the other, the triplicate ra- 
tio of that which one of the fides of die firft has to the homologous 
fide of die other. 





PROP. IX. 
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T HE bafes and altitudes of equal pyramids which 
have triangular bafes, are reciprocally proportional, 
and triangular pyramids whofe bafes and altitudes are 
reciprocally proportional, are equal to one another. 




Let the pyramids whofe bafes arc the triangles ABC, DEF, and 
which have their vertices in the points G, H be equal to one another, 
the bales and altitudes of the 
pyramids ABCG,DEFH Ihall 
be reciprocally proportional, 
viz. the bafe ABC Ihall be 
to the bafe DEF, as the al- 
titude of the pyramid DEFII 
to the altitude of the pyra- 
mid ABCG. 

Compleat the parallelo- 
grams AC, AG, GC, DF, DH, HF ; and the folid parallelepipeds 
BGML, EHPO which are contained by thcle planes and thole which 
are oppofitc to them, and bccaufe the pyramid ABCG is equal to die 
pyramid DEFH, and that the folid BGML is lextuplc of the pyra- 
mid ABCG, and die folid EHPO fextuple of the pyramid DEFH; 
the folid BGML Ihall be equal 1 to the folid EHPO. but the bales ». i . a*, j. 
and altitudes of equal folid parallelepipeds arc reciprocally proportio- 
nal 11 ; therefor as the bafe BM to die bafe F.P, fo is the altitude ofb. 34. n. 
the folid EHPO to the altitude of the folid BGML. but as the bale 
BM to the bafe EP, fo is c die triangle ABC to the triangle DEF;®. >S- S- 
dierefor as the triangle ABC to the triangle DEF, fo is die altitude of 

the 
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Book XII. folid FHPO to the altitude of the (olid BGML. but the altitude 
of the folid EHPO is the lame with the altitude of the pyramid 
DEFH ; and the altitude of the folid BGML is the fame with the 
altitude of the pyramid ABCG. therefor, as the bafe ABC to the 
bale DEF, lb is the altitude of the pyramid DEFH to the altitude 
of the pyramid ABCG. wherefor the bales and altitudes of the py- 
ramids ABCG, DEFH are reciprocally proportional. 

But let the bales and altitudes of die pyramids ABCG, DEFH be 
reciprocally proportional, viz. the bafe ABC to the bale DEF, as die 
altitude of the pyramid DEFH to die altitude of the pyramid ABCG. 
the pyramid ABCG fhall be 
equal to the pyramid DEFH. 

The fame conftruftion be- 
ing made, bccaulc as the bale 
ABC to the bale DEF, lo is 
the altitude of the pyramid 
DEFH to the altitude of the 
pyramid ABCG ; and as the 
bafe ABC to the bale DEF, 
fo is the parallelogram BM to the parallelogram F.P ; the parallelo- 
gram BM /hall be to EP, as the altitude of the pyramid DEFH to 
the altitude of the pyramid ABCG. but the altitude of the pyramid 
DEFH is the fame with the altitude of the folid parallelepiped EHPO; 
and the altitude of die pyramid ABCG is the fame with the altitude 
of the folid parallelepiped BGML. as, therefor, the bafe BM to the 
bafe EP, lb is the altitude of the folid parallelepiped EHPO to the 
altitude of the folid parallelepiped BGML. but the folid parallelepipeds 
fc. 34. 1 1 ■ whofc bales and alutudes arc reciprocally proportional, are equal ** to 
one another, therefor die lblid parallelepiped BGML is equal to the 

folid 
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iolid parallelepiped EHPO. and the pyramid ABCG is the fixth part® 001 XII < 
of the iolid BGML, and the pyramid DEFH the fixth part of the 
folid EHPO. therefor the pyramid ABCG is equal to the pyramid 
DEFH. Therefor the bafes fkc. CK E. D. 

PROP. X. THEOR. 

E VERY cone is the third part of a cylinder which has 
the fame bale, and is of an equal altitude with it. 



Let a cone have the fame bale with a cylinder, viz. the circle 
ABCD, and the fame altitude, the cone (hall be the third part of die 
cylinder; diat is, the cylinder lhall be triple of the cone. 

If the cylinder be not triple of the cone, it fhall either be greater 
than the triple, or lefs than it. Firft, Let it be greater than the triple; 
and deferibe the fquare ABCD in the circle; 
the fquare lhall be greater than the half of 
the circle ABCD. upon the fquare ABCD e- 
reft a prifm of the fame altitude widi the cy- 
linder ; this prifm fhall be greater than half of 
the cylinder; bccaufc if a fquare be deferibed 
about the circle, and a prifm erefted upon the 
fquare, of die fame altitude with the cylinder, 
the inferibed fquare fhall be half of the circumfcribed ; and upon thefc 
fquare bafes are creftcd folid parallelepipeds, viz. die prifms, of the 
fame altitude; therefor the prifm upon the fquare ABCD is the half 
of the prifm upon the fquare deferibed about the circle; bccaufc they 
are to one another as their bafes 3 . and the cylinder is lefs than the a. 32. u, 
prifm upon die fquare deferibed about the circle ABCD. therefor the 
prifm upon the fquare ABCD of the fame altitude with the cylinder, 

S f is 
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Bo^KXn. is g rcater than the half of the cylinder. Bifll-ft die circumferences 
AB, BC, CD) DA in the points E, F, G, H ; and join AE, EB, BF, 
FC, CG, GD, DH, HA. then, each of the triangles AEB, BFC, 
CGD, DIIA is greater than the half of the fegment of the circle in 
which it hands, as was fhewn in Prop. 2 . of this Book. Erect prifms 
upon each of thole triangles of the fame altitude with the cylinder; 
each of thele prifms lhall be greater than the half of the fcgmcnt of 
the cylinder in which it is; becaufe if through 
the points E, F, G, H parallels be drawn to 
AB, BC, CD, DA, and parallelograms be com- 



plcatcd upon the fame AB, BC, CD, DA, and R 

r IT I . . 11 1 • . J. L _ n . J . 1 . . _ _ 




(olid parallelepipeds be created upon the pa- 
rallelograms ; the prifms upon the triangles 
AEB, BFC, CGD, DHA (hall be the half's 
s.i.Cor.7.15. 0 f the (olid parallelepipeds h . and the (cgments 

of the cylinder which arc upon the fegments of the circle cut off by 
AB, BC, CD, DA, are Ids than the (olid parallelepipeds which con- 
tain them, therefor the priCns upon the triangles AEB, BFC, CGD, 
DHA, are greater than die half of die (cgments of the cylinder in 
which they arc. therefor if each of the circumferences be divided into 
two equal parts, and ftraight lines be drawn from the points of divi- 
fion to the extremities of the circumferences, and upon the triangles 
thus made prifms be erected of the fame altitude widi the cylinder, 
and lo on, there (hall at length remain fomc fegments of the cylinder 
c. Lemma, which together (hall be lefs c than the exccfs of the cylinder above the 
triple of tiic cone, let them be thele upon the fegments of the circle 
AE, EB, BF, FC, CG, GD, DH, HA. therefor the reft of die cylin- 
der, which is the prifm w hole baft- is the polygon AEBFCGDH, and 
its altitude the fame with that of die cylinder, is greater dian the 

triple 
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triple of the cone, but this prifm is triple d of the pyramid upon the Bo °* 
fame bafe, vhofe vertex is the fame with the vertex of the cone; J.i.cot.7. >». 
therefor the pyramid upon the bafe AEBFCGDH, and which has 
the fame vertex with the cone, is greater than the cone, whofc bafe 
is the circle ABCD. but it is alfo lefler, for the pyramid is contained 
within die cone; which is importable. Nor lhall die cylinder be lefs 
than the triple of the cone, let it be lefler if poflible. therefor, in- 
vcrfelv, die cone lhall be greater than the third part of the cylinder. 

I11 the circle ABCD deicribc a fquare, diis fquare lhall be greater dian 
the half of the circle, and upon the fquare 
ABCD erc< 5 t a pyramid having the fame ver- & 
tex with die cone ; this pyramid lhall be 

greater than die half of die cone; bccaufc, < y 

as was before demonftrated, if a fquare be \ / 

deferibed about the circle, the fquare ABCD j) ^ x? 

fliall be the half of it; and if upon thefe 
fquarcs there be erefted folid parallelepipeds 

of the fame altitude with the cone, which are alfo prilins, the prifm 
upon the fquare ABCD lhall be die half of that which is upon the 
fquare deferibed about the circle; for they are to one another as their 
bads’; as arc alfo the third parts of them, therefor the pyramid 3 2 - >*• 
whole bafe is the fquare ABCD is the half of the pyramid upon the 
fquare ddcribed about the circle, but diis laft pyramid is greater dian 
the cone which it contains; therefor the pyramid upon the fquare 
ABCD whofc vertex is that of the cone, is greater than the half of 
the cone. Billed the circumferences AB, BC, CD, DA in the points 

E, F, G, H, and join AE, EB, BF, FC, CG, GD, DPI, HA. there- 

for each of the triangles AEB, BFC, CGD, DHA is greater than half 
of the fegment of the circle in which it is. upon each of dicle tri- 

S f 2 angles 
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Book XII. an g] cs C re<ft pyramids having the fame vertex with die cone, each of 
thde pyramids /hall be greater than the half of die legment of the 
cone in which it is, as before was demonftrated of the prifins and feg- 
ments of the cylinder, and dius dividing each of the circumferences 
into two equal parts, and joining the points of divi/ion and their ex- 
tremities by flraight lines, and upon the triangles eroding pyramids 
having their vertices die fame with diat of die cone, and fo on, there 
/hall at length remain fome fegments of die 
cone which togcdier fhall be lefs than the 
excefs of the cone above the diird part of the 
cylinder, let thefe be the fegments upon AE, 

EB, BF, FC, CG, GD, DH, HA. dierefor 
the reft of the cone, which is the pyramid 
whole bafe is die polygon AEBFCGDH, and 
its vertex the ftync with that of the cone, is 

greater than the third part of the cylinder, but this pyramid is the 
third part of the prifm upon the fame bafe AEBFCGDH, and of the 
lame alutude with the cylinder, therefor this prifm is greater dian die 
cylinder, whole bafe is the circle ABCD. but it is alio Idler, for it 
is contained within the cylinder; which is impoftible. therefor die cy- 
linder is not Idler than the triple of the cone, and it has been de- 
monftrated that ndther is it greater than the triple, therefor the cylin- 
der is triple of the cone, or, the cone is the diird part of die cylin- 
der. Whcrefor every cone See. E. D. 







f 








y 















PROP. XI. THEOR. 

ONES and cylinders of the fame altitude, are to one 
^ another as their bales. 

Let 
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Let the cones and cylinders, whole bales are the circles ABCD, 
EFGH, and their axes KL, MN, and AC, EG the diameters of their 
bales, be of the fame altitude, as the circle ABCD to the circle EFGH, 
fo lhall the cone AL be to the cone EN. 

If it be not lb, the circle ABCD lhall be to the circle EFGH, as 
the cone AL to fome folid either lefs than the cone EN, or greater 
than it. Firft, let it be to a folid lefs than EN, viz. to the folid X; 



Book XII. 




and let Z be the lolid which is equal to the excels of the cone EN 
above the folid X ; therefor the cone EN is equal to the folids X, Z 
together, in the circle EFGH dderibe the fquare EFGH, which lhall 
be greater dian the half of the circle, upon the Iquare EFGH ereft a 
pyramid of the fame aldtudc with the cone; this lhall be greater than 
the half of the cone, for if a Iquare be dclcribed about the circle, 
and a pyramid be crefted upon it, of the fame altitude with the cone*, 
* Rather, having die fame vertex with the cose, and fo in fome placet following. 

the 
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Hook XII. t j^ c pyramid infcribcd in die cone lhall be the half of die pyramid 
circumlcribcd about it, bccaufe dicy arc to one another as their bafes ’. 
but the cone is Idler than the circumlcribcd pyramid; therefor the 
pyramid whole bafe is the fquare EFGH, and its vertex die lame with 
that of the cone, is greater than the half of die cone, divide die cir- 
cumferences F.F, FG, GH, HE, each into two equal parts in the 
points O, P, R, S, and join EO, OF, FP, PG, GR, RH, HS, SE. 
therefor each of the triangles EOF, FPG, GRH, HSE is greater 
than the half of the fegment of the eircle in which it is. upon each 
of thefe triangles crcd a pyramid of the lame altitude with the cone; 
each of thefe pyramids is greater dian the half of the fegment of the 
cone in which it is. and thus dividing each of thefe circumferences 
into two equal parts, and from the points of divifion drawing flraight 
lines to the extremities of the circumferences, and upon each of the 
triangles thus made creding pyramids of the fame alutude with the 
cone, and fo on, there fhall at length remain Ionic fegmenrs of the 

b. Lemma, cone which fhall be together lefs b than the folid Z. let thefe be the 
fegments upon EO, OF, FP, PG, GR, RH, HS, SE. therefor the 
, remainder of the cone, viz. the pyramid whole bale is the polygon 
EOFPGRHS, and its altitude the fame with that of the cone, is 
greater than the folid X. In the circle ABCD dclcribc the polygon 
ATBYCVDQ_ fimilar to die polygon EOFPGRHS, and upon it c- 
red a pyramid of the fame altitude with the cone AL. and bccaule 

c. i. 12. as die fquare of AC is to the fquare of EG, fo c is the polygon 

ATBYCVI 3 Q_ to the polygon EOFPGRHS; and as the fquare of 

d. 2. 1 2. A.C to the fquare of EG, fo is J the circle ABCD to the circle EFGH ; 

e. M.5. the circle ABCD fhall c be to the circle EFGH, as the polygon 

ATBYCVDQjo the polygon EOFPGRHS. but as the circle ABCD 
to the circle EFGH, fo is the cone AL to the folid X ; and as the 

polygon 
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polygon ATBYCVDQjo the polygon EOFPGRHS, fo is * the py- Bo °* XIT. 

ramid whofe bafe is the firft of thefe polygons, and its vertex L, to the 

pyramid whofe bafe is the other polygon, and its vertex N. therefor 

as the cone AL to the (olid X, (b is the pyramid whofe bale is the 

polygon ATBYCVDCL an ^ vertex L to the pyramid whole bafe is 

the polygon EOFPGRHS, and vertex N. but the cone AL. is greater 

than the pyramid contained in it; therefor the folid X is greater * f. 14. S’. 




than the pyramid in the cone EN. but it is lefs, as was (hewn; 
w hich is abfurd. therefor the circle ABCD is not to the circle EFGIT, 
as the cone AL to any folid which is lefs than the cone EN. In the 
(ante manner it (hall be demonftrated that the circle EP'GH is not to 
die circle ABCD, as the cone EN to any (olid left than the cone AL. 
Nor (hall the circle ABCD be to the circle EFGH, as the cone AL 
to any folid greater than the cone EN. for, if it be pofliblc, let it be 
to the folid I which is greater than the cone EN. dierefor, by in- 

verfion, 
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Book XU* verllon, as the circle EFGH to die circle ABCD, lo is the lolid I to 
the cone AL. but as the lolid I to the cone AL, fo lhall the cone 
f. 14. 5. EN be to fome folid, which mull be lefs r than the cone AL, bccaule 
the lolid I is greater dian the cone EN. therefor as the circle EFGH 
is to the circle ABCD, fo is the cone EN to a folid which is lefs than 
the cone AL, which was Ihcwn to be impollible. therefor the circle 
ABCD is not to the circle EFGH, as the cone AL. is to any folid 
greater than the cone EN. and it has been demonllratcd that neither 
is the circle ABCD to die circle EFGH, as the cone AL to any fo- 
lid lefs than the cone EN. therefor the circle ABCD is to the circle 
EFGH, as the cone AL to the cone EN. but as the cone is to the 
*• «s- 5 - cone, fo 6 is the cylinder to the cylinder; becaufe the cylinders are 
h. 10.12. triple h of the cones, each of each. Therefor as die circle ABCD to 
the circle EFGH, fo are the cylinders upon them of the fame altitude. 
Whcrefor cones and cylinders of the fame altitude, are to one anodicr 
as their bafes. E. D. 

PROP. XII. THEOR. 

S Imilar cones and cylinders have to one another the 
triplicate ratio of that which the diameters of their 
bafes have. 

Ix-t the cones and cylinders whofe bales are die circles ABCD, 
EFGH, and the diameters of the bales AC, EG, and KL, MN the 
axes of the cones or cylinders, be limilar. the cone whofe bale is the 
circle ABCD, and vertex the point L. lhall have to die cone whole 
bafe is die circle EFGH, and vertex N, the triplicate ratio of "that 
which AC lias to EG. 

For if the cone ABCDL has not to the cone EFGHN the tripli- 
cate 
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cate ratio of that which AC has to EG, the cone ABCDL (hall have Bo ° l _XH. 
the triplicate of that ratio to fome folid which is lefs or greater than 
the cone EFGHN. Firft, la it have it to a lels, viz. to the folid X. 
make the fame conftru&ion as in the precceding Propofition, and it 
fliall be demonftrated the very fame way as in that Propofition, that 
the pyramid whofe bafe is the polygon EOFPGRHS, and vertex N 







\ 


^ ^ 


\ 

L 


X 


z 


\ 






\ — 



Is greater than the lolid X. Delcribc alfo in the circle ABCD the po- 
lygon ATBYCVDQ^fimilar to the polygon EOFPGRHS, upon which 
ereft a pyramid having the fame vertex with the cone; and let LAQ_ 
be one of the triangles containing the pyramid upon the polygon 
ATBYCVDQ_ whofe vertex is L; and let NES be one of the tri- 
angles containing the pyramid upon the polygon EOFPGRHS whole 
vertex is N; and join KQ_, MS. becaule therefor the cone ABCDL, 

T t is 
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is fimilar to the cone EFGHN, AC fhall a be to EG, as the axis KL 
to the axis MN; and as AC to EG, fo b is AK to EM; therefor 
as AK to EM, fo is KL to MN ; and, alternately, AK to KL, as 
EM to MN. and the right angles AKL, EMN are equal; therefor, 
the fides about thefe equal angles being proportionals, the triangle AKL 
is fimila r c to the triangle EMN. again, bccaufc AK is to KQ__, as 
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EM to MS, and that thefe fidcs are about equal angles AKQ_, EMS, 
bccaufe thefe angles arc, each of them, the lame part of four right 
angles at the centres K, M ; the triangle AKQ^ fhall be fimilar c to 
the triangle EMS. and becaufc it has been fiicwn that as AK to KL, 
fo is EM to MN, and that AK is equal to KQ_, and EM to MS, as 
QK to KL, lo fhall SM be to MN ; and therefor, the fides about 
the right angles QKL, SMN being proportionals, the triangle LKQ_ 

fhall 
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fhall be fimilar to the triangle NMS. and becaufe of the fimilarity of Bo ° ' xrr ' 
die triangles AKL, EMN, as LA is to AK, fo is NE to EM ; and by 
the fimilarity-of the triangles AKQ_, EMS, as KA to AQ_, Fo ME 
to ES; ex aequali J LA (hall be to AQ_, as NE to ES. again, bccaufc <1. 22. j. 
of the fimilarity of the triangles LQK, NSM, as LQ_to QK, fo NS to 
SM; and from the fimilarity of the triangles KAQ_, MES, as KQ_ 
to QA, lb MS to SE; ex aequali d , LQ^ fhall be to QA, as NS to 
SE. and it was proved that QA is to AL, as SE to EN ; therefor, 
again, ex aequali, as QL to LA, fo is SN to NE. wherefor the tri- 
angles LQA, NSE, having die fides about all their angles proportionals, 
fhall be equiangular c and fimilar to one another, and therefor the e. j. 6 . 
pyramid whole bafe is the triangle AKQ_, and vertex L, is fimilar to 
the pyramid whofe bale is the triangle EMS, and vertex N, becaufo 
their folid angles are equal f to one anodier, and they arc contained by f. B. n. 
the lame number of fimilar planes, but fimilar pyramids which have 
triangular bafes have to one another the triplicate £ ratio of that g. 8. 12. 
which their homologous fides have; therefor the pyramid AKQLhas 
to the pyramid EMSN the triplicate ratio of that which AK has to 
EM. In the fame manner, if firaight lines be drawn from the points 
D, V, C, Y, B, T to K, and from the points H, R, G, P, F, O to 
M, and pyramids be crefted upon the triangles having the fame verti- 
ces with the cones, it fhall be dcmonllratcd that each pyramid in the 
firft cone fhall have to each in the other, taking them in the lame or- 
der, die triplicate ratio of that which the fide AK has to the fide EM ; 
that is, which AC has to EG. but as one antecedent to its confo- 
quent, fo are all the antecedents to all the confequents h ; therefor ash. 12. 5. 
the pyramid AKQL to the pyramid EMSN, fo is die whole pyramid 
whofe bafe is the polygon DQATBYCV, and vertex L, to the whole 
pyramid whofe bafe is the polygon HSEOFPGR, and vertex N. 

T t 2 wherefor 
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Book XII. where/or alio the firfl of thefe two laft named pyramids has to the 
other the triplicate ratio of that which AC has to EG. but, by the 
Hypothcfis, the cone whole bafe is the circle ABCD, and vertex L 
has to the folid X, the triplicate ratio of that which AC has to EG ; 
therefor as the cone wliofe bafe is the circle ABCD, and vertex L, is to 
the folid X, fo is the pyramid whofe bafe is the polygon DQATBYCV, 
and vertex L to the pyramid whofe bale is the polygon HSEOFPGR 
and vertex N. but die laid cone is greater than the pyramid contained 
L 14. 5. in it, therefor the folid X is greater ‘ than the pyramid whofe bale is the 
polygon HSEOFPGR, and vertex N. but it is allb lefs; which is im- 
podiblc. therefor the cone w hole bale is the circle ABCD, and vertex 
L has not to any folid which is lefs than the cone whole bafe is die 
circle EFGH and vertex N, the triplicate ratio of that which AC has to 
EG. In the fame manner it fhall be demonfirated diat neither has 
die cone EFGHN to any folid which is lefs than the cone ABCDL, 
the triplicate ratio of that which EG has to AC. Nor fliall the cone 
ABCDL have to any folid which is greater than the cone EF.GHN, 
the triplicate ratio of that which AC has to EG. for, if it be polfible, 
let it have it to a greater, viz. to the folid Z. therefor, inverlely, the 
folid Z has to the cone ABCDL the triplicate ratio of that which EG 
lias to AC. but as the folid Z is to the cone ABCDL, fo lhall the 
cone EFGHN be to fome folid, which mull be lefs 1 dian the cone 
ABCDL, bccaufc die folid Z is greater than the cone EFGHN. there- 
for the cone EFGHN has to a folid which is lefs than the cone 
ABCDL, die triplicate ratio of that which EG has to AC, which was. 
tiemonflrated to be impoflible. therefor the cone ABCDL has not to 
any folid greater than die cone EFGHN, the triplicate ratio of diat 
which AC has to EG; and it was dcmonllratcd that it could not 
have that ratio to any folid Ids than die cone EFGHN. therefor the 

cone 
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sonc ABCDL has to the cone EFGHN, die triplicate ratio of that® 00 * xir - 
which AC has to EG. but as the cone is to the cone, fo k die cy- 
Under to the cylinder, for every cone is the diird part of the cylinder 
upon the fame bale, and of the fame altitude, therefor allb die cy- 
linder has to the cylinder, the triplicate ratio of that which AC has 
to EG. Wherefor fimilar cones &c. E. D. 

PROP. XIII. THEOR. 

TF a cylinder be cut by a plane parallel to its oppofite 
planes, or bafes ; it fhall divide the cylinder into two 
cylinders, one of which fhall be to the other as the axis 
of the fir ft to the axis of the other. 



r>P 



Let the cylinder AD be cut by the plane GH parallel to the op- 
pofite planes AB, CD, meeting the axis EF in die point K, and let 
the line GH be the common fciftion of the 
plane GH and the furface of the cylinder AD. 
let AEFC be die parallcllograni, in any pofition 
of it, by the revolution of which about the 
fir sight line EF die cylinder AD is deferibed ; 
and let GK be the common lection of the 
plane GH, and the plane AEFC. and bccaulc 
the parallel planes AB, GH are cut by the 
plane AEK.G, AE, KG, dieir common fe&ions 
with it, fiiall be parallel 1 ; wherefor AK is a 
parallelogram, and GK fhall be equal to EA 
the ilraight line from the centre of die circle 
AB. by the fame realon, each of die Ilraight 
lines drawn from die point K to the line GH fhall be proved to be 

equal 




a, 1 6. it. 



Digitized by Google 






334 



THE ELEMENTS 



Book XII. C qual to thofe which are drawn from the centre of the circle AB to 
; ts circumference, and fliall therefor be all of them equal to one ano- 
b. ij.Def. i. ther. therefor the line GH is die circumference of a circle b whole 
centre is the point K. therefor the plane GH divides the cylinder AD 
into the cylinders AH, GD; for they arc the fame which would be 
deferibed by the revolution of the parallelograms AK, GF about the 
Araight lines EK, KF. and the cylinder A1I fliall be to the cylinder 
HC, as die axis EK to the axis KF. 

Produce die axis EF both ways; and take any number of ftraight 
lines EN, NL, each equal to EK; and any number FX, XM, each 
equal to FK ; and let planes parallel to AB, CD pafs dirough the 
points L, N, X, M. therefor the common fc£tions of thelc planes 
with die furface of the cylinder produced fliall 
be circles whofe centres arc the points L, N X, 

M ; as was proved of the plane GH ; and thefe 
planes fliall cut off the cylinders PR, RB, DT, 

TQ^ and becaufe their axes LN, NE, EK are 
c. 11 . 12 . all cqual, the cylinders PR, RB, BG fliall C bc 
to one another as their bafes. but their bales 
are cqual, and therefor the cylinders PR, RB, 

BG arc equal, and bccaufe the axes LN, NE, 

EK arc equal to one another, as alio the cy- 
linders PR, RB, BG, and that there are as 
many axes as cylinders; therefor whatever mul- 
tiple the axis KL is of die axis KE, the fame 
multiple Is the cylinder PG of the cylinder GB. by the fame realbn, 
what multiple the axis MK is of the axis KF, the fame multiple is 
die cylinder QG of die cylinder GD. and if the axis KL be cqual 
to the axis KM, the cylinder PG fliall be equal to the cylinder GQj 

and 
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and if the axis KL be greater than the axis KM, the cylinder PG Bo °* xir - 
(hall be greater than die cylinder GQj and if lels, lefler. fince there- 
for there arc four magnitudes, viz. the axes EK, KF, and the cylin- 
ders BG, GD, and that of the axis EK and cylinder BG there has 
been taken any equimultiples whatever, viz. the axis KL and cylinder 
PG; and of the aids KF and cylinder GD, any equimultiples whatever, 
viz. the axis KM and cylinder GQj and it has been demonflrated 
if the axis KL be greater than the axis KM, the cylinder PG is 
greater than the cylinder GQj and if equal, equal; and if lels, 1 of- 
fer. therefor d die axis EK is to the axis KF, as the cylinder BG to d. j. Dcf. :. 
the cylinder GD. Whcrcfor if a cylinder &c. E. D. 

PROP. XIV. THEOR. 

C ONES and cylinders upon equal bafes are to one 
another as their altitudes. 









K 

A 

L 






•1) 



Let the cylinders EB, FD be upon the equal bafes AB, CD. as the 
cylinder EB to the cylinder FD, fo lhall the axis GI I be to the axis KL. 

Produce the axis KL to the point N, and make LN equal to the 
axis GH, and let CM be a cylinder whole 
bale is CD, and axis LN. and bccaule 
the cylinders EB, CM have the fame alti- 
tude, they arc to one another as their ba- 
fes 9 . but their bafes are equal, therefor 
alio die cylinders EB, CM lhall be equal, 
and becaufe the cylinder FM is cut by 
die plane CD parallel to its oppofite planes, 
as the cylinder CM to die cylinder FD, lo {hall b the axis LN be to b. n 
die axis KL. but the cylinder CM is equal to the cylinder EB, 

and 



a. 1 1. 12. 



M 



12 . 
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Boo* XII. and the axis LN to tjie axis GH. therefor as the cylinder EB to the 
cylinder FD, fo is the axis GH to the axis KL. and as the cylinder 
c. 15. 5. EB to the cylinder FD, fo is c the cone ABG to the coneCDK, be- 
lt. io. 12. caufe the cylinders arc triple d of the cones, therefor alfo the axis 
GH is to die axis KL, as the cone ABG to the cone CDK, and the 
cylinder EB to the cylinder FD. Whcrcfor cones &c. E. D. 



PROP. XV. THEOR. 

T HE bafes and altitudes of equal cones and cylinders, 
are reciprocally proportional; and if the bafes and 
altitudes be reciprocally proportional, the cones and cy- 
linders are equal to one another. 



Let the circles ABCD, EFGH, whole diameters are AC, EG, 
be the bafes, and KL, MN the axes, as alfo the altitudes, of equal 
cones and cylinders; and let ALC, ENG be the cones, and AX, EO 
the cylinders, die bales and altitudes of die cylinders AX, EO fhall 
be reciprocally propordonal; 



that is, as the bafe ABCD to 
the bafe EFGH, fo is the alti- 
tude MN to the altitude KL. 

Either the altitude MN is c- 
qual to the altitude KL, or die 
altitudes arc not equal. Firft, 
let than be equal ; and die cy- 




O 



G 



linders AX, EO being alfo equal, and cones and cylinders of the fame 
a. 11. 12. altitude being to one another as their bafes 3 , therefor the bale ABCD 
is equal to the bafe EFGH; and as the bafe ABCD is to the bafe 
EFGH, fo lhall the altitude MN be to the altitude KL. but let the 

altitudes 
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altitudes KL, MN be unequal, and MN the greater of the two, and® 00 * Xil. 
from MN take MP equal to KL, and, through the point P, cut the 
cylinder EO by the plane TYS parallel to the oppofite planes of the 
circles EFGH, RO; therefor the common fedtion of the plane TYS 
and fupcrficics of die cylinder EO lhall be a circle, and ES (hall be a 
cylinder, whofc bafe is the circle EFGH, and its altitude MP. and be- 
caufe the cylinder AX is equal to the cylinder EO, as AX is to the 
cylinder ES, (b b (hall the cylinder EO be to the fame ES. but as b. 7. 5. 
the cylinder AX to the cylinder ES, fo a is the bafe ABCD to the a. 1 1 . 1 1. 
bafe EFGH; for the cylinders AX, ES arc of the fame aldtudc; and 
as the cylinder EO to the cylinder ES, fo c is the altitude MN to thec. 13. 11. 
altitude MP, becaufc the cylinder EO is cut by the plane TYS pa- 
rallel to its oppofite planes, therefor as the bafe ABCD to the 
bafe EFGH, fo is the altitude MN to the altitude MP. but MP is 
equal to the altitude KL; wherefor as the bafe ABCD to the bafe 
EFGH, fo is the altitude MN to the altitude KL; dut is, the bafes 
and aldtudes of the equal cylinders AX, EO arc reciprocally propor- 
tional. 

But let the bales and altitudes of the cylinders AX, EO, be reci- 
procally proportional, viz. the bale ABCD to the bale EFGH, as the 
altitude MN to die altitude KL. the cylinder AX (hall be equal to 
the cylinder EO. 

The lame conftruftion being made, bccaule as the bafe ABCD to 
die bafe EFGH, lb is the altitude MN to the altitude KL; and be- 
caufc the altitude KL is equal to the aldtude MP ; the bale ABCD 
(hall •* be to the bafe EFGH, as the cylinder AX to the cylinder ES; 
and as the altitude MN to the altitude MP or KL, fo is the cylinder 
EO to the cylinder ES. therefor the cylinder AX is to the cylinder 
ES, as die cylinder EO is to the fame ES. whence the cylinder AX 

U u is 
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Bo°‘ xir - is equal to the cylinder EO. and the fame reafoning holds in cones. 

qI. d. 

PROP. XVI. THEOR. 

T O deferibe in the greater of two circles that have the 
fame centre, a polygon of an even number of equal 
fides, that fhall not meet the lefler circle. 

Let ABCD, EFGH be two given circles having the fame centre 
K. it is required to inferibe in the greater circle ABCD a polygon of 
an even number of equal fides, that fhall not meet the Idler circle. 

Through die centre K draw the ftraight line BD, and from die 
point G, where it meets the circumference of the Idler circle, draw 
GA at right angles to BD, and produce it to C ; therefor AC fhall 
a. 1 6. 3 - touch * the circle EFGH. then if die circumference BAD be bilfeded, 
and the half of it be again biflefted, and 
fo on, there fhall remain at leogth a circum- 
b. Lemma, ferencc Ids b than AD. let diis be LD; and 
from the point L draw LM perpendicular to 
BD, and produce it to N ; and join LD, 

DN. therefor LD is equal to DN, and 
becaufe LN is parallel to AC, and that AC 
touches the circle EFGH; LN fhall not meet the circle EFGH. and 
much Ids fhall die ftraight lines LD, DN meet the circle EFGH. 
fo that if ftraight lines equal to LD be applied in the circle ABCD 
from the point L around to N, there fhall be deferibed in the circle a 
polygon of an even number of equal fades that fhall not meet the lef- 
fer circle. Which was to be done. 




LEMMA II. 
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Book XU. 

LEMMA II. vyWJ! 

I F two trapeziums ABCD, EFGH be infcribed in the 
circles whofe centres are the points K, L; and if the 
fides AB, DC be parallel, as alfo EF, HG; and the other 
four fides AD, BC, EH, FG be all equal to one another; 
but the fide AB greater than EF, and DC greater than 
HG. the ftraight line KA from the centre of the circle 
in which the greater fides are, fhall be greater than the 
ftraight line LE from the centre to the circumference of 
the other circle. 

If ii be pofltblc, let KA be not greater than LE; then KA mull 
be either equal to it, or lefler. Firft, let KA be equal to LE. there- 
for bccaufe in two equal circles, AD, BC in the one arc equal to EH, 

FG in the other, the circumferences AD, BC fhall be equal a to the ». 28. 3. 




greater than EF, GH, each than each, the circumferences AB, DC 
fhall be greater than EF, HG. therefor the whole circumference 
ABCD is greater than the whole EFGH ; but it is alfo equal to it, 

U u 2 which 
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Boo* XII. which is impoifible. therefor the ftraight line KA is not equal 
to LE. 

But let KA be lefs than LE, and make LM equal to KA, and 
from the centre L, and diftancc LM deferibe the circle MNOP, meet- 
ing the ftraight lines LE, LF, LG, LH, in M, N, O, P; and join 
h. 2 . 6. MN, NO, OP, PM which fliall be parallel b to, and 1 filer than EF, 
FG, GH, HE. therefor, bccaufe EH is greater than MP, AD fhall 
be greater than MP ; and the circles ABCD, MNOP are equal, there- 
for the circumference AD is greater than MP ; by the fame reaion, 
the circumference BC is greater than NO; and becauic the ftraight 




line AB is greater than EF which is greater than MN, much more 
ihall AB be greater than MN. therefor the circumference AB is greater 
than MN ; and by the fame reaion, the circumference DC is greater 
than PO. therefor the whole circumference ABCD is greater than 
the whole MNOP; but it is likewiie equal to it, which is impoifible. 
therefor KA is not leiTcr than LE; nor is it equal to it; the llraight 
line KA mull therefor be greater than LE. E. D. 

Cor. And if there be an Kbfceles triangle whofe fides are equal to 
AD, BC, but its bafe lefler than AB the greater of the two fides AB, 
DC ; the llraight line KA fliall, in the fame manner, be demonftrated 

to 
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to be greater than the ftraight line from the centre to the circumfe- ® 00 * 



rence of the circle deferibed about the triangle. 






PROP. XVII. THEOR. 

T O deferibe in the greater of two fpheres which have 
the fame centre, a folid polyhedron, the fuperficies 
of which fhall not meet the leffer fphere. 



Let there be two fpheres about the fame centre A; it is required 
to deferibe in the greater a folid polyhedron whofc fuperficies fhall not 
meet the Idler fphere. 

Let the fpheres be cut by a plane paffing thro’ the centre; the 
common feflions of it with the fpheres fhall be circles ; becaufe the 
fphere is deferibed by the revolution of a femicircle about the dia- 
meter remaining unmoveable; fo that in whatever pofition the femi- 
circlc be conceived, the common feflion of the plane in which it is 
with die fuperficies of the fphere is die circumference of a circle; and 
this fhall be a great circle of the fphere, bccaufc the diameter of the 
fphere which is likewife the diameter of die circle, is greater 3 than 1. 1 5. 3.' 
any ftraight line in the circle or fphere. let dicn the circle made by 
the feftion of the plane with the greater fphere be BCDE, and with 
the lefTer fphere be FGH; and draw the two diameters BD, CE at 
right angles to one anodicr. and in BCDE the greater of the two 
circles deferibe b a polygon of an even number of equal fides which b. 16. i*; 
fhall not meet die leffer circle FGH; and let its fides, in BE die 
fourth part of the circle, be BK, KL, LM, ME; join KA and pro- 
duce it to N ; and from A draw AX at right angles to the plane of 
the circle BCDE meeting the fuperficies of the fphere in the point X; 
and let planes pals diro’ AX and each of the ftraight lines BD, KN, 

which, 
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Book XII. which, from what has been faid, (hall produce great circles on the fu- 
pgrficics of the fphcrc, and let BXD, KXN be die fcmicircles thus made 
upon the diameters BD, KN. therefor, bccaufe XA is at right angles 
to die plane of the circle BCDE. every plane which paffes thro’ XA 
f. 18. ii. fhall be at right c angles to the plane of the circle BCDE; wherefor 
the fcmicircles BXD, KXN fliall be at right angles to that plane, and 
bccaufe the fcmicircles BED, BXD, KXN, upon the equal diameters 
BD, KN arc equal to one another, their fourth parts BE, BX, KX 
fhall be equal to one another, therefor as many fidcs of the polygon 
as arc in the fourth part BE, fo many fhall there be in BX, KX equal 
to the fidcs BK, KL, LM, ME. let thefe polygons be delcribed, and 
their fidcs be BO, OP, PR, RX ; KS, ST, TY, YX, and join OS, 
PT, RY ; and from the points O, S draw OV, SQ^ perpendiculars to 
AB, AK. dierefor becaufe the plane BOXD is at right angles to the 
plane BCDE, and in one of them BOXD, OV is drawn perpendicu- 
lar to AB the common fe< 5 tion of the planes, OV fhall be perpendicu- 
ii. lar d to the plane BCDE. by die fame reafbn SQ_is perpendicular to 
the fame plane, bccaufe die plane KSXN is at right angles to die 
plane BCDE. Join VQ_, and bccaufe in the equal fcmicircles BXD, 
KX N the circumferences BO, KS arc equal, and OV, SQ^arc perpen- 
dicular to their diameters, OV fhall be equal to SQ^, and BV equal 
to KQ^ but the whole BA is equal fo the whole KA, therefor the re- 
mainder VA is equal to die remainder QA. as therefor BV is to V A, 
r«. 2. 6. fo is KQ^to QA, and VQJhall be parallel * to BK. and becaufe OV, 
SQ^arc each of diem at right angles to die plane of the circle BCDE, 
f.6. ii. OV fhall be parallel f to SQ_; and it has been proved that it is aJlb 
e- 33 -i- equal to it; therefor QV, SO arc equal and parallels, and bccaufe 
b. 9. 11. QV is parallel to SO, and alfo to KB ; OS fhall be parallel *’ to 
BK; and therefor BO, KS which join diem fliall be in the fame plane 

in 
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in which thefe parallels are, and the quadrilateral figure KB05 (hall 800,1 
be in one plane, and if PB, TK be joined, and perpendiculars be 
drawn from the points P, T to die ftraight lines AB, AK, it (hall be 
demonftrated that TP is parallel to KB in the very fame way that SO 
was fliewn to be parallel to the lame KB; wherefor h TP is parallel b. 9 . ti, 
to SO, and the quadrilateral figure SOPT lhall be in one plane, by 



the fame rcafon die quadrilateral TPRY is in one plane, and the fi- 
gure YRX is alio in one plane’, therefor, if from the points O, S, i. 2 . u, 
P, T, R, Y there be drawn ftraight lines to the point A, there lhall 
be formed a folid polyhedron between the circumferences BX, KX 
compofcd of pyramids whofe bales are the quadrilaterals KB OS, 

SOPT, TPRY, and the triangle YRX, and their common vertex the 
point A. and if the fame conftru&ion be made upon each of the fidcs 

KL. 



Digitized by Google 




344 

Book XII. 
V'VN^ 



lc. j«. ii. 



T47- I 



THE ELEMENTS 

KL, LM, ME, as has been done upon BK, and die like be done alio 
in the other three quadrants, and in the other hemifphere; there lhall 
be formed a folid polyhedron ddcribed in the Iphere, compofed of 
pyramids whole bafes are the aforefaid quadrilateral figures, and the 
triangle YRX, and thole formed in the like manner in the reft of the 
Iphere, the common vertex of them all being the point A. and die 
fuperficies of this (olid polyhedron fliall not meet die leffer fphere in 
which is the circle FGH. for from the point A draw k AZ perpen- 
dicular to the plane of the quadrilateral KBOS meeting it in Z, and 
join BZ, ZK. and becaufe AZ is perpendicular to the plane KBOS, 
it lhall make right angles with every ftraight line in that plane which 
meets it; dierefor AZ is perpendicular to BZ and ZK. and becaule 
AB is equal to AK, and that die fquares of AZ, ZB, are equal to 
the Iquare of AB; and the fquares of AZ, ZK to die Iquare of 
AK*; therefor the fquares of AZ, ZB are equal to the fquares of 
AZ, ZK. take from thclc equals the Iquare of AZ, the remaining 
fquare of BZ lhall be equal to the remaining fquarc of ZK; and 
therefor the ftraight line BZ is equal to ZK. in the like manner it 
lhall be demonftrated that the ftraight lines drawn from the point Z 
to the points O, S are equal to BZ or ZK. therefor the circle deferibed 
from the centre Z, and diftancc ZB lhall pafs thro’ die points K, O, 
S, and KBOS lhall be a quadrilateral figure in the circle, and becaule 
KB is greater than QV, and QV equal to SO, KB lhall be greater than 
SO. but KB is equal to each of the ftraight lines BO, KS; wherefor 
each of die circumferences cut off by KB, BO, KS is greater than 
diat cut off by OS ; and thefe diree circumferences together with a 
fourth equal to one of them, are greater than the fame three together 
with diat cut oft' by OS ; that is, than the whole circumference of - 
the circle; dierefor die circumference fubtended by KB is greater than 

the 
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the fourth part of the whole circumference of the circle KBOS, and Qo ° K xn * 
confequcntly the angle BZK at the centre fliall be greater than a 
right angle, and becaufc the angle BZK is obtufe, the fquare of BK. 
fliall be greater 1 than the fquares of BZ, ZK; that is, greater thanl. ta. a. 
twice the fquare of BZ. Join KV, and becaufe in the triangles KBV, 

OBV, KJB, BV are equal to OB, BV, and that they contain equal 




angles; the angle KVB fliall be equal ra to the angle OVB. and OVB m. 4. 1. 
is a right angle; therefor allb KVB is a right angle, and becaule BD 
is Idler than twice DV, the refianglc contained by DB, BV is Idler 
than twice the reftangle DVB; that is n , the fquare of KB is Ids than n . 8.6. 
twice the fquare of KV. but the fquare of KB is greater than twice 
die fquare of BZ ; therefor the fquare of KV is greater than the fquare 
of BZ. and becaufc BA is equal to AK, and that the fquares of BZ, 

X x ZA 
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Boo * XII. 7 , a arc equal togcdicr to the fquarc of BA, and the fquarcs of KV, 
VA to the fquarc of AK; the fquarcs of BZ, ZA fliall be equal 
to the fquarcs of KV, VA; and of thefe the fquarc of KV is greater 
than the fquarc of BZ, therefor the fquarc of VA fliall be left than 
the fquarc of ZA, and the ftraight line AZ greater than VA. much 
more then fliall AZ be greater than AG, bccaufe in the precceding 
Propofition it was fliewn tha’t KV falls without the circle FGH. and 
AZ is perpendicular to the plane KBOS, and is therefor the fhorteft 
of all the ftraight lines that can be drawn from A the centre of the 
fpherc to that plane. Therefor the plane KBOS docs not meet the left 
fer fpherc. 

And that the other planes between the quadrants BX, KX fall 
without the lefler fphere, is thus demonftrated. from the point A 
draw AI perpendicular to the plane of the quadrilateral SOPT, and 
join 10; and as was demonftrated of the plane KBOS and the point 
Z, in the fame way it fliall be fliewn that the point I is the centre of 
a circle deferibed about SOPT, and that OS is greater than PT; and 
PT was fliewn to be parallel to OS. therefor bccaufe the two tra- 
peziums KBOS, SOPT inferibed in circles have their fidcs BK, OS 
parallel, as alfo OS, PT ; and dieir other Tides BO, KS, OP, ST all 
equal to one another, and that BK is greater than OS, and OS greater 
■ 2 . Ltm. ii. than PT, die ftraight line ZB fliall be greater ° than IO. Join AO 
which fliall be equal to AB; and bccaufe AIO, AZB arc right angles, 
the fquarcs of AI, IO fliall be equal to the fquarc of AO or of AB; 
that is, to the fquares of AZ, ZB; and the fquare of ZB is greater 
than the fquare of IO, therefor the fquare of AZ is lefler than the 
fquarc of AI; and the ftraight line AZ lefler than the ftraight line 
AI. and it was proved that AZ is greater than AG; much more then 
is AI greater dian AG. therefor the plane SOPT falls wholly with- 
out 
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oat thelefler fphcrc. in the fame manner it lhali be demonftrated that B 00 K XIL 
the plane TPRY falls without die fame fphere, as allb the triangle 
YRX, viz. by the Cor. of 2d Lemma, and after the fame way it 
fhali be demonftrated that all die planes which contain the folid poly- 
hedron fall without the lefler fphere. Therefor in die greater of two 
fphercs which have the fame centre, a folid polyhedron is delcribed 




whole fupcrficies docs not meet the lcflcr fphcrc. Which was to be 
done. 



But die ftraight line AZ may be demonftrated (0 be greater dian 
AG otherwife and in a Ihortcr manner, without the help of Prop. 1 6 . 
as follows. From die point G draw GU at right angles to AG and 
join AU. if then the circumference /BE be bifletfed, and Its half a- 
gain bilfc&cd, and lb on, there fhali at length be left a circumference 

X x 2 lelfcr 
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B o o « XII. J c {f cr than the circumference which is fubtended by a ftraight line 
C q ua l to GU inferibed in the circle BCDE. let this be the circumfe- 
rence KB. therefor the ftraight line KB is Idler than GU. and bc- 
caufe the angle BZK is obtufc, as was proved in the proceeding, BK 
fhall be greater than BZ. but GU is greater than BK; much more 
then is GU greater than BZ, and the fquarc of GU than the fquare 
of BZ. and AU is cqual to AB ; therefor the fquare of AU, that is 
the fquarcs of AG, GU arc cqual to the fquare of AB, that is to 
the fquarcs of AZ, ZB; but the fquare of BZ is Idler titan the 
fquarc of GU; therefor the fquare of AZ is greater than the fquare 
of AG, and the ftraight line AZ confequcndy greater than die ftraight 
line AG. 

Cor. And if in the leffer fphere dicrc be deferibed a folid poly- 
hedron by drawing ftraight lines betwixt the points in which the 
ftraight lines from the centre of the fphere drawn to all the angles of 
the lblid polyhedron in the greater fphere meet the fupcrficies of the 
Idler; in the fame order in which arc joined the points in which the 
fame lines from the centre meet the fupcrficies of the greater fphere ; 
the folid polyhedron in the fphere BCDE fhall have to this other fo- 
lid polyhedron the triplicate ratio of that which the diameter of the 
fphere BCDE has to the diameter of the other fphere. for if thefe 
two folids be divided into die fame number of pyramids, and in the 
fame order; the pyramids fliall be fimilar to one another, each to 
each, bccaufe they have the folid angles at their common vertex, the 
centre of the fphere, the fame in each pyramid, and their other folid 
». B. ii. angles at the bafes cqual to one another, each to each 3 , bccaufe they 
arc contained by three plane angles cqual each to each ; and the pyramids 
arc contained by the fame number of fimilar planes; and arc thcrc- 
v. n.Dtf. ii. for fimilar b to one another, each to each, but fimilar pyramids have 

to 
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to one another the triplicate c ratio of their homologous Tides, there- Boo* Xn. 
for die pyramid whofe bafe is the quadrilateral KBOS, and vertex A> 
has to the pyramid in the other fpherc of the fame order, the tripli- 
cate ratio of their homologous Tides; that is, of that ratio which AB 
from the centre of die greater fphcrc lias to the flraight line from the * 
fame c litre to the fupcrficies of the Idler fphcrc. and in like manner 
eadi pyramid in the greater fphcrc has to each of the fame order in 
the lcffer, the triplicate ratio of that which AB has to the femidiame- 
ter of the lcffer fphcrc. and as one antecedent is to its confequcnt, 
fb are all the antecedents to all die confequents. Whercfor the whole 
folid polyhedron in the greater fphcrc has to the whole (olid polyhe- 
dron in the other, the triplicate ratio of that which AB the femidiamc- 
tcr of the firft has to the femidiameter of the other ; that is, which 
the diameter BD of the greater has to the diameter of die other fpherc. 

PROP. XVIir. THEOR. 

S PHERES have to one another the triplicate ratio 
of that which their diameters have. 



Let ABC, DEF be two fphercs whofe diameters arc BC, EF. 




the fphcrc ABC (hall have to the fphere DEF the triplicate ratio of 
that which BC has to EF. 



For 
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Book XXI. For if it has not, the fphcrc ABC (hall have to a fphere cither Icf- 
fer or greater than DEF, the triplicate ratio of that which BC has 
to EF. Firft, let it have that ratio to a idler, viz. to the fphere 
GHK ; and let the fphcrc DEF have die fame centre widi GHK ; 
a. 17. i a. and in the greater fphere DEF deferibe a a folid polyhedron whofe 
fuperficies (hall not meet the lefler fphere GHK. ; and in the fphere 
ABC deferibe another fimilar to that in the fphcrc DEF. therefor 
the folid polyhedron in the fphere ABC fhall have to the folid poly- 
t. cor. 17. u. hedron in the fphere DEF, die triplicate ratio b of that which BC has 
to EF. but the fphcrc ABC has to the fphcrc GHK, the triplicate 




1 ado of that which BC has to EF ; therefor as the fphere ABC to 
the fphere GHK, fo is the folid polyhedron in die fphere ABC to the 
folid polyhedron in the fphcrc DEF'. but the fphere ABC is greater 
e, 14. j. than the folid polyhedron in it; therefor e alfo the fphcrc GHK is 
greater than the folid polyhedron in the fphcrc DEF. but it is alfo 
lefTcr, becaufc it is contained within it, which is impoflible. therefor 
the fphcrc ABC has not to any fphcrc lefler than DEF, the triplicate 
ratio of that which BC lias to EF. In die fame manner it fhall be 
demonftrated that the fphcrc DEF has not to any fphere lefler dian 
ABC, the triplicate rado of that which EF has to BC. Nor fhall 

the 
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the fphcrc ABC have to any fphere greater than DEF, the triplicate 800 * Xl1, 

ratio of that which BC has to EF. for if it can, let it have that ra- 

tio to a greater fphere LMN. therefor, by inverfion, die fphere 

LMN has to die fphere ABC, the triplicate ratio of that which the 

diameter EF has to the diameter BC. but as the fphcrc LMN to 

ABC, fb is the fphere DEF to fbme fphere, which mud be lefler c *• 14- Si 

than the fphere ABC, bccaufc the fphere LMN is greater than the 

fphcrc DEF. therefor the fphcrc DEF has to a fphere lefler than 

ABC the triplicate ratio of that which EF has to BC; which was 

(hewn to be impoflible. therefor die fphere ABC has not to any 

fphere greater than DEF the triplicate ratio of that which BC has to 

EF. and it was demonftrated that neither has it that ratio to any 

fphere lefler than DEF. Therefor the fphere ABC has to die fphere 

DEF, the triplicate ratio of that which BC has to EF. E. D. 
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NOTE 

DEFINITION VII. BOOK I. 

TNSTEAD of this Definition as it is in the Greek copies, 3 more 
-*■ diftinft one is given from a property of a plane fuperficics, which is 
manifeftly fuppofed in the Elements, viz. that a ftraight line drawn 
from any point in a plane to any other in it, is wholly in that plane. 

DEF. VIII. B. I. 

It feems that he who made this Definition defigned that it fliould 
comprehend not only a plane angle contained by two ftraight lines, 
but likewife the angle which ibme conceive to be made by a ftraight 
line and a curve, or by two curve lines, which meet one another in 
a plane, but tho’ the meaning of the words err £u’0 et<i{; that is, in 
a ftraight line, or in the fame direction, be plain, when two ftraight 
lines are faid to be in a ftraight line, it does not appear what ought to 
be underftood by thefc words, when a ftraight line and a curve, or 
two curve lines, are faid to be in the fame direction ; at leaft it cannot 
be explained in this place; which makes it probable that this Defini- 
tion, and that of the angle of a fegraent, and what is faid of the 
angle of a fcmicircle, and the angles of fegments, in the 1 6 . and 3 1. 
Propofitions of Book 3. are the additions of fomc lefs fleilful Editor, 
on which account, efpecially fince they are quite ulclcls, thefe Defini- 
tions arc diftinguifhed from the reft by inverted double commas. 

DEF. XVII. BOOK I. 

The words “which alio divides the circle into two equal parts” are 
added at the end of this Definition in all the copies, but arc now left 

Y y 2 out 
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out as not belonging to the Definition, being only a Corollary from 
it. Proclus demonftrates it by conceiving one of the parts into which 
the diameter divides the circle, to be applied to the other, for it is plain 
they mult coincide, elfe the llraight lines from the centre to the cir- 
cumference would not be all equal, the fame thing is cafily deduced 
from the 31. Prop, of Book 3 . and the 2 4. of the fame ; from the 
firlt of which it follows that lemicirclcs are fimilar fegments of a 
circle, and from the other, that they arc equal to one another. 



DEF. XXXIII. B. L 

This Definition has one condition more than is neccflary; bccaule 
every quadrilateral figure which has its oppofitc fidcs equal to one a- 
nothcr, has likewifc its oppofitc angles equal ; and on the contrary. 

Let ABCD be a quadrilateral figure, of which the oppofite fidcs 
AB, CD arc equal to one another; as alfo AD and BC. join BD; 

the two fides AD, DB are equal to the two ^ 

CB, BD, and the bale AB is equal to the bale j 

CD; therefor by Prop. 8. of Book 1. the — — ' 

angle ADB is equal to the angle CBD; and ^ ^ 

by Prop. 4. B. 1 . the angle BAD fliall be equal to the angle DCB, 
and ABD to BDC; and therefor alfo the angle ADC fliall be equal 
to the angle ABC. 

And if the angle BAD be equal to the oppofitc angle BCD, and 
the angle ABC to ADC ; the oppofitc fidcs lhall be equal. Becaule 
by Prop. 3 2 . B. 1 . all the angles of the quadrilateral figure ABCD 
are together equal to four right angles, and the two angles BAD, 
ADC are together equal to the two angles BCD, ABC. wherefor 
BAD, ADC are the half of all the four angles; that is, BAD and 
ADC are equal to two right angles, and therefor AB, CD are pa- 
rallels 
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rallels by Prop. 28. B. i. in the fame manner AD, BC arc paral- 
lels. therefor ABCD is a parallelogram, and its oppofite fides are c- 
qual by 34. Prop. B. 1. 

PROP. VII. B. I. 

There arc two cafes of this Propofition, one of which is not in the 
Greek text, but is as ncccfiary as the other, and that the cafe left out 
has been formerly in the text appears plainly from this, that the lecond 
part of Prop. 5. whicli is ncceffary to the Demonftration of this cafe, 
can be of no ufc at all in the Elements, or any where elfe, but in this 
Demonftration ; bccaufc the fccond part of Prop. 5. clearly follows 
from the firft part, and Prop. 1 3 . B. 1 . this part muft therefor have 
been added to Prop. 5. upon account of fomc Propofition betwixt the 
5. and 1 3. but none of thefe fland in need of it except the 7. Pro- 
pofition, on account of which it has been added, befidcs the iranf- 
lation from the Arabic has this cafe explicitely demonflratcd. and 
Proclus acknowledges that the fecond part of Prop. 5. was added upon 
account of Prop. 7. but gives a ridiculous rcafon for it, “ that it might 
“ afford an anfwcr to objections made againfl the 7. ’ as it the cafe of 
the 7. which is left out, were, as he cxprdly makes it, an objection 
againfl die Propofition itfclf. Whoever is curious may read what Prc- 
clus fays of this in his Commentary on the 5 . and 7. Proportions; for 
it is not worth while to felatc his trifles at full length. 

It was thought proper to change die enuntiation of this 7. Prop, 
fo as to prvfcrve die very fame meaning ; the literal tranfladon from 
the Greek being extremely harlh, and difficult to be undcrflood by 
beginners. • „ 

TROP. XI. 
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PROP. XL B. I. 

A Corollary is added to this Propofition, which is ncceflary to 
Prop, i . B. 1 1 . and otherways. 

PROP. XX. and XXI. B. I. 

Proclus in his Commentary relates that the Epicureans derided this 
Propofition, as being manifeft even to afles, and needing no Demon- 
ftration; and his anfwer is, that tho’ the truth of it be manifeft to our 
fades, yet it is (ciencc which muft give the realbn why two fidcs of a 
triangle arc greater than the third, but the right anfwer to this ob- 
jection againft this and the a i . and lomc other plain Propofitions, is, 
that the number of Axioms ought not to be encreafed without neccf- 
fity, as it muft be if thefe Propofitions be not demonftrated. Monf. 
Clairault in the Preface to his Elements of Geometry publifhed in 
French at Paris Ann. 1741. lays that Euclid has been at the pains 
to prove that the two fides of a triangle which is included widiin a- 
nother are together lefs dian die two fidcs of the triangle which in- 
cludes it; but he lias forgot to add this condidon, viz. that the triangles 
muft be upon the fame bafe ; becaufc without this be added, the fides 
of the included triangle may be greater than the fidcs of the triangle 
which includes it, in any rario which is lefs than diat of two to one. 
as Pappus Alcxandrinus has demonftrated in Prop. 3. B. 3. of his Ma- 
thematical Collections. 

PROP. XXII. B. I. 

Some Authors blame Euclid becaufc he docs not demonftrate that _ 
die two circles made ufe of in the conftruftion of this Problem fiiall 
cut one another, but this is very plain from the determination he has 

given, 
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given, viz. that any two of the ftraight lines DF, FG, GH mud be 
greater than the third, for who is lo dull, tho’ only beginning to learn 
the Elements, as not to perceive that the circle deferibed from the centre 
F, at die diftancc FD, mud meet FH betwixt F and H, becaufc FD 
is leffer than FH; and that, for the like reafon, the circle delcribed 
from the centre G, at the diftancc GH or GM muft meet DG betwixt 
D and G; and that thefe circles muft meet one another, becaufc FD 
and GH are together greater than F'G ? and 
this determination is caller to be underftood 
than that which Mr. Thomas Simplon de- 
rives from it, and puts inftead of Euclid’s, 
in the 49. page of his Elements of Geo- 
metry, that he may fupply the omiftion he blames Euclid for ; which 
determination is, that any of the three ftraight lines muft be lcffer than 
the fum, but greater than the difference of the other wo. from this 
he Ihews the circles muft meet one another, in one cafe; and fays that 
it may be proved after the fame manner in any other cafe, but the 
ftraight line GM which he bids take from GF may be greater than 
it, as in the figure here annexed, in which cafe his demonftration muft 
be changed into another. 




DM 



PROP. XXIV. B. I. 



To this is added “ of the two fides DE, DF, let DE be that 
“ which is not greater than the other;” that is, take that fide of the 
two DE, DF which is not greater than the other, in order to make 
with it the angle EDG equal to BAC. becaufc without this rcftric- 
tion, there might be three different cafes of the Propofition, as Cam- 
panus and others make. 



PROP. XXIX. 



$6o 



N O T E S. 



A 

C 



Ti 



D 



PROP. XXIX. B. I. 

The Propofition which is ufually called the 5. Populate, or 1 t . 
Axiom, by fomc the 12. on which tills 29. depends, has given a 
great deal ado to both antient and modern Geometers, it Teems not 
to be properly placed among the Axioms, as, indeed, it is not (elf- 
evident; nor does it admit of a Dcmonltradon, in a ftrifl fenfe ; but 
[lands in need of (bme explication to make it clear, which, for the 
fake of beginners, is given as plainly as we can, as follows. 

Firft, it may eafily be conceived that two ftraight lines AB, CD 
in the fame plane, which arc at right angles to die fame (iraight line 
' AC, are likewile equidiftant, that is do 
neither approach to, nor recede from one 
another, however far produced ; or rather 
none can conceive the contrary of fuch 
lines, for one of them AB cannot be 
conceived to approach to the other CD, without conceiving AB to 
incline more to AC upon that fide of the point A upon which 
CD is, than it docs to it upon the other fide of A; that is, that AB 
makes unequal angles with AC. and the fame thing is to be faid 
of two (fraight lines which contain any equal angles with a third line, 
on the fame fide and towards the feme parts of it; for thefe are at 
tight angles to one and the fame (hraight 
line. Let AB, CD contain equal angles 
E AB, ECD with the (Iraiglit line EC upon 
the fame fide and towards the fame parts 
of it; bifleft AC in F, and draw FG 
perpendicular to AB, and let it meet CD ^ 1 1 D 

a. ij. t. in H. then becaufc the angle EAB, or FAG a is equal to die angle 

FCH; 
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FCH; and the angle AFG equal to CFH", and the fide AF equal a , ,j. 
to the fide FC in the triangles AFG, CFH ; the angle AGF (hall b b. 16. 1. 
be equal to the angle CHF. but AGF is a right angle, and therefor 
the angle CHF is a right angle. Wherefor the flraight lines BG, 

DH arc at right angles to the fame flraight line GH. 

Next, it feems to be exceeding manifeft that two flraight lines pro- 
ceeding from the fame point, do feparate and diverge more and more 
from one another, fo as that the nearelt diftancc from the end of 
one of them to the other may become greater than any given length, 
if, for inflancc, at the diftance of ten feet from the point from which 
they proceed, they be one foot diftant; when they are each produced 
another ten feet, their diftance fhall be encreafed by another foot; that 
is, they fhall be diftant by two feet, and fo more and more, this pro- 
perty flows from the nature or Definition of a flraight line which 
keeps always the fame direftion, and therefor cannot be flriftly demon- 
ftrated by the preceeding Propofitions. 

Thcfe two things being granted, the Propofition may be thus de- 
monftrated. Let two flraight lines AB, FD be cut by a third EFH 
fo as to make the interior angles upon the 
fame fide of EH, viz. the angles BEF, EFD 
together lefs than two right angles; AB and 
FD fhall meet if produced towards the parts 
B, D on which thcfe angles arc. 

From the point F draw 3 FG fo as to 
make the exterior angle HFG equal to BEF 
the interior and oppofite on the fame fide, therefor EB, FG are pa- 
rallel'’; and equidiftant, as has been explained; and becaufe the angles b. 28. t. 
HFG, GFE are together equal c to two right angles, the angles BEF, c. 13. 1. 
EFG fhall alfb be equal to two right angles, but the angles BEF, 

Z z ' EFD 
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EFD arc lelfcr than two right angles, wherefor EFG is greater than 
EFD; and FD (hall be between EB, FG. 
and die ftraight lines FG, FD which proceed 
from the fame point F, (hall if produced be- 
come further diftant from one another than 
FG, EB which keep always the lame dis- 
tance; and therefor FD {hall at length be 
upon the contrary fide of EB to that on 
whkh the point F is; that is, it fliall meet with and cut EB. 




PROP. XXXV. B. I. 

The Demon flration of this Propofirion is changed, becaufc if the 
method which is ufed in it was followed, there would be three cafes to 
be feparately demonftrated, as is done in the tranflation from the Ara- 
bic; for in the Elements no cafe of a Propofirion that requires a dif- 
ferent Demonftration ought to be omitted. On this account we have 
chofen the method which Monf. Clairault has given, the firfi of any, 
as far as I know, in his Elements, page 2 1 . and which afterwards 
Mr. Simpfon gives in his, page 32. but whereas Mr. Simpfon makes 
ufe of Prop. 2 6 . B. 1. from which the equality of the two triangles 
does not immediately follow, becaufc to prove that, the 4. of B. x. 
mult likewifc be made ufe of, as may be fecn, in the very lame cafe, 
in the 34. Prop. B. 1. it was thought better to make ufe only of 
the 4 . of B. 1 . 

PROP. XLV. B. I. 

The flraight line KM is proved to be parallel to FL from the 
3 3. Prop, whereas KH is parallel to FG by conftruftion, andKHM, 

FGL 
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FGL have been demonftrated to be ft ought lines, a Corollary is added 
from Commandinc, as toeing often ufed. 



PROP. XIII. B. II. 

I N this Propofition only, acute angled triangles are mentioned, where- 
as it holds true of every triangle, and the Dcmonftrations of the 
cafes omitted are added ; Commandine and Clavius have likewife gi- 
ven their Demonftrations of thefe cafes. 

PROP. XIV. B. II. 

In the Dcmonftradoo of this, forac Greek Editor has ignorantly 
inferted the words, “ but if not, one of the two BE, ED {hall be 
“ the greater; let BE be the greater and produce it to F,” as if it 
was of any confequence whether the greater or lelfer be produced, 
therefor inftead of thde words, there ought to be read only, ** but 
n if not, produce BE to F.” 

PROP. I. B. III. 

S Everal Authors, clpccially among the modem Mathematicians 
and Logicians, inveigh too fcvcrcly againft indireft, or Apagogic 
Demonftrations, and fometimes ignorantly enough; not being aware 
that there are fomc things that cannot be demonftrated any other way. 
of this the prefent Propofition is a very clear inftancc, as no direft 
Demonftration can be given of it. becaufe, bcfidcs the Definition of 
a circle, there is no principle or property relating to a circle an- 
tecedent to this Problem, from which either a dire ft or indireft De- 
monftration can be deduced, wherefor it is needfary that the point 

Z z 2 found 
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found by the conltrudtion of the Problem be proved to be the 
centre of the circle, by the help of this Definition, and fome of the 
proceeding Propofirions. therefor bccaufe in the Demonltradon, this 
Propofirion mult be brought in, viz. Itraight lines from the centre of a 
circle to the circumference are equal, and that die point found by the 
conltrudtion cannot be a (Turned as the centre, for this is die diing to 
be demonftrated ; it is manifelt Ibme other point mult be a (Turned as 
the centre; and if from this alTumption an abfurdity follows, as Euclid 
demonllrates there mult; then it is not true that the point afliimcd is 
the centre; and as any point whatever was affirmed, it follows that 
no point, except that found by the conltrudtion can be the centre, 
from which the ncccffity of an indircA Demonftration in diis cafe is 
evident. 

PROP. XIII. B. III. 

As it is much caller to imagine that two circles may touch one a- 
nother within in more points dian one, upon the fame fide, dian upon 
oppofitc Tides of them ; the figure of that cafe ought not to have been 
omitted; but the conltrudtion in the Greek text would not have futed 
with this figure lo well, bccaufe the centres of the circles mult have been 
placed near to the circumferences, on which account another conltruc- 
tion and demonltradon is given which is the fame with the fccond part 
of that which Campanus has tranflated from the Arabic, where with- 
out any reafon die Demonltradon is divided into two parts. 

PROP. XV. B. III. 

The convctlc of die fccond part of diis Propofition is wanting, dio’ 
in the precccding, the convcrfe is added, in a like cafe, both in the 
Enunciation and Demonltradon ; and it is noV added in this, befidcs 

in 
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in the Demonftration of the firft: part of this 15th the diameter AD 
(fee Commandinc’s figure) is proved to be greater than the ftraight line 
BC by means of another ftraight lineMN ; w hereas it may be better done 
without it. on which accounts we have given a different Demonftra- 
tion like to that which Euclid gives in the precceding 1 4th, and to 
that which Thcodofius gives, in Prop. 6 . B. 1 . of his Spherics, in 
this very affair. 

PROP. XVI. B. III. 

In this we have not followed the Greek, or the Latin tranflation lite- 
rally, but have given what is plainly the meaning of the Propofition, 
without mentioning the angle of the fcmicircle, or that which fbme 
call the comicular angle which they conceive to be made by the cir- 
cumference and the ftraight line which is at right angles to the dia- 
meter, at its extremity ; w hich angles have furnifhed matter of great de- 
bate between feme of the modem Geometers, and given occafion of 
deducing ftrangc confequcnccs from them, which are quite avoided by 
the manner in which we have expreffed the Propofition. and in like man- 
ner we have given the true meaning of Prop. 3 1 . B. 3 . without men- 
tioning the angles of the greater or Idler fegments. thcle paflagcsVicta 
with good reafon fufpeds to be adulterated, in the 386. page of his 
Oper. Math. 

PROP. XX. B. III. 

The firft words of the fccond part of this Demonftration " w* 

,( /.Xa.Ow 5 ^ TrotAir are wrong tranflated by Mr. Briggs and Dr. Gre- 
gory “ Rurfus inclinctur,” for the tranflation ought to be “ Rurfus in- 
“ flcdatur” as Commandinc has it. a ftraight line is faid to be inflec- 
ted cither to a ftraight or curve line, when a ftraight line is drawn to 

this 
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this line from a point, and from the point in which it meets it, a 
ftraight line making an angle with the former is drawn to another 
point, as is evident from the 90. Prop, of Euclid's Data ; for thus the 
whole line betwixt the firft and laft points, is inflefted or broken at the 
point of inflexion where the two flraight lines meet. And in the like 
fenle two ftraight lines arc faid to be inflated from two points to a 
third point, when they make an angle at this point; as may be feen 
in the defeription given by Pappus Alcxandrinus of Apollonius Books 
de Locis planis, in the Preface to his 7. Book, we have made the ex- 
preflion fuller from the 90. Prop, of the Data. 

PROP. XXI. B. III. 

There are two cales of this PropoCtion, the fecond of which, viz. 
when the angles are in a fegment Idler than a fcmicircle, is wanting 
in the Greek, and of this a more Ample Demonftration is given than 
that which is in Commandine, as being derived only from the firft cafe, 
without the help of triangles. 

PROP. XXIII. and XXIV. B. III. 

In Propofition 24. it is demonftrated that the figment AEB muft 
coincide with the fegment CFD (fee Commandine’s figure) and that it 
cannot fall otherwife, as CGD, fo as to ait the other circle in a third 
point G, from this, that if it did, a circle could cut another in more 
points than two. but this ought to have been proved to be impofliblc 
in the 2 3 . Prop, as well as that one of die fegments cannot fall with- 
in the other, diis part then is left out in the 2 4. and put in its pro- 
per place the 23d Propofition. 
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PROP. XXV. B. III. 

This Propofirion is divided into three cafes, of which two have 
die fame conftruftion and demonftration ; therefor ir is now divided 
only into two cales. 

PROP. XXXIII. B. III. 

This alfo in the Greek is divided into three cafes, of which two, viz. 
chic, in which the given angle is acute, and the other in which it is ob- 
tufe, have exaftly the fame conftruftion and demonftradon ; on which 
account the demonftration of the laft cafe is left out as quite fuperflu- 
ous, and the addition of (bmc unfkifttil Editor; bolides the demonftra- 
tion of the cafe when the angle given is a right angle, is done a round 
about way, and is therefor changed to a more funple one, as was done 
by Clavius. 

PROP. XXXIV. B. III. 

In this and other Propofitions in which it is required to draw a 
fttaight line which fhall touch a circle, cither in any point, or in a gi- 
ven point of the circumference; the thing is done not by the i 7. 
Prop, of this Book, in which the point, from which the tangent is to 
be drawn, is without the circle; but by drawing from the point in 
the circumference a ftraight line at right angles to the diameter paf- 
fing thro’ that point, viz. by the t 1 . Prop, of Book 1 . and therefor 
this Propofttion is cited on the margin in thele cafes, inftead of the 
1 7. Prop, of Book 3. which has hitherto been cited in other Edi- 
tions. 



PROP. XXXV. 
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As the 25. and 33. Propofltions are divided into more cafes, fo 
this 3 5. is divided into fewer cafes than arc neceffary. Nor can it be 
fuppofed that Euclid omitted them becaufe they are cafy ; as he has 
given the cafe which by far is the eafieft of them all, viz. that in which 
both the ftraight lines pals thro’ the centre, and in the following Pro- 
pofition he feparately demonftrates the cafe in which the ftraight line 
paffes thro’ the centre, and that in which it docs not pafs thro’ the 
centre, fo that it feems Theon, or fomc other, has thought them too 
long to infert. but by no means cafes that require different demon- 
ftrations, fhould be left out in the Elemcnrs, as was before taken no- 
tice of. thefe cafes are in the tranflation from the Arabic ; and are 
now put into the Text. 

PROP. XXXVII. B. III. 

At the end of this the words “ in the fame manner it fhall be de- 
“ monftrated, if the centre be in AC ” arc left out as the addition 
of fome ignorant Editor. 



DEFINITIONS of BOOK IV. 

■\I 7 'HEN a point is in a ftraight, or any other line, this point is 
* " by the Greek Geometers faid aVlfo&ix/, to be upon, or in that 
line, and when a ftraight line or circle meets a circle any way, the 
one is faid avrltcJat to meet the other, but when a ftraight line or 
circle meets a circle fo as not to cut it, it is faid £p»7r7loJau, to touch 
the circle; and thefe two terms are never promifeuoufly ufed by them, 
therefor in the j. Definition of B. 4. the compound ipoix Irjcu muft 

be 
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be read, inftead of the fimple aTrhrcu. and in the I, 2, 3. and 6. 
Definitions in Commandine’s tranflation “tangit” muft be read inftead 
of “ contingit.” and in the 2. and 3. Definitions of Book 3. the fame 
change muft be made, but in the Greek text of Propofitions 18, 19. 
B. 3. the compound verb is to be put for the fimple. 

PROP. IV. B. IV. 

In this, as alfo in the 8. and 1 3. Propofitions of this Book, it is 
demonftrated indire&ly that the circle touches a ftraight line; where- 
as in the 1 7. 33. and 3 7. Propofitions of Book 3 . the lame thing 
is direcftly demonftrated. and this way we have chofen to ulc in the 
Proportion* of »!»«» Booh, no'ifiy ftrcrrtcr. 

PROP. V. B. IV. 

The Demonftration of this has been fpoiled by lome unlkilful hand, 
for he does not demonftratc, as is neceflary, that the two ftraight lines 
which bifieft the fidcs of the triangle at right angles, Ihall meet one 
another; and, without any realon, he divides the Propofition into 
three cafes, whereas one and the fame conftruftion and demonftration 
ferves for them all, as Campanus has obferved ; which ufelcls repeti- 
tions are now left out. the Greek text alfo in the Corollary is mani- 
feftly vitiated, where mention is made of a given angle, tho' there is 
nothing in die Propofition, nor can be, relating to a given angle. 

PROP. XV. and XVI. B. IV. 

In the Corollary of the firft of thefe, the words equilateral and c- 
quiangular are wanting in the Greek, and in Prop. 1 6. inftead of the 
circle ABCD ought to be read the circumference ABCD, where men- 
tion is made of its containing fifteen equal parts. 

A a a 
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DEF. III. B. V. 

M ANY of the modem Mathematicians rejeft this Definition as 
quite wrong, the very learned Dr. Barrow has explained it at 
large at the end of his third Lefturc of the year I 666, in which alfo 
he anfsvers the objections made againft it as well as the fubjcCt would 
allow, and at the end gives his opinion upon the whole, as follows. 

“ I {hall only add, that the Author had, perhaps, no other defign 
“ in making this Definition, than (that he might more fully explain 
“ and cmbellifli Ills fubjeft) to give a general and fummary idea of 
•* ratio to beginners, by preruifing this Mctaphyfical Definition, to the 
« more accurate Definitions of ratios that are the lame to one ano- 
“ ther, or one of which is greater, or lefler than the other. I call it 
“ a Metaphyfical, for it is not properly a Mathematical Definition, 
“ fincc nothing in Mathematics depends on it, or is deduced, nor, as 
“ I judge, can be deduced from it. and the Definition of Analogy, 
“ which follows, viz. Analogy is the fimilitudc of ratios, is of the 
“ fame kind, and can ferve for no purpofe in Mathematics, but only 
“ to give beginners fome general tho’ grofs and confufcd notion of 
“ Analogy, but the whole of the doCtrinc of Ratios, and the whole 
“ of Mathematics depend upon the accurate Mathematical Dcfiniri- 
“ ons which follow this, to thefe we ought principally attend, as the 
“ doCtrinc of Ratios is more perfectly explained by them ; this third, 
“ and others like it, may quite wxll be wanted without any lofs to 
“ Geometry, as we fee in the 7 . Book of the Elements, where the 
“ proportion of numbers to one another is defined, and treated of, 
a yet without giving any Definition of the ratio of numbers, tho* 
“ fuch a Definition was as neceflary and ufeful to be given in time 

“ Book, 
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« Book, as in this, but indeed there is Icarcc any need of it in either 
“ of them, tho’ I think that a thing of fo general and abftrafted a na- 
“ ture, and thereby the more difficult to be conceived, and explain- 
“ ed, cannot be more commodioufly defined, than as the Author has 
“ done, upon which account I thought fit to explain it at large, and 
“ defend it againft the captious objections of thole who attack it.” to 
this citation from Dr. Barrow I have nothing to add, except that I 
fully believe the 3. and 8. Definitions arc not Euclid’s, but added by 
fome lets fkiliul Editor. 

DEF. XL B. V. 

It was nec«fl«ry to the word " continual ” before 11 proportio- 
nals” in this Definition; and thus it is cited in the 33. Prop, of 
Book 1 1. 

After this Definition ought to have followed the Definition of 
Compound ratio, as this was the proper place for it; Duplicate and 
Triplicate ratio being fpecies of Compound ratio. But Theon has 
made it the 5. Def. of B. 6. where he gives an abfurd and entirely 
ufclefs Definition of Compound ratio, for this rcaion we have placed 
another Definition of it betwixt die 1 1 . and 1 1 . of this Book, which, 
no doubt, Euclid gave; for he cites it exprefly in Prop. 23. B. 6 . 
and which Clavius, Herigon and Barrow have likewife given, but they 
retain alfo Thcon’s, which they ought to have left out of the Ele- 
ments. 

DEF. XIII. B. V. 

This and the reft of the Definitions following, contain the explica- 
tion of fome terms which are ufed in die y. and following Books; 
which, except a few, are eafily enough underftood from the Propofi- 

A a a 2 dons 
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dons of this Book where they are firft mentioned, they leem to have 
been added by Theon or Ionic other. However it be, they are ex- 
plained fomething more diftinftly for the fake of learners. 

PROP. IV. B. V. 

In the conftnuflion prcceeding the demonftration of this, the words 
a eruyt, any whatever, arc twice wanting in the Greek, as alfo in the 
Latin tranflations; and arc now added, as being wholly necdTary. 

Ibid, in the demonftration ; in the Greek, and in the Latin trans- 
lation of Commandinc, and in that of Mr. Henry Briggs, which was 
publifticd at London in 1620, logcthci with the Greek text of the 
firft fix Books, which in this place is followed by Dr. Gregory in his 
edition of Euclid, there is this Sentence following, viz. “ and of A and 
“ C have been taken equimultiples K, L; and of B and D, any equi- 
“ multiples whatever (a trvyj) M, N ; ” which is not tme. and the 
the words “ any whatever” ought to be left out. and it is ftrangc 
that neither Mr. Briggs, who did right to leave out thefc words in one 
place of Prop. 1 3. of this Book, nor Dr. Gregory who changed them 
into the word “ fonie,” or left diem out in four places of that fame 
Prop. 1 3. did not alfo leave them out in this place of Prop. 4. and 
in the Second of the two places where they occur in Prop. 1 7. of tills 
Book, in neither of which they can ftand confident with tnith. and in 
none of all thefc places, even in thole which they corrc<fted in their 
I .atin tntnflation, have they cancelled the words a trvyt in die Greek 
text as they ought to have done. 

The fame words oi (Tuye arc found in four places of Prop. 1 1 . 
of this Book, in the firft and laft of which, diey arc neccflary, but in 
the Second and third, dio’ they arc true, dicy are quite Superfluous ; as 

they 
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they likewile are in the fecond of the two places in which they are 
found in the 12. Prop, of this Book. 

COR. PROP. IV. B. V. 

This Corollary has been unlkilfully annexed to this Propofition, and 
has been made inftead of the legitimate demonftration which without 
doubt Thcon, or fomc other Editor has taken away, not from this, 
but from its proper place in this Book, the Author of it defigned 
to demonftrate that if four magnitudes E, G, F, H be proportionals, 
they {hall alfo be proportionals inverfely ; that is, G lhall be to E, as 
H to F; which is true, but the demonftration of it does not in the 
lead depend upon this 4. Prop, or its demonftration. for when he 
fays “ becaufe it is demonftrated that if K be greater titan M, L 
“ fhall be greater than N” &c. this indeed is fhewn in the demon- 
ftration of the 4. Prop, but not from this that E, G, F, H arc pro- 
portionals, for this laft is the conclufion of the Propofition. Where 
for thefe words “ becaufc it is demonftrated” &c. are wholly foreign 
to his defign. and he fhould have proved that if K be greater than 
M, L fhall be greater than N, from this, that E, G, F, H arc propor- 
tionals, and from the j. Dcf. of this Book, which he has not; but is 
done in Propofition B, which we have given, in its proper place, in- 
ftcad of this Corollary, and another Corollary is placed after the 4. 
Prop, which is often of ufe, and is ncccflary to the Demonftration of 
Prop. 1 8. of this Book. 

PROP. V. B. V. 

In the conftrueftion which precedes the demonftration of this Pro- 
pofition, it is required that EB may be the fame multiple of CG, that 
AE is of CF ; that is, that EB be divided into as many equal parts, as 

there 
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there are in AE equal to CF. from which it is evident that this con- 
ftruftion is not Euclid’s, for he does not {hew the way of dividing 
ftraight lines, and far lefs other magnitudes, into any number of equal 
parts, until the 9. Propofidon of B. 6. and he never requires any 
thing to be done in the conftruftion, of which he had not before gi- 
ven the method of doing, for this reafon we have changed A 
the conftruftion to one which without doubt is Euclid’s, in 

r 1 

which nothing is required but to add a magnitude to itfelf 
a certain number of times, and this is to be found in the 
tranflation from the Arabic, tho’ the enunciadon of the Pro- g 
pofition and the demonftradon arc there very much fpoilcd. 

Jacobus Pelctarius who was the hrlt, as far as I know, who took 
notice of this error, gives alfo the right conftruftion in his edition of 
Euclid, after he had given the other he blames, which he fays he 
would not leave out, becaufe it was fine, and might (harpen one's 
genius to invent others like it; whereas there is not the leaft difference 
between the two demonftradons, except a fingle word in the conftruc- 
tion, which vay probably has been owing to an urdkilful Librarian. 
Clavius likewife gives both die ways, but neither he nor Peletarius takes 
notice of the reafon why one is preferable to the other. 

PROP. VI. B. V. 

There arc two cafes of this Propofidon, of which only the firft and 
fimplcft is demonftrated in die Greek, and it is probable Theon thought 
it was fufficient to give this one, fincc he was to make ufe of neither of 
diem in his mutilated Edition of die 5. Book; and he might as well 
have left out the other, as alfo the J. Propofidon for the fame reafon. 
the demonftradon of the other cafe is now added, becaufe bodi of them, 
as alfo the 5. Propofidon, arc ncceffary to the demonftradon of the 

1 8. Prop. 
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i 8. Prop, of this Book, the tranflation from the Arabic gives both 
cafes briefly. 

PROP. A. B. V. 

This Propofidon is frequendy ufed by Geometers, and it is neceflary 
in the 2y. Prop, of this Book, 3 i. of the 6. and 34. of the 1 1. 
Book, it feems to have been taken out of the Elements by Theon, 
bccaufe it appeared evident enough to him, and others who fubftitute 
the confufed and indiftinft idea the vulgar have of proportionals, in 
place of that accurate idea which is to be got from the 5. Def. of this 
Book. Nor can there be any doubt that Eudoxus or Euclid gave it a 
place In the ff.lan. i m , - wh e n fisc- tk« 7-. and p. of the lame Book 
demonftrated, tho’ they are quite as eafy and evident as this. Alphon- 
fus Borellius takes occafion from this Propofidon to ccnfure the 5. De- 
finition of this Book very feverely, but mod unjuftly. in page 1 2 6. of 
his Euclid reftored printed at Pifa in 1 658. he fays, “ Nor can even 
“ this leaft degree of knowledge be obtained from the forefiud pro- 
“ perty,” viz. that which is contained in 5 . Def. jr. “ That if four 
“ magnitudes be proportionals, the third fhall neceflarily be greater 
“ than the fourth, when the firft is greater than the fecond; as Cla- 
“ vius acknowledges in the 1 6 . Prop, of they. Book of the Elements.” 
But tho’ Clavius makes no fuch acknowledgement exprefly, he has given 
Borellius a handle to lay this of him, bccaufe when Clavius in the 
above cited place cenfiires Commandine, and that very juftly, for de- 
monftrating this Propofidon by help of the 1 6. of the 5. yet he him- 
felf gives no demonftration of it, but thinks it plain from the nature 
of Proportionals, as he writes in the end of the 14. and 1 6 . Prop. 
B. 5. of his edition, and is followed by Hcrigon in Schol. 1 . Prop. 1 4. 
B. 5. as if there was any nature of Proportionals antecedent to that 

which 
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which is to be derived and underftood from the Definition of them, 
and indeed, tho’ it is very eafy to give a right demonftration of it, no 
body, as far as I know, has given one, except the learned Dr. Bar- 
row, who, in anfwer to Borellius’s objection, demonftrates it indirectly, 
but very briefly and clearly from the 5. Definition, in the 322 page 
of his Left. Matlicm. from which Definition it may alfo be cafily 
demonftrated direCtly. on which account we have placed it next to 
the Propofttions concerning equimultiples. 

PROP. B. BOOK. V. 

This ahb is cafily deduced from the 5. Def. B. y. and therefor is 
placed next the Ollier, for it was very ignorantly made a Corollary 
from die 4. Prop, of this Book. Sec die note on that Corollary. 

PROP. C. B. V. 

This is frequendy made ufe of by Geometers, and is neceflary to 
the 5. and 6 . Propofitions of the 1 o. Book. Clavius in his Notes 
fubjoined to the 8. Def. of Book demonftrates it only in numbers, 
by help of (bmc of the Propofitions of die 7. Book, in order to de- 
monftrate the property contained in the 5. Definition of the 5. Boo!;, 
when applied to numbers, from the property of Proportionals con- 
tained in the 20. Def. of the 7. Book, and mod of die Commen- 
tators judge it difficult to prove that four magnitudes which arc pro- 
portionals according to the 2 o. Def. of 7. B. arc allb proportionals ac- 
cording to the j. Def. of 5. Book, but this is cafily made out, as fol- 
lows. 

Firft, If A, B, C, D be four magnitudes, fuch that A is the fame 
multiple, or the fame part of B, w'hich C is of D ; A, B, C, D Ihall 
be proportionals, diis is demonftrated in Proposition C. 

. Secondly, 



Digitized by Google 




377 



NOTES. 



Secondly, If AB contain the lame pans of CD that EP does of 



GH ; likewife in this cafe AB lhall be to CD, as 
EF to GH. B 


D 


F 


H 


Let CK be a part of CD, and GL the fame part 






of GH ; and let AB be the fame multiple of CK, 
that EF is of GL. therefor by Prop. C of 5. Book, 


K 




I. 



AB is to CK, as EF to GL. and CD, GH arc A C EG 
equimultiples of CK, GL the fecond and fourth ; whcrefor by Cor. 
Prop. 4. B. 5. AB is to CD, as EF to GH. 



PROP. D. B. V. 

This ts not anfiequcnrty ufttT In the demonAration of other Pro- 
pofitions, and is neceflary in that of Prop. 9. B. 6 . it fecmg Theon 
has left it out for the reafon mentioned in the Notes at Prop. A. 

PROP. VIII. B. V. 

In the demonAration of this, as it is now in the Greek, there are 
two cafes, (fee the demonAration in Her- ■ 
vagius, or Dr. Gregory’s edition) of which 
the ArA is that in which AE is lcls than j - 
EB; and in this, it ncccflarily follows 
that HO the multiple of EB is greater 
titan ZH the fame multiple of AE, which 
laA multiple, by the conAruition, is greater (t 

than A; whence alfo H© fhall be greater than A. but in tire fe- 
cond cafe, viz. that in which EB is lefs than AE, tho’ ZII be greater 
than A, yet HO may be lefs than the fame A; lo that there cannot 
be taken a multiple of A which is the firA that is greater than K, 
or HO, becaufe A itfelf is greater than it. upon this account, the 

B b b Author 
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Author of this demonftration found it neccflary to change one part 
of the conftruftion that was made ufc of in the firft cafe, but he has, 
without any neceffity, changed alfo another part of it, viz. when he 
orders to take N diat multiple of A y 

which is the firft that is greater than 
ZH; for he might have taken that mul- jj 
tiple of A which is the firft that is 
greater than H 0 , or K., as was done in ^ H j 

the firft cafe, he likewife brings in this 
K into the demonftration of both cafes, 0 BA. 
without any rcafbn, for it ferves to no purpofe but to lengthen the 
demonftration. There is alio a third calc, which is not mentioned in 
this demonftration, viz. that in which AE in the firft, or EB in the fe- 
cond of the two other caf«, is greater than D ; and in this any equi- 
multiples, as the doubles, of AE, EB are to be taken, as is done in 
this Edition, where all the cafes are at once demonftrated. and from 
this it is plain that Thcon, or fome other unlkilful Editor has vitiated 
this Propofidon. 

PROP. IX. B. V. 

Of this there is given a more explicit demonftration than that which 
is now in the Elements. 



2 . 

A 



E t 

0 B 



PROP. X. B. V. 

It was neccflary to give another demonftration of this Propofidon, 
becaufe that which is in the Greek, and Latin, or other editions, is not 
legitimate, for the words greater , the fame or equal, lejfer have a 
quite different meaning when applied to magnitudes and ratios, as is 
plain from the 5. and 7. Definitions of B. 5. by the help of thefc 
let us examine the demonftration of the 1 o. Prop, which proceeds 

thus. 
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thus. “ Let A have to C a greater ratio, than B to C. A fliall 
“ be greater than B. for if it is not greater, it is either equal, or lefs. 

“ but A cannot be equal to B, bccaufe then each of them would have . 
“ the fame ratio to C ; but they have not. therefor A is not equal to 
“ B.” the force of which rcafoning is this, if A had to C, the lame 
ratio that B has to C, then if any equimultiples whatever of A and B 
be taken, and any multiple whatever of C ; if the multiple of A be 
greater than the multiple of C, then, by the 5. Def. of B. 5. the 
multiple of B fliall alfo be greater than that of C. but from the Hy- 
pothefis that A has a greater ratio to C, than B has to C, there mud, 
by the 7. Def. of B. 5. be certain equimultiples of A and B, and fomc 
multiple of C fbehydrarttre multiple of A Is greater than the multiple of 
C, but the multiple of B is not greater than the fame multiple of C. and 
this Propofition dire<Ttly contradi&s the prccceding; wherefor A is not 
equal to B. the demonftration of the 1 o. Propofition goes on thus, 

“ but neither is A lefs than B, becaufe then A would have a lefs ratio 
“ to C, than B has to it. but it has not a lels ratio, therefor A is not 
“ lefs than B” &c. here it is faid that “A would have a lels ratio to 
“ C, than B has to C,” or, which is the fame thing, that B would 
have a greater ratio to C, than A to C; that is, by 7. Def. B. 5. 
there mud be fome equimultiples of B and A, and Ibmc multiple of 
C fuch, that the multiple of B is greater than the multiple of C, but 
the multiple of A is not greater than it. and it ought to have been 
proved that this can never happen if the ratio of A to C, be greater 
than the ratio of B to C; that is, it Ihould have been proved that 
in this cafe the multiple of A is ever greater than die multiple 
of C, whenever the multiple of B is greater than the multiple 
of C, for when this is demonftrated it will be evident that B can- 
not have a greater ratio to C, than A has to C, or, which is 
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the fame thing, that A cannot have a lcfler ratio to C, than B has 
to C. but this is not at all proved in the 1 o. Propofition; but if the 
10. were once demonftrated it would immediately follow from it; 
but cannot without it be eafily demonftrated, as he that tries to 
do it will find, wherefor the 10. Propofition is not fufficiently de- 
monftrated. and it feems that he who has given the demonftration of 
the 1 o. Propofition as we now have it, inftcad of that which Eu- 
doxus or Euclid had given, has been deceived in applying what is ma- 
nifeft when underftood of magnitudes, unto ratios, viz. that a magni- 
tude cannot be both greater and leftfer than another. That thole things 
which arc equal to the lame arc equal to one another, is a mo ft evi- 
dent Axiom when underftood of magnitudes, yet Euclid docs not 
make ufe of it to infer that thefe ratios which are the fame to the fame 
ratio, are the fame to one another ; but explicitly demonftrates this 
In Prop. 1 1 . of B. 5. the demonftration we have given of the 10. 
Prop, is no doubt the fame with that of Eudoxus or Euclid, as it is 
immediately and dircftly derived from the Definition of a greater ra- 
tio, viz. the 7. of the 5. 

The above mentioned Propofition, viz. If A have to C a greater 
ratio than B to C, and if of A and B there be taken 
certain equimultiples, and lome multiple of C, then 
if the multiple of B be greater than the multiple of 
C, the multiple of A fliall alfo be greater than the A C B C 

fame, is thus demonftrated. '' 1^ F 

Let D, E be equimultiples of A, B, and F a 
multiple of C, fuch, that E die multiple of B is 
greater than F; D the multiple of A lhall alfo be 
greater dian F. 

Bccaulc A has a greater ratio to C, than B to C, ' 

A lhall 
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A (hall be greater than B, by the i o. Prop. B. 5. therefor D the 
multiple of A fhall be greater than E the lame multiple of B. and E 
is greater than F ; therefor much more fhall D be greater than F. 

PROP. XIII. B. V. 

In Commandine’s, Briggs’s and Gregory's Tranflations, at the begin- 
ning of this demonftration, it is faid, “ And the multiple of C is 
“ greater than the multiple of D ; but the multiple of E is not greater 
“ than the multiple of F,” which words arc a literal tranflation from 
the Greek, but the fenfe evidently requires that it be read, “ fo that 
“ the multiple of C be greater than the multiple of D ; but the mul- 
“ tipLa ot’ C U* no, pn.aui titan die multiple of F.” and thus this 
place was reftored to the true reading in the firft editions of Comman- 
dine’s Euclid printed in 8 V0 at Oxford; but in the later editions, at 
lead in that of 1 747, the error of the Greek text was kept in. 

There is a Corollary added to Prop. 1 3. as it is neceflary to the 
2 o. and 2 l . Prop, of this Book, and is as ufcful as the Propofttion. 

PROP. XIV. B. V. 

The two cafes of this which are not in the Greek are added; the 
demonftration of them not being exaftly the fame with that of the 
firft cafe. 

PROP. XVII. B. V. 

The order of the words in a claufc of this is changed to one more 
natural, as was alfo done in Prop. 1 1. 

PROP. XVIII. B. V. 

The demonftration of this is none of Euclid's, nor is it legitimate. 

for 
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for it depends upon this Hypothefis, that to any three magnitudes, two 
of which, at lead, are of the fame kind, there can be a fourth propor- 
tional ; which if not proved, the Demonftration now in the text is of no 
force, but this is a (Turned without any proof, nor can it, as far as I am 
able to difeem, be demonftrated by the Propofitions prccccding this ; fo 
far is it from deferving to be reckoned an Axiom, as Clavius, after other 
Commentators, would have it, at the end of the Definitions of the 
5. Book. Euclid docs not demonftrate it, nor docs he fhew how to 
find the fourth proportional, before the 1 2. Prop, of the 6 . Book, and 
he never aflumes any thing in the demonftration of a Propofition, which 
he had not before demonftrated ; at leaft, he aflumes nothing the cxift- 
ence of w hich is not evidently pofliblc; for a ccikuu conclusion can 
never be deduced by the means of an uncertain Propofition. upon this 
account we have given a legitimate Demonftration of this Propofition 
inftead of that in the Greek and other editions, which very probably 
Theon, at leaft fome other has put in the place of Euclid’s, becaufc 
he thought it too prolix, and as the 1 7. Prop, of which this 1 8. is 
the convcrfe, is demonftrated by help of the 1 . and 2. Propofitions 
of this Book, fo in the demonftration now given of the 1 8 th, the y. 
Prop, and both cafes of the 6 . are ncccffary, and thefc two Propofi- 
tions arc the convcrfes of the 1. and 2. Now the 5 . and 6. do not 
enter into the demonftration of any Propofition in this Book as w>e 
now have it, nor can they be of ufc in any Propofition of the Ele- 
ments, except in this 1 8. and this is a manifeft proof that Euclid made 
u(c of them in his demonftration of it, and that the demonftration now 
given, which is exactly the convcrfc of that of the 1 7. as it ought to 
be, differs nothing from that of Eudoxus or Euclid, for the j. and 6 . 
have undoubtedly been put into the Book for the fake of fome Propo- 
fitions in it, as all the other Propofitions about equimultiples have been. 

Hieronymus 
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Hieronymus Sacchcrius in his Book named Euclides ab omni naevo 
vindicatus, printed at Milan Ann. 1733, in 4“, acknowledges this 
blemifh in the demon ftration of the 18. and that he may remove it, 
and render the demonftration we now have of it legitimate, he endea- 
vours to demonftratc the following Propofition, which is in page 1 i$ 
of his Book, viz. 

“ Let A, B, C, D be four magnitudes, of which the two firft are 
“ of one kind, and alfo the two others either of the lame kind with 
“ the two firft, or of fome other the fame kind with one another. I 
u fay the ratio of the third C to the fourth D, is either equal to, or 
“ greater, or lefler than the ratio of the firft A to the fccond B." 

A**d-«6cr rvrer fropofttions prtmifed as Lemmas, he proceeds thus. 

“ Either among all the poflible equimultiples of the firft A, and of 
“ the third C, and, at the fame time among all the poflible equimul- 
“ tiples of the fecond B, and of the fourth D, there can be found fome 
“ one multiple EF of the firft « 

“ A, and one IK of the lc- 
“ cond B, that are equal to one B ' 

“ another ; and alfo (in the Q . 
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“ fame cafe) lome one multiple t* r , _ 

“ GH of the third C equal to ^ 

“ LM die multiple of the fourth D. or fuch equality is no where to 
“ be found. If the firft cafe happen, [i. c. if fuch equality is to be 
“ found,] it is manifeft from what is before demonftrated, that A is to 
“ B, as C to D. but if fuch fimuitancous equality be not to be found 
“ upon both fides, it will be found either upon one fide, as upon die 
“ fide of A [and B;] or it will be found upon neither fide; if the 
“ firft happen; therefor (from Euclid’s Dcfiniuon of greater and left 
“ fer ratio foregoing) A lhall have to B, a greater or lefler ratio than 

“ C to 
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C to D; according as GH the multiple of the third C is lefler, or 

greater than LM die mul- \ 

tiple of the fourth D. but if ^ 

the fecondcafehappen; there- R I K. 

for upon the one fide, as up- Q — Q J-J 

on the fide of A the fir ft and. j 

B the fecond, it may hap- 
pen that the m ultiplc EF, [viz. of the firft] may be lefler than 
IK the multiple of the fccond, while on the contrary, upon the other 
1 fide, [viz. of C and D] the multiple GH [of the third C] is greater 
1 than the other multiple LM [of the fourth D.] and then (from 
1 the fame Definition of Euclid) the ratio of die /lift A to die fccond 
‘ B, fhall be lefs than the ratio of die third C to the fourth D; or 
; on the contrary. 

“ Therefor the Axiom, [i.e. the Propofition before fet down,] rc- 
1 mains demonftrated” &c. 



Not in the leaft ; but it remains ftill undemonftrated ; for what he 
fays may happen, may in innumerable cafes never happen, and therefor 
his demonftration does not hold, for example, if A be the diameter 
and B the fide of a fquarc; and C the diameter and D the fide of 
anodicr fquarc ; there can in no cafe be any multiple of A equal to 
any of B ; nor any one of C equal to one of D, as is well known ; 
and yet it can never happen that when any multiple of A is greater or 
lefler than a multiple of B, the multiple of C can, upon the contrary, 
be lefler or greater than the multiple of D, viz. taking equimultiples 
of A and C, and equimultiples of B and D. for A, B, C, D arc 
proportionals, and fo if the multiple of A be greater & c. than that of 
B, fo muft diat of C be greater &c. than that of D. by y. Def. B. y. 

The fame objection holds good againft the Demonftration which 

fomc 
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feme give of the i . Prop, of the 6 . Book, which we have made againft 
this of the 18. Propofidon, becaufe it depends upon the feme inef- 
ficient foundation with die other. 

PROP. XIX. B. V. 

A Corollary is added to this, which is as frequendy uled as the 
Propofidon itfelf. the Corollary which is fubjoined to it in the Greek, 
plainly fhews that the 5 . Book has been vidated by Editors who were 
not Geometers, for the converfion of rados does nothing depend upon 
this 1 9. and the Demonftradon which feveral of the Commentators 
on Euclid give of Converfion, is not legitimate, as Clavius has rightly 
o fafer voJ , who tras given a good Dcmonflration of it which we have 
put in Propofidon E; but he makes it a Corollary from the 1 9. and 
begins it with the words, “ Hence it eafily follows,” tho’ it does not 
at all follow from it 

PROP. XX, XXI, XXII, XXIII, XXIV. B. V. 

The Dcmonftradons of the 20. and 2 1 . Propofiuons are fhorter 
than thofe Euclid gives of caficr Propofiuons, either in die precccding, 
or following Books, wherefor it was proper to make them more ex- 
plicit. and the 22. and 23. Propofiuons, are, as they ought to be, 
extended to any number of magnitudes, and in like manner may the 
24. be, as is taken notice of in a Corollary ; and another Corollaty 
is added, as ufeful as the Propofidon. and the words “ any whatever” 
are fupplied near the end of Prop. 23. which are wanung in die 
Greek text, and the tranflations from it. 

In a paper wrote by Philippus Naudaeus, and publilhcd, after his 
death, in the Hiftory of die Royal Academy of Sciences of Berlin, 
Ann. 1745. page 50. the 23. Prop, of the 5. Book is cenfured as 

C c c being 
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being obfcurely cnuntiated, and, bccaufe of this, prolixly demonftrated. 
the Enuntiation there given is not Euclid’s but Tacquct’s, as he ac- 
knowledges, which, tho’ not fo well expreffed, is, upon the matter, the 
fame with that which is now in the Elements. Nor is there any thing 
obfeure in it, tho’ die Author of the paper has fet down the propor- 
tionals in a difadvantageous order, by which it appears to be obfeure. 
but no doubt Euclid cnuntiated this 23. as well as the 22. (b as to 
extend it to any number of magnitudes, which taken two and tw'O, 
arc proportionals, and not of fix only; and to this general calc the 
Enuntiation which Naudacus gives, cannot be well applied. 

The Demonftration which is given of this 23. in that paper, is 
quite w rong ; bccaufe if the proportional magnitudes be plane or foiid 
figures, there can no reftanglc (which he improperly calls a Produft) be 
conceived to be made by any two of them, and if it Ihould be laid, 
that in this cafe ftraight lines are to be taken which are proportional to 
the figures, die Demonftration would this way become much longer 
than Euclid’s, but even tho’ his Dcmonftrauon had been right, who 
does not fee that it could not be made ufe of in die 5 . Book? 

PROP. F, G, H. B. V. 

Thele Propofitions are annexed to the 5. Book, becaulc they arc fre- 
quently made ufe of by both andent and modem Geometers, and in 
many cafes Compound ratios cannot be brought into Denionftrauons, 
widiout making ufe of them. 

Whoever defires to fee the dcxftrine of Ratios delivered in this y. 
Book lolidly defended, and die arguments brought againft it by And. 
Tacquet, Alph. Borcllius and others, fully refuted, may read Dr. Bar- 
row’s Mathematical Lectures, viz. the 7. and 8. of the year 1 666 . 

The 5. Book being thus corre&ed, 1 moft readily agree to what 

the 
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the learned Dr. Barrow fays*, “ That there is nothing in the whole * Page 33*5. 
“ body of the Elements, of a more fubtile invention, nothing more lo- 
“ lidly eftablifhed and more accurately handled, than the do&rine of 
“ Proportionals”. And there is fomc ground to hope that Geometers 
■will think that this could not have been faid with as good rcafon, fince 
Theon’s time till the prefent. 



DEF. II. and V. of B. VI. 

T HE 2. Definition docs not feem to be Euclid’s but fome unfkil- 
ful Editor’s, for there is no mention made by Euclid, nor, as 
far as I know, by any other Geometer, of reciprocal figures, it is ob- 
fcurcly exprefled, which made it proper to render it more diftinft. it 
would be better to put the following Definition in place of it, viz. 

DEF. II. 

Two magnitudes arc faid to be reciprocally proportional to two 
others, when one of the firft is to one of the other magnitudes, as 
the remaining one of the lad two -is to the remaining one of the firft. 

But the S’ Definition, which fince Thcon’s time has been kept in 
the Elements, to the great detriment of learners, is now juftly thrown 
out of them, for the reafons given in die Notes on the 23. Prop, of 
this Book. 

PROP. I. and II. B. VI. 

To the firft of thclc a Corollary is added which is ofren ufed. and 
the Etiuntiadon of the fccond is made more general. 

C c c 2 PROP. III. 
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PROP. III. B. VI. 

A fecond cafe of this, as ufeful as the firft, is given in Prop A, viz. 
the cafe in which the exterior angle of a triangle is biffefted by a 
ftraight line, the Demonftration of it is very like to that of the firft 
cafe, and upon this account may, probably, have been left out, as alfo 
the Enuntiation, by fome unfkilful Editor, at lcaft it is certain, that 
Pappus makes ufe of this cafe, as an Elementary Propofition, without 
a Demonftration of it, in Prop. 39. of his 7. Book of Mathem. Col- 
lc&ions. 

PROP. VII. B. VI. 



To this a cafe is added which occurs not unfrequently in Dcmon- 
ftrations. 



PROP. VIII. B. VI. 



It feems plain that fome Editor has changed the Demonftration 
that Euclid gave of this Propofition. for after he has demonftrated 
that the triangles are equiangular to one another, he particularly Ihews 
that their fidcs about the equal angles arc proportionals, as if this had 
not been done in the Demonftration of the 4. Prop, of this Book, 
this fuperfluous part is not found in the Tranflation from the Arabic, 
and is now left out. 

PROP. IX. B. VI. 

This is demonftrated in a particular cafe, viz. tliat in which the 
third part of a ftraight line is required to be cut off; which is not at all 
like Euclid’s manner, befidcs, the Author of the Demonftration, from 
four magnitudes being proportionals, concludes that the third of them 

is 
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is the fame multiple of the fourth, which the fir ft is of the fecond; 
now this is no where demonftrated in the 5 - Book, as we now have 
it. but the Editor afliimcs it from the confufed notion which the Vul- 
gar have of Proportionals, on this account it was neceflary to give a 
general and legitimate Demonftration of this Propofition. 

PROP. XVIII. B. VI. 

The Demonftration of this feems to be vitiated, for the Propor- 
tion is demonftrated only in the cafe of quadrilateral figures, without 
mentioning how it may be extended to figures of five or more fides. 
befides, from two triangles being equiangular it is inferred that a fide 
of the one b to the' homologous fide of the other, as another fide of 
the firft is to the fide homologous to it of the other, without permuta- 
tion of the proportionals; which is contrary to Euclid's manner, as is 
clear from the next Propofition. and the fame fault occurs again in the 
conclufion, where the fides about the equal angles arc not (hewn to be 
proportionals; by rcafon of again neglecting permutation, on thefe ac- 
counts a Demonftration is given in Euclid’s manner, like to that he 
makes ufe of in the 20. Prop, of this Book; and it is extended to 
five fided figures, by which it may be feen how to extend it to figures 
of any number of fides. 

PROP. XXIII. B. VI. 

Nothing is ufually reckoned more difficult in the Elements of Geo- 
metry by learners, than the doftrine of Compound ratio, which Theon 
has rendered abfurd and ungeomctrical, by fubftituting the 5. Defini- 
tion of the 6 . Book, in place of the tight Definition which without 
doubt Eudoxus or Euclid gave, in its proper place, after the Definition 
of Triplicate ratio &c. in the 5. Book. Thcon’s Definition is this; a 

Ratio 
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Ratio is faid to be compounded of ratios or av cu ray \oyur 7r»iXtxo- 
t»jt£5 ’«p Itwii-i 7roXXa7rXact/ao3'et<ra/ 7rw uai rirx. which Comman- 
dinc thus tranflates, “ quando rationum quantitates inter fe multipli- 
catac aliquam cfficiunt rationem;” that is, when the quantities of the 
ratios being multiplied by one another make a certain ratio. Dr. Wal- 
lis tranflates the word 7T>]XixoT»j7fs, “ rationum exponentes,” the ex- 
ponents of the ratios, and Dr. Gregory renders the lad words of the 
Definition by “ illius facit quantitatem,” makes the quantity of that 
ratio, but in whatever fenfe the “quantities” or “ exponents of the 
“ ratios,” and their “ multiplication” be taken, the Definition will be 
ungcometrical and ufclefs. for there can be no multiplication but by a 
number; now the quantity or exponent of a ratio (according as Eu- 
tocius in his Comment, on Prop. 4. Book 2. of Arch, de Sph. ct 
CyL and the modems explain that term) is the number which multi- 
plied into the confcquent term of a ratio produces the antecedent, or, 
which is the fame thing, the number which arifes by dividing the an- 
tecedent by the confcquent; but there are many ratios fuch, that no 
number can arife from the divifion of the antecedent by the confe- 
quent; ex. gr. the ratio which the diameter of a fquarc has to the 
fide of it; and the ratio which the circumference of a circle has to 
its diameter, and fuch like. Bcfides, there is not the leaf! mention made 
of this Definition in the w ritings of Euclid, Archimedes, Apollonius, or 
other antients, tho’ they frequently make ufe of Compound ratio, and in 
this 23. Prop, of the 6. Book, where Compound ratio is firft mention- 
ed, there is not one word which can relate to this Definition, tho’ here, 
if in any place, it was needfary to be brought in ; but the right Definition 
is exprefly cited in thefc words, “ but die ratio of K. to M is compounded 
“ of the ratio of K. to L, and of the ratio of L to M.” this Definition 
therefor of Thcon is quite ufclefs and abfurd. for that Thcon brought it 

into 
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into thcElcmcnts can fcarce be doubted, as it is to be found in his Commen- 
tary upon Ptolomy's MeyaA>i 2 orrol&f, page 62. where he alfo gives 
a childifh explication of it, as agreeing only to fuch ratios as can be cx- 
prefied by numbers; and from this place the Definition and explica- 
tion have been exactly copied and prefixed to the Definitions of die 6. 
Book, as appears from Hervagius’s edition, but Zambcrtus and Com- 
mandine in their Latin tranflations fubjoin die lame to theic Defini- 
tions. Neither Campanus, nor, as it feems, the Arabic manuferipts 
from which he made his Tranflation, have this Definidon. -Clavius in 
his Obfervations upon it, rightly judges that the Definidon of Com- 
pound ratio might have been made after the fame manner in which the 
Definitions of Duplicate and Triplicate ratio are given, viz. “that as in 
“ feveral magnitudes that are continual proportionals, Euclid named the 
“ rauo of the firft to the third, the Duplicate rauo of the firft to the 
“ fecond; and the rauo of the firft to the fourth, the Triplicate ra- 
“ tio of the firft to the lccond; that is, the ratio compounded of two 
“ or three intermediate ratios diat arc equal to one another, and fo 
“ on; fo in like manner if there be leverai magnitudes of the feme 
“ kind, following one another, which arc not continual proportionals, 
“ the firft /hall be faid to have to the laft the rado compounded of 

“ all die intermediate ratios, only for this reafon, that thefe inter- 

“ mediate ratios are interpofed betwixt the two extremes, viz. the firft 
“ and laft magnitudes; even as in the 1 o. Definition of die 5. Book, 
“ the ratio of the firft to the thud was called the Duplicate rado, 
“ merely upon account of two ratios being interpo/ed betwixt the ex- 
“ tremes, that are equal to one another: fo that there is no di/Terence 
“ betwixt this compounding of ratios, and the duplication or triplica- 
“ don of diem which arc defined in the 5. Book, but that in the du- 
“ plication, triplication &c. of ratios, all the interpofed ratios are equal 
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“ to one another ; whereas in the compounding of ratios, it is not 
“ neceflary that the intermediate ratios Ihould be equal to one ano- 
“ thcr.” Alio Mr. Edmund Scarborough, in his Englifh tranflation 
of the firft fix Books, page 238, 266. exprefly affirms that the y. 
Definition of the 6 . Book, is fuppofititious, and that the true De- 
finition of Compound ratio is contained in the 10. Definition of the 
y. Book, viz. the Definition of Duplicate ratio, or to be underftood 
from it, to wit, in the fame manner as Clavius has explained it in the 
preceeding citation. Yet thefe, and the reft of the Modems, do not- 
withftanding retain this y. Dcf. of die 6 . B. and illuftrate and explain 
it by long Commentaries, when rather they ought to have taken it 
quite away from the Elements. 

For, by comparing Dcf. y. B. 6 . with Prop. y. B. 8. it will clear- 
ly appear diat this Definition has been put into the Elements in place 
of die right one which has been taken out of them, becaufc in Prop. y. 
B. 8. it is demonftrated that the plane number whofe fides are C, D has 
to the plane number whole fides arc E, Z (lee Hervagius's or Gre- 
gory’s Edition) the ratio which is compounded of the ratios of their 
fides; that is, of the ratios of C to E, and D to Z. and by Dcf. y. 
B. 6 . and die explication given of it by all the Commentators, the ra- 
tio which is compounded of die ratios of C to E, and D to Z, is die 
ratio of the produft made by the multiplication of the antecedents C, 

D, to the produft of the confequcnts E, Z, that is the ratio of the plane 
number whole fides are C, D' to die plane number whofe fides arc 

E, Z. wherefor the Propofition w hich is the y. Def. of B. 6. is die 
very fame with the y. Prop, of B. 8. and therefor it ought nccefla- 
rily to be cancelled in one of thefe places; bccaufe it is abfurd that 
the fame Propofition Ihould ftand as a Definition in one place of the 
Elements, and be demonftrated in another place of diem. Now there 

is 
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is no doubt that Prop. 5. B. 8. fliould have a place in the Elements, 
as the lame thing is demonftrated in it concerning plane numbers, 
which is demonftrated in Prop. 23. B. 6 . of equiangular parallelo- 
grams; wherefor Def. g. B. 6 . ought not to be in die Elements, 
and from this it is evident that this Definition is not Euclid’s but 
Theon’s, or fome other unfkilful Geometer's. 

But no body, as far as I know, has hitherto (hewn the true ufc 
of Compound ratio, or for what purpofe it has been introduced into 
Geometry; for every Propofiuon in which Compound ratio is made 
ufe of, may without it be bodi enuntiated and demonftrated. Now 
the ufc of Compound ratio confifts wholly in this, that by means of 
it, circumlocutions may be avoided, and thereby Propofitions may be 
more briefly either enuntiated or demonftrated, or both may be done; 
for inftancc, if this 2 3. Propofition of the 6 . Book were to be enun- 
tiated, without mentioning Compound ratio, it might be done as fol- 
lows; If two parallelograms be equiangular, and if as a fide of the 
firft to a fide of the feeond, fo any affumed ftraight line be made to a 
fecond ftraight line ; and as the other fide of the firft to the other fide 
of the fecond, fo the fecond ftraight line be made to a third: the firft 
parallelogram fhall be to the fecond, as the firft ftraight line to the 
third, and the Demonftration would be exactly die fame as we now 
have it. but the antient Geometers, when they obferved this Enuntia- 
tion could be made fhorter, by giving a name to the ratio which the 
firft ftraight line has to the laft, by which name the intermediate ratios 
might likewife be fignified, of the firft to the fecond, and of the fe- 
cond to the third, and fo on if dicrc were more of them, diey called 
this ratio of the firft to the laft, the ratio compounded of the ratios 
of the firft to the fecond, and of die fecond to the third ftraight line; 
that is, in the prefent example, of the ratios which are the fame to the 
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ratios of the Tides, and by this they exprefled the Propofition more 
briefly thus, If there be two equiangular parallelograms, they (hall 
have to one another the ratio which is the fame to that which is 
compounded of ratios that are the fame to the ratios of the Tides, 
which is Ihortcr than the preceeding Enundation, but has precifely the 
fame meaning, or yet Ihortcr thus; equiangular parallelograms have 
to one another the ratio which is the fame to that which is com- 
pounded of the ratios of their Tides, and thefe two Enunriauons, the 
firft efpecially, agree to the Demon Oration which is now in the Greek, 
the Propofition may be more briefly demonftrated, as Candalla docs, 
thus; Let ABCD, CEFG be two equiangular parallelograms, and 
compleat the parallelogram CDHG; therefor, becaule there arc three 
parallelograms AC, CH, CF, the firft AC Ihall (by the Definition of 
Compound ratio) have to the third CF, the ^ D jj 

ratio which is compounded of the rado of the I 

firft AC to the fecond CH, and of the ratio of ]} — - — ^ ! G 

CH to the third CF; but the parallelogram j j 

AC is to the parallelogram CH, as the ftraight E 

line BC to CG; and the parallelogram CH is to CF, as the ftraight 
line CD is to CE; therefor the parallelogram AC has to CF the ra- 
tio which is compounded of rauos that are the fame to the ratios of 
the fides. and to this Demonftration agrees the Enundation which is at 
prefent in the text, viz. equiangular parallelograms have to one ano- 
ther die ratio w hich is compounded of the ratios of the Tides, for 
the vulgar reading “ which is compounded of their fides” is abfurd. 
But in this Edition we have kept the Demonftradon which is in the 
Greek text, tho’ not lo Ihort as Candalla’s; becaule the way of finding 
the ratio which is compounded of the ratios of the Tides ; that is, of find- 
ing the ratio of the parallelograms, is Ihewn in that, but not in Can- 
dalla’s 
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dalla’s Demonftration ; whereby beginners may learn, in like calcs, how 
ro find the ratio which is compounded of two or more given ratios. 

From what has been faid it may be obferved, that in any magni- 
tudes whatever of the fame kind A, B, C, D &c. the ratio compound- 
ed of the ratios of the firft to the fecond, of the fecond to the third, 
and fo on to the laft, is only a name or expreflion by which the ra- 
tio which the firft A has to the laft D is fignified, and by which at 
the fame time the ratios of all the magnitudes A to B, B to C, C to 
D from the firft to the laft, to one another, whether they be the lame, 
or be not the fame, are indicated; as in magnitudes which arc conti- 
nual proportionals A, B, C, D 8cc. the Duplicate ratio of the firft to 
the fecond is only a name, or expreflion by which the ratio of the firft 
A to the third C is fignified, and by which, at the fame time, is 
fhewn that there are two ratios of the magnitudes from the firft to 
the laft, viz. of the firft A to the fecond B, and of the fecond B to 
the third or laft C, which are the fame to one another; and the Tri- 
plicate ratio of the firft to the fecond is a name or expreflion by which the 
ratio of the firft A to the fourth D is fignified, and by which, at the fame 
time, is fhewn that there are three ratios of the magnitudes from the 
firft to the laft, viz. of the firft A to the ftcond B, and of B to the 
third C, and of C to the fourth or laft D, which arc all the fame 
to one another; and fb in the cafe of any other Multiplicate ratios. 
And that this is the right explication of the meaning of thefe ratios 
is plain from the Definitions of Duplicate and Triplicate ratio in which 
Euclid makes ufc of the word Xeytrou, is faid to be, or is called; 
which word, he no doubt made ufe of alio in the Definition of Com- 
pound ratio which Thcon, or fome other, has expunged from the E- 
lements; for the very fame word is ftill retained in the wrong Defi- 
nition of Compound ratio which is now the 5. of the 6 . Book, but 
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in the citation of thefe Definitions it is fometimes retained, as in the 
Demonftration of Prop, i 9. B . 6 . “the firft is faid to have, (yew 
“ Xf yircu, to the third the Duplicate ratio” &c. which is wrong tranflatcd 
by Commandinc and others “ has” inftcad of “ is faid to have;” and 
fometimes it is left out, as in the Demonftration of Prop. 33. of die 
x 1. Book, in which we find “ the firft has, to the third the 

“Triplicate ratio;” but without doubt ever, “ has,” in this place fig- 
nifies die fame as eye/r Xeytrou, is faid to have, fo likewife in Prop. 
23. B. 6 . we find this citation “ but the ratio of K to M is com- 
“ pounded, auyxcrrcu, of the ratio of K to L, and the ratio of L to 
“ M,” which is a fhorter way of exprefting die fame thing, which, 
according to the Definition, ought to have been exprefled by <rvyx£cSou 
Xeyercu, is faid to be compounded. 

From thefe Remarks, together with the Propofitions fubjoined to 
the 5. Book, all that is found concerning Compound ratio other in the 
antient or modem Geometers may be underftood and explained. 

PROP. XXIV. B. VI. 

It feems diat fome unfldlful Editor has made up this Demonftra- 
tion as we now have it, out of two odiers; one of which may be 
made from the 2. Prop, and the other from the 4.. of this Book, 
for after he has from the 2. of this Book, and Compolition and Per- 
mutation, demonftrated that the Tides about die angle common to the 
two parallelograms arc proportionals, he might have immediately con- 
cluded that the fidcs about the other equal angles were proportionals, 
viz. from Prop. 34. B. 1. and Prop. 7. B. 5. this he does not, but 
proceeds to Ihcw that the triangles and parallelograms are equiangular, 
and in a tedious w'ay, by help of Prop. 4. of this Book, and the 22. 
of B. s- deduces die fame conclufion. from which it is plain diat 
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this ill compofcd Donionftration is not Euclid's, thcfc fupcrfluous 
things arc now left out, and a more fimplc Dcmonftration is given 
from the 4. Prop, of this Book, die fame which is in the Tranflation 
from the Arabic, by help of the 2. Prop, and Compofuion ; but in 
this the Author ncglcCb Permutation, and does not (hew the paralle- 
lograms to be equiangular, as is proper to do for the fake of begin- 
ners. 

PROP. XXV. B. VI. 

It is very evident that the Dcmonftration which Euclid had given 
of this Propofition, has been vitiated by fbmc unfkilful hand, for af- 
ter this Editor had demonftrated that “ as the rectilineal figure ABC 
“ is to the rectilineal KGH, fo is the parallelogram BE to the paral- 
“ lelogram EF,” nothing more fhould have been added but this, “ and 
“ the rectilineal figure ABC is equal to the parallelogram BE, therefor 
“ the rectilineal KGH is equal to the parallelogram EF,” viz. from 
Prop. 1 4. B. 5. but betwixt thefc two fentences he has inferted this, 
“ wherefor, by Permutation, as die rectilineal figure ABC to the pa- 
“ rallelogram BE, fo is the rectilineal KGH to the parallelogram EF;” 
by which, it is plain, he thought it was not fo evident to conclude 
that the fecond of four proportionals is equal to the fourth from die 
equality of die firft and third, which is a thing demonftrated in the 
1 4. Prop, of B. 5. as to conclude that die third is equal to the 
fourth, from the equality of the firft and fecond, which is no where 
demonftrated in the Elements as we now have them, but tho’ this 
Propofition, viz. the third of four proportionals is equal to the fourth, 
if the firft be equal to the fecond, had been given in the Elements by 
Euclid, as very probably it was, yet he would not have made ule of 
it in this place, becaufe, as was faid, the conclulion could have been 

immediately 
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immediately deduced without this fuperfluous flep by Permutation, 
this wc have Ihewn at the greater length, both becaufe it affords a 
certain proof of the vitiation of the Text of Euclid, for the very 
lame blunder is found twice in the Greek Text of Prop. 2 3 . B. 1 1. 
and twice in Prop. 2. B. 12. and in the 5. it. t 2. and 1 8. of that 
Book ; in which places of B. 12. except the la ft of them, it is rightly 
left out in the Oxford Edition of Commandine’s Tranflation: and alfo 
that Geometers may beware of making ufc of Permutation in the like 
cafes, for the Modems not unfrequcntly commit this miftakc, and a- 
mong others Commandine himfelf in his Commentary on Prop. 5. B. 3 . 
p. 6. b. of Pappus Alexandrinus, and in other places, the vulgar no- 
tion of proportionals has, it lecnis, preoccupied many fo much, that 
they do not fufficiently underftand the true nature of them. 

Bcfidcs, tho’ the rectilineal figure ABC, to which another is to be 
made fiimilar, may be of any kind whatever, yet in the Dcmonftration 
the Greek Text has “ triangle” inftead of “ rectilineal figure,” which 
error is corrected in the above named Oxford Edition. 

PROP. XXVII. B. VI. 

The fccond Cafe of this has aXAcaj, othenvife, prefixed to it, as if 
it was a different Dcmonftration, which probably has been done by 
fomc unlkilful Librarian. Dr. Gregory has rightly left it out. the 
feheme of this fecond Calc ought to be marked with the fame letters 
of the Alphabet which are in the fcheme of the firft, as is now done. 

PROP. XXVIII. and XXIX. B. VI. 

Thefc two Problems, to the firft of which the 27. Prop, is neceA 
fary, are the moft general and uleful of all in the Elements, and arc 
molt frequently made ufe of by the amient Geometers in the folu* 

tion 
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tion of other Problems; and therefor arc very ignorantly left out by 
Tacquet and Dechales in their Editions of the Elements, who in- 
fipidly lay they are learce of any ufe. the Cafes of diefe Problems, 
wherein it is required to apply a reftangle which fliall be equal to a 
given fquare, to a given ftraight line, either deficient or exceeding by 
a fquare; as alio to apply a rectangle which fliall be equal to ano- 
ther given, to a given ftraight line, deficient or exceeding by a fquare, 
are very often made ufc of by Geometers, and on this account, it is 
thought proper, for the fake of beginners, to give their conftruftions, 
as follows. 

i . To apply a rectangle which fhall be equal to a given fquare, to 
a given ftraight line, deficient by a fquare. but the given fquare muft 
not be greater than that upon die half of the given line. 

Let AB be die given ftraight line, and let the fquare upon the given 
ftraight line C be that to which the reffanglc to be applied muft be 
equal, and this fquare by the determination, is not greater than that 
upon half of the ftraight line AB. 

BifTcft AB in D, and if the fquare upon AD be equal to the 
fquare upon C, the thing required is done, but if it be not equal to 
it, AD fhall be greater than C, accord- 
ing to the determination, draw DE at I„ 
right angles to AB, and make it equal 
to C ; produce ED to F, fo that EF be J\ 
equal to AD or DB, and from the 
centre E, at the diftance EF deferibe a 
circle meeting AB in G, and upon GB 
deferibe the fquare GBKH, and complcat the rc<ft angle AGHL; alfo 
join EG. and becaufe AB is bilfeftcd in D, the rcftangle AG, GB 
together widi the fquare of DG fhall be equal 3 to (the fquare of a. j- a. 

DB, 
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DB, that is of EF or E G, that is to) the fquares of ED, DG. 
take away the fquare of DG from each of thefe equals, and the 
remaining reftanglc AG, GB fhall be 
equal to the fquarc of ED, that is of 
C. but the rcdtanglc AG, GB is the 
rcftanglc AH, becaule GH is equal to 
GB. therefor the reftangle AH is e- 
qual to the given fquarc upon the 
ftraight line C. wherefor die re&anglc AH equal to the given lquare 
upon C, has been applied to the given ftraight line AB, deficient by 
the lquare GK. Which was to be done. 

2 , To apply a rectangle which lhall be equal to a given fquare, to 
a given ftraight line, exceeding by a fquare. 

Let AB be the given ftraight line, and the lquare upon the given 
ftraight line C be diat to which the rcftanglc to be applied muft be 
equal. 

Bifleft AB in D, and draw BE at right angles to it, fo that BE 
be equal to C, and, having joined DE, from die centre D at the dif- 
ftancc DE deferibe a circle meeting AB produced in G; upon BG 
delcribe the fquare BGHK, and compleat 
die rectangle AGHL. and becaule AB is 
biflc&ed in D, and produced to G, the 
reftanglc AG, GB together with the fquare 
#. 6. a. 0 f DB lhall be equal a to (die lquare of 
DG, or DE, that is to) the fquares of EB, 

BD. from each of thefe equals take the lquare of DB, and the re- 
maining reftanglc AG, GB lhall be equal to the fquarc of BE, that is 
to the fquarc upon C. but the reftanglc AG, GB is the rectangle AH, 
bccaufc GH is equal to GB. dierefor die rectangle AH is equal to 

the 
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the fquare upon C. wherefor the re&angle AH equal to the given 
fquare upon C, has been applied to the given ftraight line AB, ex- 
ceeding by the fquare GK. Which was to be done. 

3 . To apply a reftengle to a given ftraight line which fhall be e- 
qual to a given rectangle, and be deficient by a fquare. but the given 
reftengle muft not be greater than the fquare upon the half of the 
given ftraight line. 

Let AB be the given ftraight line, and let the given rectangle be 
that which is contained by the ftraight lines C, D, which is not greater 
than the fquare upon the half of AB. it is required to apply to AB 
a reftengle equal to the reftengle C, D, deficient by a fquare. 

Draw AE, BF at right angles to AB, upon the fame fide of it, 
and make AE equal to C, and BF to D. join EF and bifleA it in 
G, and from the centre G, at the diftancc GE deferibe a circle meet- 
ing AE again in H ; join HF and draw 
GK parallel to it, and GL parallel to 
AE meeting AB in L. 

Becaufc the angle EHF in a femi- 
circlc is equal to the right angle EAB, AB 
and HF arc parallels, and AH and BF 
are parallels, wherefor AH is equal to BF, 
and the reftengle EA, AH equal to the 
reftengle EA, BF, that is to the reftengle 

C, D. and becaufc EG, GF are equal to one another, and AE, LG, 

BF parallels, AL and LB fhall be equal ; alfo EK is equal to KH*, • ^ 
and the reftengle C, D, from die determination, is not greater than 
the fquare of AL the half of AB, wherefor the reftengle EA, AH 
is not greater than the fquare of AL, that is of KG. add to each 
the fquare of KE, and the fquare * of AK fhall not be greater than *. 6. a. 

E e c the 
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the fquarcs of EK, KG, that is than the fquare of EG ; and therefor 
the ftraight line AK or GL {hall not be greater than GE. Now, if 
GE be equal to GL, the circle EHF fhall touch AB in L, and the 
» 3 6. 3. fquare of AL fhall be * equal to the rectangle EA, AH, that is to 
the given refhngle C, D; and that which was required is done, but 
if EG, GL be unequal, EG fhall be the 
greater, and die circle EHF (hall cut the 
ftraight line AB ; let it cut it in the points 
M, N, and upon NB deferibe the fquare 
N B O P, and complcat the reftanglc 
b. 3- 3. ANPQ^ bccaufe ML is equal to b LN, 
and it has been proved that AL is equal 
to LB, AM fhall be equal to NB. 
therefor the rcftangle AN, NB is equal 
c.cor.jj.j. to the rc&anglc NA, AM, that is to the re&ang!e c EA, AH or the 
rcAanglc C, D. but the rcAanglc AN, NB is the reftangle AP, be- 
caufc PN is equal to NB. therefor the reftanglc AP is equal to the 
rcftanglc C, D, and the rectangle AP equal to the given rcftangic C, D 
has been applied to the given ftraight line AB, deficient by the fquare 
BP. Which was to be done. 

4. To apply a rcftangle to a given ftraight line that fhall be equal 
to a given rcftanglc, exceeding by a fquare. 

Let AB be the given ftraight line, and the reftanglc C, D the given 
t rectangle, it is required to apply a reftanglc to AB equal to C, D, ex- 

ceeding by a fquare. 

Draw AE, BF at right angles to AB, on the contrary fides of it, 
and make AE equal to C, and BF equal to D. join EF and bifleA 
it in G, and from the centre G, at the diftance GE deferibe a circle 
meeting AE again in H; join HF, and draw GL parallel to AE; 

let 
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let the circle meet AB produced in M, N, and upon BN delcribc the 
fquare NBOP, and compleat the reftangle ANPQ^ bccaufe the angle 
EHF in a femicircle is equal to the right 
angle EAB, AB and HF fliall be paral- 
lels, and AH and BF fliall be equal, alfo 
the reftangle EA, AH fliall be equal to 
the rectangle EA, BF, that is to the 
reftangle C, D. and bccaufe ML is c- 
qual to LN, and AL to LB, MA fliall 
be equal to BN, and the rectangle AN, 

NB to MA, AN, that is a to thcreftanglc EA, AH or the reftangle 
C, D. therefor the reftangle AN, NB, that is AP is equal to the 
reftangle C, D; and to the given ftraight line AB the reftangle AP 
has been applied equal to the given reftangle C, D, exceeding by the 
fquare BP. Which was to be done. 

Willcbrordus Snellius was the firfl, as far as I know, who gave 
thefc conftruftions of the 3 . and 4. Problems in his Apollonius Ba- 
tavus. and aftenvards the learned Dr. Halley gave them in the Scholium 
of the 18. Prop, of the 8. B. of Apollonius’s Conics reftored by him. 

The 3. Problem is otherwife enuntiated thus, To cut a ftraight 
line AB in the point N, fo as to make the reftangle AN, NB equal 
to a given fpacc. or, which is the fame tiling. Having given AB the 
fum of the Tides of a reftangle, and the magnitude of it being like- 
wile given, to find its Tides. 

And the 4. Problem is the fame with this, To find a point N in 
the given ftraight line AB produced, lo as to make the reftangle AN, 
NB equal to a given fpace. or, which is the fame thing, Having given 
AB die difference of the fides of a reftangle, and the magnitude of it, 
to find the fides. 

E c e 2 PROP. XXXI. 
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PROP. XXXI. B. VL 

In the Demon Oration of this the invcrfion of proportionals is 
twice neglcfted, and is now added, that the conclufion may be legiti- 
mately made by help of the 24. Prop, of B. 5. as Clavius had done. 

PROP. XXXII. B. VI. 

The Enuntiation of the prececding 26. Prop, is not general e- 
nough ; bccaufc not only two fimilar parallelograms that have an 
angle common to both, arc about the fame diameter; but like wile two 
fimilar parallelograms that have vertically oppofite angles, have their 
diameters in the fame Oraight line, but there feems to have been ano- 
ther, and that a direft Demon ftration of thefe cafes, to which this 3 2 . 
Propofition was needful, and the 3 2 . may be otherwife and lome- 
thing more briefly demonftrated as follows. 



PROP. XXXII. B. VI. 

If two triangles which have two fides of the one, &c. 

Let GAF, HFC be two triangles which have two fides AG, GF 
proportional to the two fides FH, HC, viz. AG to GF, as FH to HC ; 
and let AG be parallel to FH, and GF to * 

HC; AF and FC fhall be in a ftraight line. 

*. 31. 1. Draw CK parallel 3 to FH, and let it meet E 
GF produced in K. becaufe AG, KC arc each 
of them parallel to FH, they fliall be parallel ]i 

b. 30. t. ^ to one another, and the alternate angles 

AGF, FKC lhall be equal, and AG is to GF, as (FH to HC, that 

c. 34. 1. is c j CK to KF ; wherefor the triangles AGF, CKF are cquiangu- 

d. 6. 6 . 1 ar d , and the angle AFG fliall be equal to the angle CFK. but 

GFK 
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GFK is a ftraight Une, therefor AF and FC are in a ftraight 
line e . *. 14. 1. 

The 26. Prop, is demonftrated from the 32. as follows. 

If two fimilar and fimilarly placed parallelograms have an angle 
common to both, or vertically oppofite angles; their diameters Ihall 
be in the lame ftraight line. 

Firft, Let the parallelograms ABCD, AEFG have the angle BAD 
common to both, and be fimilar, and fimilarly placed; ABCD, AEFG 
Ihall be about the fame diameter. 

Produce EF, GF, to H, K, and join FA, FC. therefor becaule 
the parallelograms ABCD, AEFG arc fimilar, DA Ihall be to AB, 
as G A to AE; vvherefor the remainder DG Ihall ' be to the remainder *• Cor. ij. t. 
EB, as GA to AE. but DG is equal to FH, EB to HC, and AE to 
GF. dierefor as FH to HC, lb is AG to GF ; and FH, HC are pa- 
rallel to AG, GF ; and the triangles AGF, FHC are joined at one 
angle, in the point F ; wherefor AF, FC are in the fame ftraight linc b . •»• 3 2 - & 

Next, Let the parallelograms KFHC, GFEA which arc fimilar and 
fimilarly placed, have their angles KFH, GFE vertically oppofite; their 
diameters AF, FC Ihall be in the lame ftraight line. 

Becaufe AG,"GF arc parallel to FH, HC; and that AG is toGF, 
as FH to HC; AF, FC Ihall be in the fame ftraight line b . 

PROP. XXXIII. B. VI. 

The words “becaule they arc at die centre,” arc left out, as the 
addition of fornc unlkilful hand. 

In the Greek, as alio in the Latin Tranflation, the words a truyj, 

“ any whatever,” arc left out in the Demonftration of both parts of 
the Propofition, and arc now added as quite neccflary. and in the Dc- 
monftration of the fccond part, where the triangle BGC is proved to 

be 
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be equal to CGK, the illative particle ctja. in the Greek Text ought 
to be omitted. 

PROP. B, C. B. VI. 

Thcfe two Propofitions are added, becaufc they arc frequently 
made ufe of by Geometers. 



DEF. IX. and XI. B. XI. 

T HE fimilitude of plane figures is defined from the equality of 
their angles, and the proportionality of the fidcs about the equal 
angles ; for from the proportionality of the fides only, or only from 
die equality of the angles, the fimilitude of the figures docs not fol- 
low, except in the cafe when the figures are triangles, the fimilar 
pofition of the fidcs, which contain the figures, to one another, de- 
pending partly upon each of thcfe. and, by the fame reafon, thole 
are fimilar folid figures which have all their folid angles equal, each 
to each, and arc contained by the fame number of fimilar plane fi- 
gures. for there arc lome folid figures contained by fimilar plane fi- 
gures, of the fame number, and even of the fame* magnitude, that 
are neither fimilar nor equal, as (hall be demon ft rated after the Notes 
on die i o. Definition, upon this account it was ncceflary to amend 
the Dcfiniuon of fimilar folid figures, and to place the Definition of 
a folid angle before it. and from this and the I o. Definition, it is 
fufficicntly plain how much the Elements have been fpoiled by unlkil- 
ful Editors. 

DEF. X. B. XI. 

Since die meaning of die word “equal’’ is known and cltablifhcd 

before 
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before it comes to be ufed in this Definition, therefor the Proportion 
■which is the I o. Definition of this Book, is a Theorem the truth 
or faKhood of which ought to be demonftrated, not aflumed ; lb that 
Thcon, or fomc other Editor, lias ignorantly turned a Theorem which 
ought to be demonftrated into this i o. Definition, that figures are 
fimilar, ought to be proved from the Definition of fimilar figures; that 
they arc equal ought to be demonftrated from the Axiom, “ Magni- 
“ tudes that wholly coincide, arc equal to one another;” or from 
Prop. A. of Book y. or the 9. Prop, or the 14. of the lame Book, 
from one of which the equality of all kind of figures mult ultimately 
be deduced. In the proceeding Books, Euclid has given no Defini- 
tion OF equal ' figures, andit is certain he did not give this, for what 
is called the 1. Def. of the 3. Book, is really a Theorem in which 
thefe circles arc faid to be equal, that have the ftraight lines from their 
centres to the circumferences equal, which is plain from the Defini- 
tion of a circle, and therefor has by lome Editor been improperly placed 
among the Definitions. The equality of figures ought not to be de- 
fined, but demonftrated. therefor tho’ it were true that fblid figures 
contained by the lame number of fimilar and equal plane figures are 
equal to one another, yet he would juftly delerve to be blamed who 
Ihould make a Definition of this Propofition which ought to be de- 
monftrated. But if this Propofition be not true, mult it not be con- 
fefled that Geometers have for thcle thirteen hundred years been mif- 
taken in this Elementary matter? and this Ihould teach us modefty, 
and to acknowledge how little, thro’ the wcaknels of our minds, we 
are able to prevent miftakes even in the principles of fciences which 
are juftly reckoned amongft the moft certain; for that the Propofition 
is not univcrfally true can by many examples be demonftrated, the 
following is fuffieient. 

Let 
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Let ABCD be a fquare, and draw the diameters AC, BD meeting 
one another in E; upon one of them BD deferibe, in the plane in 
which the fquare is, an Ifofcelcs triangle BFD fuch, that its vertex be 
without the fquare; and from the point E creft the llraight line EG 
at right angles to the plane ABCD, and from any point in it G draw 
GA, GB, GC, GD, GF. then in the triangles AEG, CEG, becaufe 
AE, EG are equal to CE, CG, each to each, and that they contain 
*.4.1. right angles, the bale AG lhall a be equal to the bafe GC. wherefor 
in the triangles AGB, CGB, AG, GB arc equal to CG, GB, and the 
b. 8. 1 . bafe AB is equal to the bafe BC; therefor the angle AGB is b equal 
to the angle CGB, and the triangle AGB equal ' to the triangle CGB. 
in the fame manner it lhall be dcmonltratcd that the triangle AGD is 
equal to the triangle CGD. Produce GE 
to the oppofite fide of the plane ABCD, 
and in it take any point H, and join HA, 

HB, HC, HD, HF; and, as before, it 
lhall be demonftrated that the triangle 
AI1B is equal to die triangle CHB, 
and the triangle AHD to the triangle 
CHD. therefor there arc two folids, each 
of which is contained by eight triangles, 

es whole p 

common vertex is the point G, and their 
bales the llraight lines BA, AD, BF, FD; and by four odicr triangles 
whofc common vertex is the point H, and their bales the fame four 
llraight lines, and the other folid is contained by four triangles whole 
common vertex is G, and their bafes the llraight lines BC, CD, BP', 
FD ; and by four other triangles, whole common vertex is the point 
H, and bafes die fame llraight lines BC, CD, BF, FD. but the four 

triangles 



viz. one contained by four triangl 
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triangles AGB, AGD, AHB, AHD have been dcmonftratcd to be 
equal to the four triangles CGB, CGD, CHB, CHD, each to each; 
and the four other triangles BGF, DGF, BHF, DHF are common 
to both lolids. therefor thefc two lblids arc contained by the lame 
number of fimilar and equal plane figures, and that they arc not e- 
qual to one another is manifeft, becaule the firft of them is contained 
within the other, it is not therefor univcrlally true that thofe folids 
are equal which are contained by the lame number of fimilar and c- 
qual plane figures. 

Cor. Hence it is manifeft that two unequal folid angles may be 
contained by the fame number of plane angles which are equal to one 
anoilier, eacffTO eaefl. _ 'v: • 

For the folid angle at G which is contained by the four plane 
angles AGB, AGD, FGB, FGD, is plainly unequal to the folid angle 
at the fame point G, which is contained by the four plane angles 
CGB, CGD, FGB, FGD; bccaufe this la ft contains the other, and 
each of them is contained by four plane angles, which are equal to 
one another, each to each, or are the lelf fame; as has been proved, 
and, indeed, there may be innumerable folid angles all unequal to one 
another, which arc each of them contained by plane angles that arc 
equal to one another, each to each, it is like wife manifeft that tire be- 
fore mentioned lolids are not at all fimilar, fincc their folid angles arc 
not all equal. 

And that there may be innumerable folid angles all unequal to 
one another, which arc each of them contained by the lame plane 
angles difpofed in the fame order, will be plain from the three fol- 
lowing Propofirions. 



F f f PROP. I. 
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PROP. I. PROBLEM. 

Three magnitudes A, B, C being given, to find a fourth fuch, that 
every three fhall be greater than the remaining one. 

Let D be the fourth, therefor D fhall be leffer than A, B, C to- 
gether. of the three A, B, C let A be that which is not lefler than 
cither of the two B and C. and firft, let B and C together be not let- 
fer than A; therefor B, C, D together fhall be greater than A. and 
becaufe A is not lefler than B; A, C, D together fhall be greater than 
B. in the like manner A, B, D together fhall be greater than C. 
wherefor in the cafe in which B and C together are not lefler than A, 
any magnitude D w hich is lefler than A, B, C together will anfwer 
the Problem. 

But if B and C together be lefler than A, then bccaufe it is re- 
quired that B, C, D together be greater than A, from each of thele 
taking away B, C, the remaining one D fhall be greater than the cx- 
cefs of A above B and C. take therefor any magnitude D which is 
lefs than A, B, C together, but greater than the cxcefs of A above B 
and C. then B, C, D together fhall be greater than A ; and becaufe 
A is greater than cither B or C, much more fhall A and D, together 
with either of the two B, C be greater than the other, and, by the 
conflruftion, A, B, C arc together greater than D. 

Cor. If bcfidcs, it be required that A and B together fhall not be 
lefler than C and D together; the excels of A and B together above 
C muft not be lefler than D, that is D mull not be greater than that 
exccfs. 

PROP. II. PROBLEM. 

Four magnitudes A, B, C, D being given of which A and B to- 
gether 
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gethcr arc not lefler than C and D together, and fuch that any three 
of them whatever are greater than the fourth ; it is required to find a 
fifth magnitude E fuch, that any two of the three A, B, E fhail be 
greater than the third, and alio that any two of the three C, D, E 
lhall be greater than the third. Let A be not lefler than B, and C not 
lelfer than D. 

Firft, Let the exccfs of C above D be not lefler than the excefs of 
A above B. it is plain that a magnitude E can be taken which is let 
fer than the fum of C and D. but greater than the excels of C above 
D; let it be taken, then lhall E be greater likewife than the excels of 
A above B; wherefor E and B together lhall be greater than A; and 
A is not lefler titan B, there (or A and E together are greater than B. 
and, by the Hypothefis, A and B together are not lefler than C and 
D together, and C and D together arc greater than E ; therefor like- 
wife A and B are greater than E. 

But let the excels of A above B be greater than the cxcefs of C 
above D. and, beeaufe, by the Hypothefis, the three B, C, D are to- 
gether greater than the fourth A; C and D together lhall be greater 
than the excels of A above B. therefor a magnitude can be taken 
which is lefler than C and D together, but greater than the excels of 
A above B. Let this magnitude be E, and beeaufe E is greater than 
the cxcefs of A above B, B together with E lhall be greater than A. and, 
as in the proceeding cafe, it lhall be Ihcwn that A together with E 
is greater than B, and that A together with B is greater than E. there- 
for in each of the calcs it has been Ihcwn that any two of the three A, 
B, E are greater than the third. 

And beeaufe in each of the cafes E is greater than the excels of 
C above D, E together with D lhall be greater than C, and, by the 
Hypothefis, C is not lefler than D, therefor E together with C is 
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greater than D; and, by the conftruttion, Cand D together are greater 
than E. therefor any two of the three, C, D, E are greater than the 
third. 

PROP. III. THEOREM. 

There may be innumerable (olid angles all unequal to one ano- 
ther, each of which is contained by the fame four plane angles, placed 
in the fame order. 

Take three plane angles A, B, C, of which A is not lefs than ei- 
ther of the other two, and fuch, that A and B together are leffer than 
two right angles; and by Problem i . and its Corollary, find a fourth 
angle D fuch, that any three whatever of the angles A, B, C, D be 
greater titan the remaining angle, and fuch, that A and B together be 
not lefler than C and D together, and by Problem 2 . find a fifth 
angle E fuch, that any two of the angles A, B, E be greater than the 

A E C F 





third, and alfo that any two of the angles C, D, E be greater than 
the third, and becaufc A and B together arc lefler than two right 
angles, the double of A and B together (hall be lefler than four right 
angles, but A and B together are greater than die angle E, where- 
for the double of A and B together (hall be greater than the three 
angles A, B, E together, which three (hall conlcqucntly be lefler than 
four right angles ; and every two of the fame angles A, B, E arc 
greater than the third; therefor, by Prop. 23. 1 1. a (olid angle can 

be 
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be made contained by three plane angles equal to the angles A, B, E, 
each to each. Let dais be the angle F contained by the three plane 
angles GFH, HFK, GFK which are equal to the angles A, B, E, 
each to each, and bccaufc the angles C, D together arc not greater 
than the angles A, B together, the angles C, D, E lhall not be greater 
than the angles A, B, E. but thefe laft three are Idler titan four 
right angles, as has been demonftrated, wherefor alfo the angles C, 

D, E arc together lefs than four right angles, and every two of them 
arc greater than the third; therefor a folid angle may be made which 
fhall be contained by three plane angles equal to the angles C, D, E, 
each to each’, and by Pr op. 26 . t 1. at the point F in the firaight a. 23. 
line FG a JoUd angle can'be made cquaT to that which is contained 
by the three plane angles that are equal to the angles C, D, E. let 
this be made, and let the angle GFK, which is equal to E, be one 
of the three; and let KFL, GFL be the other two which arc equal 
to the angles C, D, each to each, thus, there (hall be a folid angle 
conftitutcd at the point F contained by the four plane angles GFH, 
HFK, KFL, GFL which arc equal to the angles A, B, C, D, each to 
each. 

Again, Find a no titer angle M fuch, that every two of the three 
angles A, B, M be greater than the third, and alfo every two of the 
three C, D, M be greater than the third, 
and, as in the preceeding part, it lhall be 
demonftrated that the three A, B, M are 
Idler than four right angles, as aMo that 
the three C, D, M are Idler than four 
right angles. Make therefor a a folid 

angle at N contained by the three plane angles ONP, PNQ_, ONQ_, 
which are equal to A, B, M, each to each, and by Prop. 2 6 . 11 . 
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make at the point N in the ftraight line ON a folid angle contained 
by three plane angles of which one is the angle ONQ_ equal to M, 
and the other two arc the angles QNR, ONR which are equal to the 
angles C, D, each to each, thus at the point N there fliall be a fo- 
lid angle contained by the four plane angles ONP, PNQ^, QNR, 
ONR which arc equal to the angles A, B, C, D, each to each, and 
that the two folid angles at the points F, N, each of which is con- 
tained by the above named four plane 
angles, are not equal to one another, or 
that they cannot coincide, will be plain 
by confidering that the angles GFK, 

ONQj that is, die angles E, M arc un- 
equal by the conffruftion, and therefor 
the ftraight lines GF, FK. cannot coincide with ON, NQ_, nor con- 
fequently can the folid angles, which therefor are unequal. 

And bccaufe from the three given plane angles A, B, C there can 
be found innumerable other angles that will ferve the fame purpofe 
with die angle D, and again from D or any one of thefe others, and 
the angles A, B, C, there may be found innumerable angles, fuch as 
E or M ; it is plain that innumerable other folid angles may be con- 
tinued which are each contained by the fame four plane angles, and 
all of them unequal to one another. Q. E. D. 

And from this it appears that Clavius and other Authors arc mif- 
taken who a flirt that thofe folid angles are equal which are contained 
by the fame number of plane angles that are equal to one another, 
each to each, alfo it is plain dial the 2 6 . Prop, of Book I I . is by no 
means fufficiently dcmonflratcd, bccaufe the equality of two folid angles, 
whereof each is contained by three plane angles which arc equal to one 
another, each to each, is only affumed, and not demonrtrated. 

PROP. I. 
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PROP. I. B. XI. 



The words at the end of this, “ for a ftraight line cannot meet a 
“ ftraight line in more than one point,” are left out, as an addition 
by fomc unlkilful hand; for this is to be demonftrated, not affumed. 

PROP. II. B. XI. 

This Propofition feems to have been changed and vitiated by lome 
Editor ; for all the figures defined in the i . Book of the Ele- 
ments, and among them triaDgles, are, by the Hypothcfis, plane fi- 
gures; that is, fuch as are delcribcd in a plane; wherefor the fecond 
part oF the Enunciation needs no Dcmonftiation. befides a convex fu- 
perficies may be terminated by three ftraight lines meeting one ano- 
ther. the thing that Ihould have been demonftrated is, that two, or 
three ftraight lines, that meet one another, are in one plane, and as 
this is not fufficiently done, the Enuntiation and Demonftration arc 
changed into thofc now put into the Text. 

PROP. III. B. XI. 

In this Propofition the following words near to the end of it are 
left out, viz. “ therefor DEB, DFB are not ftraight lines, in the like 
“ manner it fliall be demonftrated that there can be no other ftraight 
“ line between the points D, B.” becaufc from this that two lines in- 
clude a Ipace, it only follows that one of them is not a ftraight line, 
and the force of the argument lies in this, viz. if the common fe&ion 
of the planes be not a ftraight line, then two ftraight lines could in- 
clude a (pace, which is abfurd ; therefor the common feftion is a 
ftraight line. 



PROP. IV. 



NOTES. 
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PROP. IV. B. XL 

The words “ and the triangle AED to the triangle BEC” are o- 
mittcd, becaufe the whole conclufion of the 4. Prop. B. 1 . has been 
lb often repeated in the prccecding Books, it was needlcfs to repeat it 
here. 

PROP. V. B. XI. 

In this, near to the end, txiTcJu, ought to be left out in the Greek 
text, and the word “plane” is rightly left out in the Oxford Edition 
of Commandinc’s TV inflation. 

PROP. VII. B. XI. 

This Propofition has been put into this Book by lorne unlkilful 
Editor, as is evident from this, that ftraight lines which are drawn from 
one point to another in a plane, are, in die prccecding Books, fuppo- 
fed to be in that plane, and if they were not, lome Demonftrations 
in which one ftraight line is fuppolcd to meet another would not be 
conclufivc, bccaufe thefe lines would not meet one another, for inftance, 
in Prop. 3 o. B. 1 . the ftraight line GK. would not meet EF, if GK. 
were not in the plane in which arc the parallels AB, CD, and in which, 
by Hypothcfis, the ftraight line EF is. belidcs, this 7. Propofition is 
demonftrated by the prccecding 3. in which the veiy thing which is 
propolcd to be demonftrated in the 7. is twice aftumed, viz. that the 
ftraight line drawn from one point to another in a plane, is in that 
plane; and die lame thing is aftumed in the prccecding 6. Prop, in 
which the ftraight line which joins the points B, D diat are in the 
plane to which AB and CD are at right angles, is fuppofed to be in 
that plane, and the 7. of which another Demonftration is given, is 

• kept 
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kept in the Book merely to prcferve the number of the Propofitions ; 
for it is evident from the 7. and 35. Definitions of the 1. Book, tho’ 
it had not been in the Elements. 

PROP. VIII. B. XI. 

In the Greek, and in Commandine’s and Dr. Gregory's Tranfla- 
tions, near to die end of this Propofition, are the following words, 
“ but DC is in the plane thro’ BA, AD” inftead of which in the 
Oxford edirion of Commandne’s tranflation is rightly put “ but DC is 
“ in the plane thro' BD, DA.” but all the Editions have the following 
words, viz. “ becaufe AB, BD a re in the plane thro’ BD, DA ; and DC 
“'TT in fhe'planc in which are AB, 6D," which are manifcftly corrup- 
ted, or have been added to die Text; for there was not the leaft ncccf- 
fity to go lo far about to Ihew that DC is in the fame plane in which 
* arc BD, DA, becaufe it immediately follows from Prop. 7. pro- 
ceeding, that BD, DA are in the plane in which are the parallels AB, 
CD. therefor inftead of thde words there ought only to be “ be- 
“ caufe all three are in the plane in which arc the parallels AB, CD.” 

PROP. XV. B. XI. 

After the words, “ and becaufe BA is parallel to AH,” the fol- 
lowing are added “ for each of them is parallel to DE, and arc not 
“ both in the fame plane with it,” as being manifeftly forgotten to be 
put into the Text 

PROP. XVI. B. XI. 

In this, near to the end, in (lead of the words “ but ftraight lines 
“ which meet neither way ” ought to be read “ but ftraight lines in 
“ the lame plane which produced meet neidicr way.” becaufe tho’ in 
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citing this Definition in Prop. 2 7. B. 1 . it was not ncccflary to men- 
tion the words, “ in the fame plane” all the ftraight lines in the Books 
proceeding this being in the fame plane; yet here it was quite neccflary. 

PROP. XX. B. XL 

In this, near the beginning, are the words, “ but if not, let BAC 
“ be the greater.” but the angle BAC may happen to be equal to one 
of the other two. wherefor this place fliould be read thus, “ but if 
“ not, let the angle BAC be not lefler than either of the other two, 
“ but greater than DAB.” 

At the end of this Propofition it is faid, “ in the fame manner it 
« {hall be demonftrated,” tho’ there is no need ol any Uemonftra- 
non; becaufe the angle BAC being not lefler than either of the other 
two, it is evident that BAC together with one of them is greater than 
the other. 

PROP. XXII. B. XI. 

And likewife in this, near the beginning, it is laid, “ but if not, let 
“ the angles at B, E, H be unequal, and let the angle at B be greater 
“ than either of thofe at E, H.” which words manifeftly fhew this 
place to be vitiated, becaufc the angle at B may be equal to one of the 
other two. they ought therefor to be read thus, “ but if not, let the 
“ angles at B, E, H be unequal, and let the angle at B be not lefler 
“ than either of the other two at E, H. therefor the ftraight line AC 
“ is not lefler than cither of the two DF, GK.” 

PROP. XXIII. B. XI. 

The Demonftration of this is made fomething {hotter, by not re- 
peating in the third Cafe the things which were demonftrated in the 
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firft; and by making ule of the conftru&ion which Campanus has gi- 
ven ; but he does not dcmonftrate the fecond and third Cafes, the 
ConftmfHon and Dcmonftration of the third Calc are made a little 
more fimple than in the Greek text. 

PROP. XXIV. B. XL 

The word “ fimilar” is added to the Enuntiadon of this Propofi- 
uon, bccaufe the planes which contain the folids which are to be demon- 
ftratcd to be equal to one another, in the 25. Propofition, ought to be 
fimilar and equal; that the equality of the folids may be inferred 
from Prop. C. of this Book, and in the Oxford Edition of Comman* 
chnc's TTSSIIation 'a CofoTIary is addcdlo Prop. 2 4. to-fhew that the pa- 
rallelograms mentioned in this Propofition are fimilar, that the equality 
of the folids in Prop. 25. may be deduced from the 1 o. Def. of B. 1 1 . 

PROP. XXV. and XXVI. B. XL 

In the 25. Prop, folid figures which arc contained by the fame num- 
ber of fimilar and equal plane figures, are fuppofed to be equal to one 
another, and it feems that Theon, or Ibrne other Editor, that he might 
fave himlelf the trouble of demonftrating the lolid figures mentioned in 
this Propofition to be equal to one another, has inferted the 1 o. Def. 
of this Book, to ferve inftead of a Demonftration; which was very ig- 
norantly done. 

Likewile in the 26. Prop, two folid angles arc fuppofed to be equal, 
if each of them be contained by three plane angles which are equal 
to one another, each to each, and it is ftrangc enough, that none of 
the Commentators on Euclid, have, as far as I know, perceived that 
fomething is wanting in the Dcmonftrations of thefc two Propofitions. 
Clavius, indeed, in a Note upon the 1 1 . Def. of this Book, affirms, 
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that it is evident that thefe folid angles are equal which are contained 
by the fame number of plane angles, equal to one another, each to 
each, becaufe they will coincide, if they be conceived to be placed 
within one another ; but this is faid without any proof, nor is it al- 
ways true, except when the (olid angles are contained by three plane 
angles only, which are equal to one another, each to each, and in this 
cafe the Propofition is the fame with this, that two fpherical triangles 
that are equilateral to one another, are alio equiangular to one ano- 
ther, and can coincide ; which ought not to be granted without a De- 
monftration. Euclid docs not afliime this in the cafe of reftilincal tri- 
angles, but demonftrates in Prop. 8. B. i . that triangles which are c- 
quilatcral to one another are alfo equiangular to one another; and 
from this their total equality appears by Prop. 4. B. i. and Mene- 
laus, in the 4. Prop, of his 1 . Book of Sphaerics, explicitly demon- 
flrates that fphacrical triangles which arc mutually equilateral, arc alio 
equiangular to one another; from which it is eafy to lhew that they 
fhall coincide, providing they have their fidcs dilpofed in the fame or- 
der and fituation. 

To fupply thefe defefts, it was nccclTary to add the three Propor- 
tions marked A, B, C to this Book, for the 25. 2 6 . and 28. Propo- 
rtions of it, and confequcntly eight others, viz. the 2 7. 3 1 . 3 2 . 33. 
34. 36. 37. and 40. of the fame, which depend upon them, have 
hitherto Hood upon an infirm foundation; as alfo, die 8. 1 2. Cor. of 1 7. 
and 1 8. of the 1 2, Book, which depend upon the 9. Dcfinidon. for 
it has been Ihcwn in the Notes on Def. 1 o. of this Book, diat folid 
figures which are contained by the fame number of fimilar and equal 
plane figures, as alfo folid angles that are contained by the fame num- 
ber of equal plane angles are not always equal to one another. 

It is to be obferved diat Tacquet, in his Euclid, defines equal folid 
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angles to be fuch, “ as being put within one another /hall coincide.” 
but this is an Axiom, not a Definition, for it is true of all magnitudes 
whatever, he made this ufelefs Definition, that by it he might dc- 
mon (Irate the 36. Prop, of this Book without the help of the 35. 
of the fame, concerning which Dcmonftration, fee the Note upon 
Prop. 36. 

PROP. XXVIII. B. XI. 

In this it ought to have been demonftrated, not aflumed, that the 
Diagonals are in one plane. Clavius has fupplied tliis defeft. 

There are three Cafes of this Propofition ; the firft is when the two 
parallelograms oppofite to the bafe AB have a fide common to both; 
the fccond is when the/e parallelograms are feparated from one ano- 
ther; and the third, when there is a part of them common to both; 
and to this laft only, the Dcmonftration that has hitherto been in the 
Elements docs agree. The firft Cafe is immediately deduced from the 
precccding 28. Propofition, which leems for this purpofe to have been 
premiled to tliis 2 9. for it is neceflary to none but to it, and to the 
40. of this Book, as we now have it, to which laft it would, without 
doubt, have been premiled, if Euclid had not made ule of it in the 29. 
but fome un/kilful Editor has taken it away from the Elements, and 
has mutilated Euclid's Demonftration of the other two Cafe, which is 
now reftored, and fen.es for both at once. 

PROP. XXX. B. XI. 

In the Dcmonftration of this, the oppofite planes of the folid CP, 
in the figure in this Edition ; that is, of the folid CO in Commandine’s 
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figure, arc not proved to be parallel; which is proper to do for the 
fake of learners. 

PROP. XXXI. B. XI. 

There are two Cafes of this Propofition; the firft is when the in- 
filling fhraighc lines are at right angles to the bales; the other when 
they arc not. the firft Cafe is divided again into two others, one of 
which is when the bales are equiangular parallelograms ; the other 
when they are not equiangular, the Greek Editor makes no mention 
of the firft of thefc two laft Cafes, but has inferted the Demonftration 
of it as a part of that of the other, and therefor ihould have taken 
notice of it in a Corollary ; but we thought it better to give thefc two 
Cafes fcparately. the Demonftration alio is made fomething Ihorter by 
following the way Euclid has made ufc of in Prop, i 4 . B. 6 . be- 
fides, in the Demonftration of the cafe in which the infilling ftraight 
lines are not at right angles to the bafes, the Editor does not prove that 
the folids deferibed in the conftruftion arc parallelepipeds, which it is not 
to be thought that Euclid ncgleftcd. allb the words, “ whofe infilling 
“ ftraight lines are not in the lame ftraight lines,” have been added by 
lorne unlkilful hand; for they may be in the fame ftraight lines. 

PROP. XXXII. B. XL 

The Editor has forgot to order the parallelogram FH to be ap- 
plied in the angle FGH equal to the angle LCG, which is neccllary. 
Clavius has fupplied this. 

Allb, in the conftruftion, it is required to compleat the lolid whofe 
bafe is FH, and its aldtude the fame with that of the folid CD; but 
this docs not determine the folid to be compleatcd, fince there may be 
innumerable folids upon the fame bafe, and of the fame altitude, it 

ought 
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ought therefor to be Cud “ compleat the lblid whofe bafe is FH, and 
one of its infilling ftraight lines is FD. the lame correction mull be 
made in the following Propofidon 34. 

PROP. D. B. XI. 

It is very probable that Euclid gave this Propofidon a place in the 
Elements, fince he gave the like Propofidon concerning equiangular 
parallelograms in the 23. B. 6. 

PROP. XXXIV. B. XL 

In this the words, uy eu (<Pe<r a<rctt elg'iy tTc'i r uv cujt uy euQeiuy, 
“ whole infilling ftraight lines are not in the lame ftraight Bncs”" are 
thrice repeated; but thefe words ought either to be left out, as they 
are by Clavius, or in place of them ought to be put “ whether the in- 
“ filling ftraight lines be, cur be not, in the lame ftraight lines.” for the 
other Cafe is without any rcafon excluded, alio the words, uv rci 
“ whofe altitudes” are twice put for cir cu ctpeyuaeu, “ whofe infift- 
“ ing ftraight lines;” which is a plain miftake. for the altitude is al- 
ways at right angles to the bale. 

• 

PROP. XXXV. B. XL 

The angles ABH, DEM are demonllrated to be right angles in a 
lborter way than in the Greek ; and in the lame way ACH, DFM may 
be demonllrated to be right angles, aifo the repetition of the lame De- 
monftration, which begins with “in the fame manner”, is left out, as 
it was probably added to the Text by fome Editor; for the words, 
“ we lhall demonllrate in the fame manner” are not inferted except 
when the Dcmonftration is not given, or when it is fomething diffe- 
rent 
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rent from the other, if it be given, as in Prop. 26 . of this Book. Cam- 
panus has not this repetition. 

We have given another Demonftrarion of the Corollary, befides the 
one in the Original, by help of which the following 36. Propofnion 
may be demonftratcd without the 33. 

PROP. XXXVI. B. XI. 

Tacquet in his Euclid dcmonfl rates this Propofition without the 
help of the 33. but it is plain that the folids mentioned in the Greek 
Text in the Enuntiation of the Propofition as equiangular, are fuch 
whofc folid angles arc contained bv three plane angles equal to one 
another, each to each; as is evident from the conftruflion. Now 
Tacquct docs not demonftrate, but alfumes thefe folid angles to be e- 
qual to one another ; for he fuppofes the folids to be already made, 
and docs not give the conftruftion by which they are made but, by 
the fecond Demonftration of the prcceeding Corollary, his Demonftra- 
tion is rendered legitimate likewife in the Cafe where the folids arc 
conftruftcd as in the Text. 

PROP. XXXVII. B. XI. 

In this it is aflumed that the ratios which are triplicate of thofe ra- 
tios which are the fame to one another, are likewife the fame to one 
another ; and that thole ratios arc the lame to one another, whole tri- 
plicate ratios arc the fame to one another; but this ought not to be 
granted without a Demonftration, nor did Euclid afliime the firft and 
eafieft of thefe two Propofitions, but demonftratcd it in the calc of 
duplicate ratios, in the 22. Prop. B. 6. on this account another De- 
monftration is given of this Propofition like to that which Euclid gives 
in Prop. 22 . B. 6 . as Clavius has done. 

PROP. XXXVIII. 



Digitized by Google 



NOTES. 



4-5 



PROP. XXXVIII. B. XI. 

When it is required to draw a perpendicular from a point in one 
plane which is at right angles to another plane, unto this laft plane, it 
is done by drawing a perpendicular from the point to the common fcc- 
tion of the planes; for this perpendicular lhall be perpendicular to the 
plane, by Def. 4. of this Book, and it would be foolilh in this cafe 
to do it by the 1 1. Propofition of the fame, but Euclid*, Apollo- # i7. ia. 
nius, and other Geometers, when they have occafion for this Problem, 
bid draw a perpendicular from the point to the plane, and conclude that 
it will fall upon the common feftion of the planes, bccaufc this is the 
very fiimc thing as IT they had made ule oFthc conftroftion abort men- 
tioned, and then concluded that the ftraight line lhall be perpendicu- 
lar to the plane; but is exprefled in fewer words, fome Editor who 
has not perceived this, thought it was neceflary to add this Propofition 
to the 1 1 . Book, which never can be of any ufe. and its being 
near to the end of the Book among Propofitions with which it has 
no connexion, is a mark of its having been added to the Text. 

PROP. XXXIX. B. XI. 

In this it is fuppofed that the ftraight lines which biflcft the fides 
of the oppofitc planes, are in one plane, which ought to have been dc- 
monftrated; as is now done. 



B. XII. 

T HE learned Mr. Moor, Profcflbr of Greek in the Univerfity of 
Glalgow, obferved to me that it plainly appears from Archimedes 
Epiftle to Dofuheus prefixed to his Books of the Sphacrc and Cylin- 
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dcr, which Epiftlc he has reftored from antient Manuferipts, that Eu- 
doxus was the Author of the chief Proportions in this twelfth Book. 

PROP. II. B. XII. 

At the beginning of tills it is faid, “ if it be not fo, die fquare of 
“ BD fliall be to the fquare of FH, as the circle ABCD is to lomc 
“ (pace either Idler dian the circle EFGH, or greater than it” and the 
like is to be found near to the end of this Propofition, as alio in 
Prop. y. II* 12. 18. of this Book, concerning which it is to be 
obferved, that in die Demonflration of Theorems, it is fuilicient, in 
this and the like cafes, that a thing made ufe of in the realoning can 
pofllbly exift, providing this be evident, tho it cannot be exhibited 
or found by a Geometrical conftnuftion. fo in this place it is aflumed 
that there can be a fourth proportional to diefe three magnitudes, viz. 
die fquares of BD, FH, and the circle ABCD; becaufe it is evident 
that there is lomc fquare equal to die cirdc ABCD, dio’ it cannot be 
found geometrically; and to die three rcdilincal figures, viz. the fquares 
of BD, FH, and the fquare which is equal to the circle ABCD, there 
is a fourth fquare proportional ; becaufe to the three flraight lines which 
a. 1 2.6. are dicir Tides there is a fourdi flraight line proportional’, and this 
fourth fquare, or a fpace equal to it, is the fpacc which in this Pro- 
pofition is denoted by the letter S. and the like is to be underflood 
in the other places above cited, and it is probable this has been fhewn 
by Euclid, but left out by fome Editor ; for the Lemma which fome 
unfkilful hand has added to this Propofition explains nothing of it. 

PROP. III. B. XII. 

In the Greek Text and the Tranflations, it is faid, “ and becaufe 
the two flraight lines BA, AC which meet one anodicr” &c. here the 

angles 
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angles RAC, KHL arc demonftrated to be equal to one another by 
i o. Prop. B. i i. which had been done before, becaufe the triangle 
EAG was proved to be fimilar to the triangle KHL. this repetition 
is left out, and the triangles BAC, KHL are proved to be fimilar in 
a fhorter way by Prop. 2 i . B. 6 . 

PROP. IV. B. XII. 



A few tilings in this arc more fully explained than in the Greek 
Text. 



PROP. V. B. XII. 

In this, near to the end, arc the words os (u tt qo&tr ileiyfft), " as 
“ was before Ihewn,” and the fame are found again in the end of 
Prop. 1 8. of this Book; but the Dcmonftration referred to, except 
it be the ufelefs Lemma annexed to the 2 . Prop, is no where in thefe 
Elements, and has been perhaps left out by fome Editor who has for- 
got to cancel thefe words alio. 

(,* “ : • 

PROP. VI. B. XII. 



A fhorter Dcmonftration is given of this; and that which is in the 
Greek Text may be made fhorter by a ftep than it is. for the Au- 
thor of it makes ufc of the 22. Prop, of B. 5. twice, whereas once 
would have lerved his purpofe; becaufe that Propofition extends to any 
number of magnitudes which are proportionals taken two and two, as 
well as to three which arc proporticnal to other three; 



COR. PROP. VIII. B. XII. 

The Dcmonftration of this is imperfeft, becaufe the pyramids into 
which thofe upon multangular bafes are divided, ought to be proved to 
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be fimilar to one another, each to each ; as is done in the like cafe in 
the 1 2 . Prop, following, from this it appears that this Corollary has 
been added to the Text, and thefc partial pyramids being proved fi- 
milar, it follows they have, each to each, the triplicate ratio of their 
homologous Tides, to wit, of thofe which arc alfo the fides of the po- 
lygons which arc the bafes of the whole pyramids, and the poly- 
gons being fimilar, their fides have, each to each, the fame ratio, 
wherefor alfo their triplicate ratios, that is, the ratios of the partial 
pyramids, are the fame to one another, and by the 12. Prop, of B. y. 
the ratio of the total pyramids is the fame to that of the partial ; that 
is, to the triplicate ratio of their homologous fides. 

PROP. XI. and XII. B. XII. 

The order of the letters of the Alphabet is not obferved in thefc 
two Propofitions, according to Euclid’s manner, and is now reftored. by 
which means the firft part of Prop. 1 2. may be demonftrated in the 
fame words with the firft part of Prop. 1 1 . on this account the De- 
monftration of that firft part is left out, and affirmed from Prop. 1 1 . 

PROP. XIII. B. XII. 

In this Propofition the common feftion of a plane parallel to die 
bafes of a cylinder, with the cylinder itfclf is fuppofed to be a circle, 
and it was thought proper briefly to demonftrate it; from whence it is 
lufficiently manifeft that this plane divides the cylinder into two others, 
and the fame thing is to be underftood to be fupplied in Prop. 1 4. 

PROP. XV. B. XII. 

“ And compleat the cylinders AX, EO.” both the Enunriation and 
Expofition of the Propofition reprefent the cylinders as well as the 

cones 



Digitized by Google 



NOTES. 

cones as already defcribed. wherefor the reading ought radier to be 
“ and let the cones be ALC, ENG; and the cylinders AX, EO.” 

I 

PROP. XVII. B. XII. 

In the Enuntiation of this Propofition the Greek words, */{ Tn> 
jtte^Va 7ro\uifyov eyyqcL^cu, /xv -^aZof tvs eXaoorwo; 

fftpeuqas xa7ct rh tnttpdvHOLv, are thus tranflated by Commandinc 
and others, “ in majori folidum polyedrum dcfcriberc quod minoris 
“ fphaerae fuperficiem non tangat;” that is, “ to deferibe in the greater 
“ fphere a folid polyhedron which fhall not meet the fuperficics of the 
“ lcflcr fphere.^. whereby they.. refer the words xa7a rr,v i7nipiveia.v 
to thefe next to them Trjs fXaoJWOj <rtpcuqa.i. but they oughtTiy no 
means to be thus tranflated, for the folid polyhedron doth not only 
meet the fuperficics of the lefler fphere, but pervades the whole of 
that fphere. therefor the forefaid words are to be referred to to ff- 
qtw ToXutSjw, and ought thus to be tranflated, viz. to deferibe in the 
greater fphere a folid polyhedron whofc fuperficics fhall not meet the 
lcfTcr fphere; as the meaning of the Propofition neceflarily requires. 

The Demonftradon of the Propofition is fpoiled and mutilated, for 
fome eafy things are very explicitly demonftrated, while others not fo 
obvious are not fufficicntly explained ; for example, when it is affirm- 
ed that the fquare of KB is greater than the double of the fquare of 
BZ, in the firft Demonftradon; and that the angle BZK is obtufc, in 
the fecond. both which ought to have been demonftrated. befidcs, in 
the firft Demonftradon it is laid ““draw KH from the point K per- 
“ pcndicular toBV;” whereas it ought to have been faid, “joinKV," 
and it fhould have been demonftrated that KV is perpendicular to BV. 
for it is evident from the figure in Hcrvagius’s and Gregory’s Editions, 
and from the words of the Demonftradon, that the Greek Editor did 
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not perceive that the perpendicular drawn from the point K to the ftraight 
line BV muft nccefTarily fall upon the point V, for in the figure it is 
made to fall upon the point CL a different point from V, which is 
likewife fuppofed in the Demonftration. Commandinc feems to have 
been aware of this ; for in his figure he marks one and the fame point 
with the two letters V, CL ; and before Commandinc, the learned 
John Dec in the Commentary he annexes to this Propofition in Henry 
Billingflcy’s Tranllation of the Elements printed at London Ann. 1 57 o, 
exprefly takes notice of this error, and gives a Demonftration fuited 
to the Conftruftion in the Greek Text, by which he (hews that the 
perpendicular drawn from the point K to HV r muft nreeflarily fall 
upon the point V. 

Likewife it is not demonftrated that the quadrilateral figures SOPT, 
TPRY, and the triangle YRX {hall not meet the lefler fphere, as was 
neceflary to have done, only Clavius, as far as I know, has obferved 
this, and demonftrated it by a Lemma, which is now premifed to this 
Propofition, fomething altered and more briefly demonftrated. 

In the Corollary of this Propofition it is fuppofed that a folid po- 
lyhedron is deferibed in the other fphere fimilar to that which is de- 
feribed in the fphere BCDE. but as the Conftruttion by which this 
may be done is not given, it was thought proper to give it, and to do- 
monftratc that the pyramids in it are fimilar to thofe of the fame or- 
der in the folid polyhedron deferibed in the fphere BCDE. 

From the proceeding Notes it is fufficicntly evident how much the 
Elements of Euclid, who was a moft accurate Geometer, have been 
vitiated and mutilated by ignorant Editors. The opinion which the 
moft part of learned men have entertained concerning the prelate 
Greek Edition, viz. that it is very little or nothing different from the 
genuine work of Euclid, has, without doubt deceived them, and made 

them 
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them lefs attentive and accurate in examining this Edition we now 
have, whereby it has happened that ievcral errors, tho’ (bmc of them 
grofs enough, have cfcapcd their notice from the age in which Theon 
lived to this prefent time. Upon this account there is fome ground 
to hope that the pains we have taken in corre&ing thele errors, and 
freeing the Elements as far as we could from blemilhes, will not be 
unacceptable to good Judges who can difeern when Dcmonftradons 
are legitimate, and when they are not. 
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